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ON THE n-PARAMETER ABSTRACT CAUCHY PROBLEM

M. JANFADA AND A. NIKNAM

Let Hi(i = 1,2,...,n), be closed operators in a Banach space X. The generalised
initial value problem
I}
g_- u(ty, te, .. .ty ..., ty) = Hyu(ty, ..., 1), ti € (0, T,] 1=12,...,n
13
n
U(O) =z, ZTE n D(Ht)1
i=1

of the abstract Cauchy problem is studied. We show that the uniqueness of solution
u: [0,T1] x [0,T3] x --- x [0,T,) = X of this n-abstract Cauchy problem is closely
related to Cp-n-parameter semigroups of bounded linear operators on X. Also as
another application of Cp-n-parameter semigroups, we prove that many n-parameter
initial value problems cannot have a unique solution for some initial values.

1. INTRODUCTION

Suppose X is a Banach space and A is a linear operator from D(A) C X into X.
Given z € X, the abstract Cauchy problem for A with the initial value z, consists of
finding a solution u(t) to the initial value problem

" i’;g—t) = Au(t) te (0, T]
u(0) ==z

where by a solution we mean an X-valued function » : [0,T] — X which is continuous for
t > 0, continuously differentiable for ¢t > 0, u(t) € D(A) for t € (0,7] and (1) is satisfied.

A one-parameter semigroup of operators is a homomorphism T : (R, +) — B(X)
for which T'(0) = I, where R, = [0,00) and B(X) is the Banach space of all bounded
linear operators on X. The one-parameter semigroup {T(t)} £0 is called strongly con-
tinuous (or Cy-continuous) if ll_r}g T(t)z = z, for each z € X and is called uniformly

continuous if %in& T(t) = I in B(X). The linear mapping A defined by

A(z) = lim TM,
t—=0 t
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where D(A) = {z : 1i_r3(T(t)z —z)/t exist}, is called the infinitesimal generator of
(T,R;, X).

The following Theorem which is due to Hille 5], shows the close relation of abstract
Cauchy problem with semigroup theory (see also [4]).

THEOREM 1.1. Let A be a closed linear operator in Banach space X, then the
following are equivalent:

(a) Foreach z € D(A) there exists a unique solution for (1).

(b) The part Ay = A, of A in X, := (D(A),| - |la) is the infinitesimal
generator of a Cy-one-parameter semigroup of operators on the Banach
space X,, where || - || 4 is the graph norm on D(A).

PROOF: [2, 116.6). : 0

The previous Theorem has many applications in inhomogenous initial value problems
and evaluation systems. One can see some more applications of abstract Cauchy problem
in 3, 7].

Let R} = {(tl,tg, costn) 2 0, = 1,2, ..,n}. By an n-parameter semi-
group of operators we mean a homomorphism W : (R},+) — B(X) for which
W(0) = I and denote it by (W,R%,X). Suppose H; is the infinitesimal generator of
the one-parameter semigroup {W(te;)} 130> Where {e;}™, is the standard basis of R™,
we shall think of (H,, H,, ..., H,) as the infinitesimal generator of W. As in the one-
parameter case, (W, R}, X ) is called strongly continuous (or Cy-continuous ) if for each
z e X, 151(1) W (t)z = z, and is called uniformly continuous if %l-l»% W(t) =1, wheret — 0
in R?. It is not hard to see that (W, R}, X) is a Co-continuous (respectively uniformly
continuous) if and only if for each i = 1,2,...,n, {W(te;)} 130 18 strongly (respectively
uniformly) continuous. The following useful proposition which states some basic Proper-
ties of n-parameter semigroups can be found in [1] as is described in [6}.

PROPOSITION 1.2. Suppose (W,R%, X) is a Co-n-parameter semigroup then

(a) Ifz € D(H;), so does W(t)z, for each t € R and

H,W(t)I = W(t)H,.’L’ (Z = 1, 2, . ,n).
(b) F] D(H;) is dense in X, and X; = (ﬂ D(H,),|| - ||1) is a Banach space,

where for z € () D(H:), ||zl = [zl + E 1 Hi(2)|l-
i=1

(c) Foreach 1 < i,j < n , D(H) nD(HH) C D(H;H)), and for
x € D(H,) N D(H,'Hj),

H{HJ‘(I) = HjH,‘(I).

In the rest of this note we shall state an extension of one-parameter abstract Cauchy
problem and establish its relation with Cg-n-parameter semigroups of operators. As
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another application of Co-n-parameter semigroups we shall show that some n-parameter
initial valued problems cannot have a unique solution. The abstract Cauchy problem also
admits another natural generalisation which is discussed in 5, 6, 8].

2. THE MAIN RESULTS

Suppose as before X is a Banach space, H; are closed linear operators from D(H;)
C Xinto X and T; > 0, (: = 1,2,...,n). Then, a continuous X-valued function
u: [0,71] x --- x [0,T,] — X with continuous partial derivatives which satisfy the
following n-parameter abstract Cauchy problem (n-abstract Cauchy problem)

—u(tl,tg,...,ti,...,tn)=H,~u(t1,...,t,,), i=1,2,...,n 4 € (O,IT,]

(2) (% "
u(0) =z, ze€ () D(H),
i=1

is called a solution of the initial value problem (2).

For convenience in the rest of this note we denote by Ir the positive n-cell
0,T1] x [0,T2] x --- x [0,T,,) where T = (T1,T3,...,T,) € R} and T; > 0. As men-
tioned in the previous section, we shall illustrate that (2) is closely related to Cy-n-
parameter semigroups of operators. In the following theorem we prove that if I is
arbitrary and (Hi, Hs, ..., H;) is the infinitesimal generator of a Cy-n-parameter semi-
group (W, R’},,X) then (2) has the unique solution u(ty,tz,...,t,) = W{(t1, ta, ..., ta)x,

for each z € ﬂ D(H;), where (t;,ta,...,t,) € Ir.

THEOREM 2.1. Suppose Ir is a positive n-cell corresponding to T € R%, and
(H.,H,,...,H,) is the infinitesimal generator of the Cy-n-parameter semigroup

(W,R%, X) of operators, then for each z € ﬂ D(H;) the n-abastract Cauchy problem
i=1
(2) has a unique solution.

PROOF: Let Ir be arbitrary, {e;}", be the standard basis of R* and H be the

infinitesimal generator of the Co-n-parameter semigroup { W (;)} For z € ﬂ D(H;),

i2o0’
define u : I+ = X by u(t) = W(t)z. One can easﬂy see that u(t) is a solution of n-abstract
Cauchy problem (2) for the initial value z € ﬂ D(H;). For proving the uniqueness of

solution it is enough to show that (2) has no proper (that is, nonzero) solution for the

initial value £ = 0. Theorem 1.1 shows that for each 1 = 1,2,...,n, the initial value
problem

dui(s) .

== = Hu 0,T;
3) & u*(s) s € ]

u(0) ==z z € D(H;)
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has a unique solution for each z € D(H;). By definition of solution we know that for
n

t € Ir, u(t) which is a solution of (2) for z = 0, is in [) D(H;), so for the initial
. i=1

value z = U(tl, ty,...,ti-1,0, tivl,-- -, tn) € D(H,), u‘(s) = ’U.(tl, v ticy, 8y tivr, - - - ,tn)

and vi(s) = W(se;)u(ty,...,ti—1,0,ti41,-.-,t,) is a solution of (3) for x. Uniqueness of
solution of (3) implies that .

W(se,-)u(t;, R S 0, ti-H: ceey tn) = ‘Ui(S)
(4) =‘U,i(8) =u(tl,...,ti_l,s,ti“,...,t,,),

foreachi=1,2,...,n, 0<s<T;and 0<¢; <Tj, i #3j=12,...,n Using (4) for
n
t =3 tie; € It, shows that
i=1
u(t) = u(ti, ta, ..., ta) = W(t1e,)u(0,22,...,t,) (i=1ls=t)
= W(tlel)(W(t262)u(0707t3’ ERIY tn) (7' = 2, §= tz)

(Win n-parameter) = W (2": t,-e,-)u(O, 0,...,0) =W{({t)(0)=0

Hence u(t) = 0 and (2) cannot have a proper solution for z = 0, or equivalently (2) has
n

a unique solution for each z € (| D(H;). 1]
i=1

Now let H;y’s (i = 1,2,...,n) from D(H;) € X into X be closed operators.
Similarly to Proposition 1.2 (b) one can see X; = (ﬂD(H,-), Il - ||1), where ||z,
i=1

= ||zl + X | Hi(@)l, (x €N D(H,-)) is a Banach space. In the next theorem we are
i=1 i=1

going to show that for positiv_e n-cells Ir and I, where Iy C I, if (2) has a unique so-
lution for each z € X, then there exist a Co-n-parameter semigroup (W, R%, X;) with the
infinitesimal generator (K}, K, ..., K,) for which W(t)z = u(t; z), the unique solution
of (2) for z € X, and t € Ir, also for z € D(K;), Ki{z) = H(z).

THEOREM 2.2. Suppose H;’s (i = 1,2,...,n) are closed linear operators and
for positive n-cells It and Ir/, where It C Ip, the n-abstract Cauchy problem (2) has a
unique solution for each € X, then there exist a Co-n-parameter semigroup (W, R% , X)
of linear bounded operators with the infinitesimal generator (K, Ky, ..., K,) such that
fort € Ir and z € X, W(t)z = u(t; z) where u(t; z) is the unique solution of (2) for the
initial value z, and for £ € D(K;), K;(z) = Hi(z).

PROOF: Let u(t; z) be the unique solution of (2) for z € X,. For t € I, we define
the operator Wi(t) : X, = X; by Wi(t)z = u(t; z). Trivially W(t) is well-defined and a
linear operator, since the solution is unique. We are going to show that W, (t) is bounded.
Define the mapping ® : X; — C'(Ir, X1) by ®(z)(t) = W;(t)(z), where C*(Ir, X;) is
the Banach space of all continuous X;-valued functions on Ir with continuous partial
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derivative, equiped with the supremum norm. @ is linear, we prove it is closed. Suppose
Im — 7z in X, and ®(z,) — f in C'(Ir, X,), integrating of (2) implies that for each
i=12,...,n, méNand t=(t,...,t,) € Ir,

(5) Wl(tl) . 7tn)zm = Wl(t11t2a DR ti—17 0: ti+l, ey tn)zm
t;
+ H,'Wl(tl,tg,...,t,'_l,s,t,'+1,...,tn)$m ds.
[]

Let m — oo, so Sup | ®(zm) () — t)”1 — 0, this, (5), together with the closedness of
H;, imply that for each 1=1,2,.

(6) f(tly e ,tﬂ) = f(tlatQ) e )t‘i—la01ti+1a . 'a
/ Hf tl:t27-' l—l’s t1+11---)tn) ds.
Thus (6) and the fact that f € C!(Ir, X;) show that

aat f(tl,tz, ..,t,...,tn)=Hif(t1,...,tn), i=1,2,...,n tie (0,7‘1]

£(0) = lim ®(zn)(0) = lim Wi(0)(zm) = 5.
m—o0 m-—00
Hence f is a solution of (2) for the initial value z, the uniqueness of solution gives
f(t) = Wi(t)z = ®(z)t, telr,

it means that ® is closed operator from the Banach space X; into the Banach space
C'(Ir, X;) and the closed graph theorem tell us

Sup |[Wi(-)zllee = Sup (Sup AGELR ) =M < .

Izl €1 izl €1 Melr

Thus for each ¢t € Iy, Wi(t) is a bounded operator on X,. Now let T”

= (17,T4,...,TY), where T = min{T;,T; — T}}. We are going to show that for each
t,t' € I, Wi(t+t') = Wy (t)W,(¥). First we notice that fort € Ir» and t’' € Iw, t; < T/
and t; K T —T!sot;+ ¢t < T; and t +t' € Iy. Let t' be fixed, for r € X, define
v(-) : I+ = Xy by v(t) = Wi(t + t')z. Trivially v(t) and u(t) = W, (t)W,(¢t')z are solu-
tions of (2) in I for the initial value W(t')z, by the uniqueness of solution of (2) in I

we have
Wit + )z = v(t) = u(t) = Wi ({@)(W1(t)z).

Now we can extend W, to an n-parameter semigroup of operators. Let s = (s),52,...,55)
€ R?, and choose m; € N and r; € [0,T] so that 5; = mT{ + 7,
1=1,2,...,n. Suppose

W(s)z = Wy(r [H (W, (T"C:))m'] (z)
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where 7 = (r1,72,...,7n) € Ir». By the previous parts of proof the operators in the right
hand side of the last equality commute and are bounded linear operators on X;. One
can easily see that (W,R%, X,) is an n-parameter semigroup of operators and the fact
that %1_{13 W (t)z = z (by continuity of u(¢; z)) show that W is strongly continuous. Also
for s € Iy, Wy(s)z = W(s)z, since

W ()7 = 2 Wi (r) [T (W3 (7)) ™) 2)

= HW () [, (W(TYe) ™| (2) = B (s)a
and the equality holds from the uniqueness of solution in Ir. If (K, K, ..., K,) is the
generator of W and z € D(K;) C X, = () D(H;), then
i=1

W(te;):r -

. z
I} - 12~ lim = Ki(z)

t—0 t
which implies %ing(W(te,-)x —z)/t = K(z), but z € D(H;) and so

. W(tej)z—z 0
%1_:3———2— = 6tiW(0,O,...,O)I
= H;W(0)z = Hy(z)
Thus K;(z) = H;(z) and this complete the proof of theorem. 0

In the previous Theorem we could replace the assumption of existence of a unique
solution for (2) in It and Iz, by the assumption that (2) has a unique solution in I
and whole of R7, which seems stronger than our hypothesis. As another application of
Co-n-parameter semigroups, we shall show that for a closed linear operator A : D(A)
C X — X, the n-parameter initial value problem '

i=1 oti
u(0) =z, z € D(A)

does not have a unique solution in both I and I for each z € D(A), for which I'r» C Ir.

n g
(7) {Z ——-u(tht?a' . ~atn) = Au(tl,tz,...,tn), t= (t1,t2,...,tn) €lr

The initial value problem (7) can have a solution, for example if (H;, H,, ..., Hy) is
generator of a Cp-n-parameter semigroup (W,R%}, X) and A = H, + Hy+ - - -+ H,, then
obviously u(t) = W(t)z is a solution of (7) in any positive n-cell Ir, for the initial value
z & (1 D(H,) € D(A).

11=31efore proving our claim we need the following lemmas.

LEMMA 2.3. Suppose {T(t)},,, is a Co-one parameter semigroup of operators
with the infinitesimal generator A, and B € B(X), then A + B is the infinitesimal
generator of a Cy-semigroup S(t) on X satisfying

Stz =T(t)z + /tT(t -5)BS(s)zds, ze€X.
0
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PRroOF: See [7, II1.1.1 and II1.1.2]. I}

Also the next lemma which provide a necessary and sufficient condition for the
composition of Cp-one parameter semigroups to be a Co-n-parameter semigroup, has a
principal role in the next theorem.

Recall that for linear operator H in Banach space X, p(H) denotes the resorvent set
of H and for A € p(H), R(X; H) is used for (A — H)™!.

LEMMA 2.4. Suppose {Uf(s)}x20 is a Cy-one-parameter semigroup of opera-
tors on Banach space X with the infinitesimal generator H;, (i = 1,2,...,n), then
W(ty,ta,. .., ta) = Ut1)U%(t2) ... U™(ts) is a Co-n-parameter semigroup of operators if
and only if there is an w > 0 such that foreachi =1,2,...,n, [w,00) C p(H;) and for
each integers 0 < 1,7 < n and A, X 2 w, we have

R(X; H;)R(X; H;) = R(X; H))R(X'; Hy).

PRroor: First suppose W is a Cy-n-parameter semigroup of operators. Since H; is
the infinitesimal generator of {u'(t)} 10> by the Hille-Yosida Theorem ([7, 1.5.3]), there
is an w; > 0 such that for each A > w;, R(A; H;) exist and are bounded operators. Let
w=max{w;:i=1,2,...,n}. If A > w, from [7, 1.5.4]

R H))(z) = /ooo e U (s)(x) ds.
Also we know that for each integers 0 < 4,5 < n,
Ut(s)U7 (t) = W (se;)W (te;) = W (te;)W (se;) = U? (£)U*(s),
$0

R\ H)(Ui(t)z) = /w e MU (s)U%(t)z ds

0
=/ e~ MU (t) U (s)zds = Uj(t)/ e MU (s)z ds
0 0

= v (t)R(\; H))z.
Now let X' > w, we know R(); H;) is bounded so

R(X\ H))R(XN'; Hj)z = R(); Hi)/ e NtUi(t)z dt
0

- / e~ ¥UT (t)R(\; Hy)z dt
0
= R(X; Hj)R(X; Hi)z
and this prove the necessary part of lemma.

For the converse suppose there is an w > 0 such that for each A, ' > 0, R(); H;) and
R(X'; H;) exist and commute. So we have H{Hj, = H}, Hj where Hi = AR()\; H;) - M
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and Hi, = A?R()\; H;) — X'I are the Yosida approximation of H; and Hj respectively.
Applying [7, 1.3.5] we have Ui(s)z = Jim e'!iz and Ui(t)z = Jim ez, thus
—00 '~ 00

Ui(s)U%(t)z = lim e U7 (t)z

A—r00

. (oo j
= lim e ( lim efvz)
A—00 A =00

. . i J i, .
= ,\llm A}lm eHiefvr  (e*PA is continuous)
—00 M =00

N i o . i 1ri i rri
= Allm /\llm efuefiz  (since HLH], = H] H})
- OC —>00

= /\lim Ul(t)eHiz
=UI(t)U(s)z ~ (U(¢) is continuous).

Hence W (ty, 1, -..,t,) = UN(t1)U%(t2) ... U(t,) is a Cy-n-parameter semigroup of oper-
ators.
Now we are ready for this theorem.

THEOREM 2.5. Suppose A is a closed operator from D(A) C X into X and Ir
and I, I C Ir, is given. Then the initial value problem (7) cannot have a unique
solution for each r € D(A) in both Ir and Ir.

PROOF: Suppose to the contrary (7) has a unique solution for each z € D(A) in both
Ir and Ir. As in Theorem 2.2 we are going to show that if u(¢; z) is the unique solution of
(7) for z € D(A) and t € I, then Wi(t)z = u(t; ) can be extended to a Cy-n-parameter
semigroup of operators, and using previous lemma we shall get a contradiction.

Obviously uniqueness of solution shows that W;(t)z = u(¢; z) is a well-defined linear
operator on Banach space X; = (D(A),|| -|l4) where || - || is the graph norm on X.
Before proving the boundedness of W,(t) we notice that Y = (C'(Ir, Xy), || - ||'), where

A = Il + i“&tif”co is a Banach space. Next we show that the mapping ® : X,
i=1 i

— Y defined by ®(z)(t) = W, (t) is closed, for; suppose z,, = z in X, and &(z,,) —= f
in Y. Integrating of (7) for initial value z,,, we have

n t P
Wit ta, -2 tn)Tm = Wi(0,ta, . . ., tn)Tm — }:/ b?Wl(s,tg, e ta)Tm ds
i=2 70 U

t
+/ AW, (s,ta,...,tn)Zmds.
0

As m — oc by our choosing of the norm and the closeness of A we get

0

aT,-f(')” 20, asm—oo, i=12...,n

[==]

”%WI(')Im -
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and
[W20)2m = £0)lop = Sup (Wi @)2m ~ £0,)

= t&}g(”Wl(t)zm - FO|| + || AWA (&) zm — AF(2) n)

as m — co. Hence

Fltntay.rtn) = F(Orts- - tn Z/ (5:t2, .-+ tn) ds

=2

151
+/ Af(s,ta, ..., t,) ds.
0

It gives 5

n

> gf(tl,tz, s tn) = Au(ty, ta, .. th)

i=1 1

f(0) = lim W;(0)z,, = z.

m=—00
So f is a solution of (7) and by the uniqueness of solution we conclude f(t) = W(t)z,
equivalently f is closed and by closed graph theorem & is bounded, thus Sup||W,(t)]|
telr

< 0.
As in Theorem 2.2 W, (t) can be extended to a Cy-n-parameter semigroup (W,R%, X ,).

Let (Hy, Ha, ..., H,) be the infinitesimal generator of W, for z € ﬂ D(H;) C D(A) w

have

iy
o

Zat W(t)z = (ZH) )z = AW (t)z.

From the continuity of gta—W(t)x and strong continuity of W (t)z, the fact that 3 H;W (t)z
i i=1

= W (t) Y. H;z (Proposition 1.2), and the closedness of A ast — 0, the last equality yields
i=1

W)z = HW(t)z.

Thus

(8) z H;(z) = A(z) , for each z € ﬁD(H,-).

i=1

Applying Lemma 2.4 shows that there is w > 0 such that for each A\, A > w, we

have
R(XN; H;)R(X; Hy) = R(\; Hy)R(X'; Hj).
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Now let H]

=Hy+Jland H = H—I,if o’ =w+1and A, X 2 ', we have
A+, N =-12w

and

R(N; HI)R(\; H) = R(N — 1; Hy)R(A + 1; Hy)
RA+ 1 H;)R(N - 1; Hy)
R(X; Hy)R(X'; Hy).

Similarly R(\; H)R(XN; H;) = R(N;H;)R(A\HY), for A, X > o' ,i = 1,2, and
j=3,4,...,n. By Lemma 2.3 H| and Hj are the infinitesimal generators of two Cy-one-
parameter semigroups of operators. With the above equalities and Lemma 2.4, this shows
that (H;, H), Hs,. .., Hy) is the infinitesimal generator of a Cy-n-parameter semigroup,
say (W',R%, X,). So by Lemma 2.3, for each z € X,

W'(tey)z = W(te))z + /OtW((t — p)el) W'(uey)zdy,

and .
W'(tex)x = W(teg)z — /0 W ((t — v)es) W' (vey)zdv.

Also W'(te;) = W (te;), for i > 2. We conclude that for z € (| D(H,),

=1

HIW'(t, ta, . .., tn) i=1,2

5]
—W'(t1,ts,. .., i)z =
(h,t2 n) { HW'(ty, ta, ..., 1) i> 2.

at;
Hence by (8)

oti

iW’(t) =(H +Hy+ H3+ -+ H)W'(t) = i HW'(t) = AW'(t)z
wW'(0) = z.

But the solution of (7) is unique, and so fori=1,...,nand 0 <t < T},
W' (te;) = W(te;).
This implies that
W(te))z = W'(te1)z = W(te))z + /Ot W((t — p)el) W' (uer)zdp
= Wite,)z + /t W(ter)zdu
= Wi(te))z + tI(/)V(tel)z.

So tW(te,)z = 0 or W(te,)z = 0. This is a contradiction, because 0 = El_l,% W (tey)x
= £ # 0. Thus (7) cannot have a unique solution for each z € D(A). 1]
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REMARK 2.6. Our technique for proving Theorem 2.2 and a part of Theorem 2.5 is
based on Hille’s technique for one-parameter case [5]. Cj-n-parameter semigroups are
solutions of many initial value problems contain partial derivative and as in previous
Theorem, Cp-n-parameter semigroups can be used for showing that these initial value
problems cannot have a unique solution. As another example for second order initial
value problems, consider the two-parameter initial value problem

2%u(s, t) = Au(s, 1)

(s‘ft) €[0,S] x [0,T)
©(0,0) =z, =z € D(A)

where A is a closed operator. If this problem has a unique solution for each z € D(A)
in both I(ST) and I(sf T for which I(sl T I(ST); then W(s,t) = u(s t;x) can be
extended to a Co-two-parameter semigroup on Banach space X 1 = (D(A), || - la), with
the infinitesimal generator (H, K). We know D(HK)N D(KH )' Hla = D(A), (it can be
proved completely similarly to the proof of Proposition 1.2 (b)), so D(HK)ND(KH) # 0.
Now for £ € D(HK) N D(KH), by Proposition 1.2 HK(z) = KH(z) and one can see
that this is equal to A(z). Also it can be checked that (H/2,2K) is the generator of
W'(s, t) = W(s/2,2t) # W(s,t). Soforz € D(HK)ND(KH),

?—QW'( ) = (; VKW' (s, )z = HKW (s/2, t)z = AW'(s, )

W’(O, 0)z=z

and this is a contradiction with the uniqueness of solution.
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