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1. Introduction. The different resul ts proved in this paper 
do not have very much in common. Since they all deal with the 
location of the zeros of a polynomial, we have decided to put them 
in one place. Improving upon a classical resul t of Cauchy we ob
tain in § 2 a circle containing all the zeros of a polynomial. In 
§ 3 we obtain an extension of the well known theorem of Enestrôm 
and Kakeya concerning the zeros of a polynomial whose coefficients 
a re non-negative and monotonie. We devote § 4 to the study of the 

trinomial equation 1 - z + cz = 0 . Finally, in § 5 we present 
an elementary proof of a theorem of M. Zedek [5] on the zeros 
of linear combinations of polynomials. 

2. A classical resul t of Cauchy on the location of the 
zeros of the polynomial 

, , n n-1 n-2 
(1) p(z) = z «f a , z + a ^ z + . . . + a 

n-1 n-2 o 
states that all the zeros are in the circle 

(2) | z | < 1 + A 

where A = max | a . | . 
0<j<n J 

Here we give a smaller circle containing all the zeros of 
the polynomial. 

THEOREM 1. If B = max "|a.| then all the zeros 
0 < j < n - l J 

of the polynomial (1) are contained in the circle 
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(3) | z | < ! { 1 + | a n _ J + y ( l - | a n _ 1 | ) 2 + 4 B } . 

The e x p r e s s i o n in (3) t a k e s a v e r y s i m p l e f o r m if a = 0 . 
n- 1 

If I a I = 1 i t r e d u c e s to 1 + NTB . 
n - 1 

Proof of T h e o r e m 1. If | z | > - {1 + I a ' J + v / ( l - I a | ) 2 + 4 B } . ^ n - 1 v n - 1 J 

then | z | > 1 and 

( | z | - l ) ( | z | - l a ^ J ) - B > 0 . 

Mul t ip ly ing by | z | and dividing by ( | z j - 1) we ge t 

M " - | a n _ 1 | | z | n - 1 - B J z | ^ 1 / ( | z | » l ) > 0 . 

Bu t 

and 

B l z T " 4 / ( | z | - 1 ) > B ( 1 + | z | + | z | 2 + . . . + | z | n " 2 ) 

« n - 2 n -3 i 
> a ^ z + a n z + a . . + a 
— ' n - 2 n - 3 o 

z ! n - I V l " 2 ' 1 1 " 1 - ' z I 1 + a n - l Z n _ 1 | 

Hence we have 

n - 1 « i n -2 
| p ( z ) | > | z n + a A z 1 1" 1 | - j a 0 zT " + . . . + a | > 0 

and the p r o p o s i t i o n i s p r o v e d . 

By applying T h e o r e m 1 to the p o l y n o m i a l z P ( l / z ) we 
can deduce the fol lowing 

COROLLARY 1. If p = m a x | a. | then the p o l y n o m i a l 
2 < J < n J 

2 n 
P(z ) = 1 + a z + a z + . . . + a z 

1 2 n 

h a s no z e r o s in the c i r c l e 
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; | < 2 / { l + |a J +/Tl- |a J ) 2 + 4 p } . 

The next corollary is obtained by applying the above 
theorem to the polynomial (z - a ) p(z) . 

n- 1 

COROLLARY 2. The polynomial ( 1 ) has all its zeros in 
the circle 

| z | < | ( 1 + / l +4B !) 

where 

B ' = n T " , , a » - i a k " a k - l l ' ( a - ! = °)-
0 < k < n - l 

The following corollary is also an immediate consequence 
of our Theorem.-

COROLLARY 3. The polynomial (1) has all its zeros in 
the circle 

| z | < 1 +fB" 

where 

B " = max |(1 - a )a, + a, | , (a = 0 ) . 
r . . ^ . n - l k k- 1 -1 
0 £ k £ n - l 

In order to prove Corollary 3 we may apply Theorem 1 to 
the polynomial (z + 1 - a ) p(z) . 

n-1 

We also prove the following 

THEOREM 2. Let 

S> = ( ^ | a . | P ) 1 / p , p > l . 
j=0 J 

Then all the roots of the polynomial (1) are contained in the circle 
| z | < k where k > m a x ( l , | a I) is a root of the equation 

~ ——— — n- 1 — a 

(4) ( | z | - | a n l | ) q ( | Z | q - l ) - ^ = 0 , ; + ^ = 1 -
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Proof of Theorem 2. It is clear that 

I P ( Z ) ! > | z n | - | a n - J Iz11" | - | a n _ 2 z*1" + B 9 , + a ^ + aQ | 

and 

a „ z . , z n " 2 + . . . + a z + a | < ( n 2 2 | a . | P ) 1 / p ( s " 2 | z | J ^ ) 1 ^ 
j=0 J j = 0 

. 6 ( i . i ^ 1 ) - i \ 1 / q 

| z | q - 1 

<6- lzl 

< | . | q - o 1 / q 

Hence 
| z I n - 1 

| p ( z ) l > | z | ^ L I lzl11"1» g ' - > 0 
n - 1 < l « l q - D 1 / q 

if 

(I«l " | a n _ 1 | ) q ( | z | q - l ) > Bq. 

F r o m th is the d e s i r e d r e s u l t fo l lows , 

3 . The t h e o r e m of E n e s t r ô m and Kakeya [2] m e n t i o n e d 
in the i n t r o d u c t i o n s t a t e s tha t if 

(5) 
n— n - 1 n - 2 ~ — 2 — 1™ o — 

then the po lynomia l 

, , , „, v n n - 1 n - 2 2 
(6) f(z) = a z + a z + a ^ z + , . . + a^ z + a z + a 

n n - 1 n -2 2 1 o 

has a l l i t s z e r o s in the uni t c i r c l e . If we do not a s s u m e the 
coeff ic ients to be n o n - n e g a t i v e the conc lus ion does not ho ld . 
Howeve r , we p r o v e 

T H E O R E M 3 . If 

(7) a > a > a > . . . > a o > a > a 
n ~ n - 1 — n- 2 — ™ 2 — 1 — o 
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then the polynomial (6) has all its zeros in the circle 

(8) | z | < (a - a + |a |) / |a | . 
1 ' — n o o n 

If a > 0 , this result reduces to the theorem of Enestrôm and 
o "~ 

Kakeya. 

Proof of Theorem 3. Consider the polynomial (1 - z)f(z) 
which can be written as 

- a z + cb(z) 
n 

where 

4>(z) = (a - a ) z +(a , - a ) z + . . . + (a, - a ) z + a 
n n-1 n-1 n- 2 1 o 

If | z | = 1 , then 

|<|>(z)| < |a - a J + |a - a J + . . . + | a . - a | + |a | 
' — ' n n-1 n-1 n- 2 ' 1 o' ' o ' 

= ( a - a , + a J - a ^ + . . . + a J - a ) + | a | 1 n n-1 n-1 n- 2 1 o ' ' o ' 

= a - a + I a I . 
n o o1 

It is clear that also 

(9) | z % ( l / z ) | < a - a + |a | 
n o o 

on the unit c ircle . Since the function z cj>(l/z) is analytic in 
j z | < 1 the inequality (9) holds also inside the unit circle, i . e . 

|4>(l/z)| < (a - a + |a |) / | z | n 

I T I _ n Q ' O 

for | z | £ 1 . Replacing z by 1/z we get 

U ( z ) | < (a - a + |a | ) | z | n 

n o o 

for Izl > 1 . Hence if Izl > (a - a + la I) / la I , then i i — i i n o ' o' ' n 

o 
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(1 - z ) f ( z ) | = | - a z n + 1 +<|>(z)| > la I IzT 
n ' ~ ' n 

- (a - a 4- | a |) | z | n > 0 , 

i . e . the funct ion (1 - z) f(z) h a s a l l i t s z e r o s in (8). The s a m e 
is t h e r e f o r e t r ue for f(z) and the t h e o r e m is p r o v e d , 

4 . Le t us c o n s i d e r the t r i n o m i a l equa t ion 

(10) l - z + c z n = 0 ( c + 0 ) . 

F o r e v e r y n :> 2 th is equa t ion is known [ l , 4] to have a r o o t in 
both the r e g i o n s | z - 1 | > 1 , | z - 1 | <c 1 . To s t a r t with we 
p r e s e n t a v e r y s i m p l e proof of th is f ac t . 

It i s e a s y to ve r i fy that the r e s u l t i s t r u e for n = 2 . In 
fact , if we put £ = z - 1 the equat ion r e d u c e s to 

2 
c £ + (2c - 1 )g + c = 0 . 

The p r o d u c t of the m o d u l i of the r o o t s of th is equa t ion i s 1 . 
Hence both the r o o t s cannot l ie in | £ | < 1 . They cannot both 
l ie in | £ | > 1 e i t h e r . F r o m th is the r e s u l t fo l lows . 

So le t n ;> 3 and suppose if p o s s i b l e tha t a l l the r o o t s of 
the t r i n o m i a l equa t ion (10) l ie in | z - 1 | £ 1 . By the G a u s s -
L u c a s t h e o r e m a l l the r o o t s of the de r ived equa t ion 

(11) e n z 1 1 " 1 - 1 = 0 

a l so lie in jz - 1 [ < 1 . It i s howeve r obvious tha t if n >_ 3 
th i s equa t ion cannot have a l l i t s r o o t s in | z - l | < 1 . Thus we 
get a c o n t r a d i c t i o n and the o r i g i n a l equa t ion m u s t have a r o o t 
in | z - 1 | > 1 . 

In o r d e r to p r o v e tha t i t a l s o has a r o o t in | z - 1 | <. 1 w e 

m a y p r o v e tha t the equa t ion 

-Ê + c(i + l ) n = 0 

h a s a r o o t in |£ | < 1 or tha t the equa t ion 

- ê n ~ d + c( g + D n = o 
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has a root in | | | :> 1 . This is equivalent to the fact that the 
equation 

(12) - ( z - 1 ) + c z = 0 

has a root in | z - 1 | :> 1 . We prove this again by contradiction. 
If the equation (12) has all its roots in |z - l | < 1 then the roots 
of the successively derived equations will also lie in |z - l | < 1 . 
In part icular , the roots of the equation 

en 2 
1 - z + — z = 0 

lie in | z - 11 < 1 . But we have proved above that this equation 

has a root in | z - 11 >. 1 whatever be the value of —r* . Hence 

we get a contradiction which proves that the tr inomial equation 
(10) has a root in Jz - l | < 1 . 

We also prove 

THEOREM 4. If n > 3 the trinomial equation (10) has a 
root outside every circle which passes through the origin. 

Proof of Theorem 4. Suppose if possible that there exists 
a circle 

l z " or | = | or | 

passing through the origin which includes all the roots of the 
tr inomial equation (10). Putting z = ai we conclude that the 
circular region 

l § - 1 | < i 

contains all the roots of the equation 

n n 
1 - £*g+ c or g = 0 

and so also of the derived equation 
n ^ n " l -a + en a | = 0 

by the Gauss-Lucas theorem. But all the roots of this last 
equation cannot lie in | ê ~ ^ l ^ l ^ n 2 l ^ ' This is a contra
diction which proves the theorem. 
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Theorem 4 is a special case of the following more general 
principle which is an immediate consequence of the Gauss-Lucas 
theorem, 

(k) 
H ^ ( z ) i s a p o l y n o m i a l of d e g r e e n s u c h t h a t P (0) = 0 

f o r s o m e k , w h e r e 0 < k < n , t h e n e v e r y c o n v e x r e g i o n e x 

c l u d i n g t h e o r i g i n a l s o e x c l u d e s a z e r o of P ( z ) . 

T h u s a l a c u n a r y p o l y n o m i a l c a n n o t h a v e a l l i t s z e r o s i n a 
c o n v e x r e g i o n w h i c h e x c l u d e s t h e o r i g i n . 

5 . L i n e a r c o m b i n a t i o n s of t w o p o l y n o m i a l s . T h e 

f o l l o w i n g t h e o r e m i s d u e to M . Z e d e k ( [5 ] , T h e o r e m 4 ) . 

T H E O R E M 5 . L e t f (z) = Z
m + a A z m ~ d + . . . + a 

—— m m - 1 o 

and g ( z ) = z + b z + . . „ + b b e t w o p o l y n o m i a l s w h o s e 
— on n _ ^ 0 « _ _ 

z e r o s l i e , r e s p e c t i v e l y , i n t h e d i s c s | z - c | < R and 

I z ~ c o I £ R o and s u p p o s e m > n > 1 . F o r a f i x e d X l e t 
F ( z , X) = f (z) + X g (z) . T h e n : 

m n — 

I . If p i s t h e u n i q u e p o s i t i v e r o o t of t h e e q u a t i o n 
~~ 1 ~~—' ~ —**"~ ~~~—~~ ~~ 

(13) C(x) E x m » | \ | ( x + | c 2 - c 1 | + R 1 + R 2 ) n = 0 , 

t h e n t h e m z e r o s of F ( z , X) l i e i n | z - c | < R + P A » 

H . S e t t i n g L - m n ( | c 2 » c | + R d + R 2 ) m / n n ( m - n ) m " n , 

t h e e q u a t i o n 

(14) D ( x ) = | \ | x1 1 - (x + | c 2 - c j + R^ + R 2 ) m = 0 

h a s two p o s i t i v e r o o t s p , p . ( p ? < P J > p r o v i d e d |X | >. L . 

A t l e a s t n z e r o s of F ( z , X) l i e i n | z - c | <_ R + p . 

P a r t I of t h i s t h e o r e m h a s b e e n p r o v e d i n d e p e n d e n t l y a n d 
b y a d i f f e r e n t m e t h o d b y Z . R u b i n s t e i n ( [3 ] , T h e o r e m 2 ) . We 
g i v e a v e r y s i m p l e p r o o f of T h e o r e m 5 . I t i s p e r h a p s t h e 
s i m p l e s t o n e c a n t h i n k of. 

P r o o f of T h e o r e m 5 . L e t u s d e n o t e b y £ . £_ , . . . , £ 
— ~ 1 2 m 

t h e z e r o s of f (z ) and b y z i f z , , . . . , z t h e z e r o s of g (z ) . 
m 1 2 n n 
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n 

If I z - c , I = R + p then for 1 < j < n 1 » ^ — " — 

| Z - Z . | = |z - ^ + ^ - ^ - ( 2 . - ^ ) 1 

< l z ' c 4 | + |c 2 - c j + |z - c 2 | 

< R + p + | c - c l + R . 
- 1 K ' 2 l 1 2 

Consequent ly 
n 

(15) |Xg ( z ) | = |X | n | z - z . | < | x | (p + | c - c I + R + R ) 
j = l J 2 1 1 2 

Again for | z - c | = R + p , we have 

j = i 

> n ( |z -c | - | e . -c I) 
(16) j= l i J l 

m 
> n (R + p - R ) 

= p m . 

It i s c l e a r that equat ion (13) has only one pos i t ive roo t p 

Thus if P > p, , 
1 

|X | (p + | c 2 - c j + R i + R 2 ) n < p m , 

| x g ( z ) | < |f ( z ) | 
n m 

if | z - c | = R + p w h e r e p > p . - The po lynomia l 

f (z) + Xg (z) cannot t h e r e f o r e van i sh for any z such that 
m n 
I z - c I = R + p and p > p , i . e . i t has a l l i t s z e r o s in 

1 1 1 
h - c4l <R1 + P l • 

In o r d e r to p r o v e the second p a r t of T h e o r e m 5 le t 
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| x | :> L so tha t the equa t ion D(x) = 0 h a s two pos i t i ve r o o t s 

P? ' Po (P2 - p ^ ^ * T h e r e a r e t w 0 d i f fe rent p o s s i b i l i t i e s . 

Case (i)- ?2 + P 3 - F o r p^ < p < p^ 

(17) | x | P
n > (p + | c - c j + R d + R 2 ) m . 

Hence if | z - c | = R + p w h e r e p < p < p then 

(18) | \ g n ( z ) | > | x | p n > (p + | c 2 - c j + R
1
 + R

2 ) m > f m ( z ) • 

By R o u c h é ' s t h e o r e m the funct ions f (z) + X g (z) and g (z) 
m n n 

have the s a m e n u m b e r of z e r o s in | z - c | <_ R + p , i . e . n . 

On accoun t of (18), f (z) + Xg (z) A 0 in p _ < p < p _ , hence i t 
m n Z« 3 

h a s p r e c i s e l y n z e r o s in | z - c | <c R + p . 

Case ( i i ) . p = p = p ! ( s ay ) . In th i s c a s e X = L» . Now 

suppose if p o s s i b l e tha t only n !(<n) z e r o s of f (z) + X g (z) l ie 
m n 

in | z - c I < R T p f . T h e r e e x i s t s p ' r > p r such tha t 

f (z) + X g (z) h a s no z e r o in the annulus R 0 + p ! < | z - c |< R 0 + p ! ! 

m n Z Z Z 
Since the z e r o s of a po lynomia l v a r y con t inuous ly with the co
ef f ic ients , we m a y i n c r e a s e X by such a s m a l l a m o u n t € tha t the 
s m a l l e r of the two d i s t i n c t p o s i t i v e r o o t s which 

(14») | x + c | x n - ( x + | c 2 - c j +R± + \ ) m = 0 

h a s i s l e s s than (p ' + p ! f ) / 2 and tha t f (z) + (X + e ) g (z) h a s 
m n 

exac t ly n1 z e r o s in [ z - c | <C R + (p f + p f f ) / 2 . But f r o m 

Case (i), f (z) + ( X + € ) g (z) m u s t have a t l e a s t n z e r o s in 
m n 

l z ~ c o ! f L R + {p1 + p , f ) / 2 . Thus we ge t a c o n t r a d i c t i o n . 
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