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INTEGRAL MEANS AND ZERO DISTRIBUTIONS OF
BLASCHKE PRODUCTS

C. N. LINDEN

1. Preliminaries. A sequence {z,} in D = {z: |z < 1} is a Blaschke
sequence if and only if

En: (1 = |z]) < 0.

If 0 appears m times in {z,} then

o m 2n(zn. _ z)
B(Z, {zﬂ}) =2 z];;lo Iznl(l _ Zﬁn)
is the Blaschke product defined by {z,}. The set of all Blaschke products will
be denoted by Z. If B € & it is well-known that B is regular in D, and
|B(z, {2,})] < 1 when z € D.
For a given pair of values p in (0, © ) and ¢ in [0, c©) we denote by £ (p, q)
the class of all Blaschke products B(z, {z,}) such that

I(r, b, {z.}) =for [log|B(re®, {2.})|[Pdo = O((1 — 7)™

as r — 1 — 0. In the case ¢ = max(p — 1, 0) the classes of functions & and
S (p, q) are identical: this is a particular case of an elementary theorem for
functions subharmonic in a disc, the analogous theorem for functions sub-
harmonic in a half-plane appearing in [1].

If 0 £ g < max(p —1,0) then S (p,q) is a proper subset of Z, and we
examine the distributions of the zeros of Blaschke productsin £ (p, q) in these
cases. The theorems obtained here are generalizations of results obtained
elsewhere [2; 3] in the case where p = 2 and ¢ = 0. Although the earlier
methods can be readily modified to prove the results of this paper for any
non-negative ¢ when p = 2, such modifications are not possible for other
values of p except in the case of Theorem 3. Thus a different, and more direct,
approach will be made to the proofs of our other theorems.

In stating our main results we use the notation

¥ <

ol

 fls:lo—argel £ 2%, r < |d < 214N, 0
A(r’o"p)—{{z:r<[z[§%(1+r)}, =

™
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™
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and let »(r, 0, ¢, {2,}) denote the number of elements of {z,} in A(r, 8, ¢).
Then we have the following theorem.

THEOREM 1. Let p > 1,0 < q¢ < p — 1, and suppose that {2,} is a Blaschke

sequence such that
I(p, p, {2}) < C(1=p)"%,0<p <1
for some constant C. Then if v = 1 we have
(L1) w(r e, (L=71), {2,}) < K(p, ¢, v)CP (1L —r)=H0,
0<r<1,0= ¢ <2,
and if 0 < v < 1 we have
(12) V(”& (2 (1 - 7)7y {zn}) < K(pr q, 7)C1/p(1 - 7)7_1_7(1-“1)/11’
0<7r<1,0= <2,

Here, and throughout the paper, we use the symbol K to denote a constant
depending on the particular parameters under consideration. The values of K
need not be the same in any two successive appearances, but at each appearance
there will be some means of determining its value in terms of the relevant
parameters, these being indicated either directly or by implication.

Next we show that the indices appearing in the right-hand sides of (1.1)
and (1.2) are best possible. We do this by means of the following two theorems.

TrEOREM 2. If n(r, {2,}) denotes the number of elements of {z,} for which
|2] £ 7, and

1.3) n(r, {z}) < CA—r)y= 0<r <1

for some positive constant C and some constant o in (0, 1), then for each p in
(1, 0 ) we have

(1.4) I(r,p, {2.}) < K(a,p)CP(1L—r)—?, 0 < 7 < 1.
THEOREM 3. Let
z= (1 —wB)en™ =23 ...,

where 0 < v = 1,8> 1,and p > 1. Then if

(1.5) BYN=pB—1) —By(p —1)

we have

(1.6) I(r,p,{z}) <K@B v, N =7+ Q=7+ 1 —r)),
0<r<l1,

while

.7) v(r,0, (1 — ), {2,}) ~ K1 — r)~18

asr—1—0.
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MacLane and Rubel [2] have proved Theorem 2 in the case where p = 2
and a = 1. As an immediate corollary of Theorem 1 and Theorem 2 we note
the following generalization of another result proved by these two authors
in the same paper.

CoROLLARY. If p > 1,0 = ¢ < p — 1,and the elements of {z,} are contained in a
finite number of Stolz angles, then B(z, {z,}) € J(p, q) if and only if

n(r, {z.}) = O((1 —r)=tet0?)

asr—1—0.

As well as showing that (1.1) is best possible, this Corollary demonstrates
the existence of Blaschke products that do not belong to # (p, q) for any pair
of numbers p and ¢ for which 0 = ¢ < p — 1 < . For example

1

I = " n(log n)

—,n = 2,3,4,.
defines a Blaschke product {z,} of this type.

In order to see that (1.2) is best possible, we put A = — ¢ < 01in the inequal-
ity (1.6) of Theorem 3. Then 8 can be chosen in the range (1, ©) to satisfy
(1.5), so that

I(r, p, {z}) = O((1 —1)79)

as7 — 1 — 0 since A\ £ Ay = 0. Further the relation (1.7) becomes
v(r, 0, 1 — )7, {z,}) ~ K(1 — r)r—1—rG+a/r

as7 — 1 — 0, as required.

Finally we note that the proof of Theorem 3 has already been given elsewhere
[3] in the case p = 2. The proof given in this special case needs only obvious
amendments to apply in the generality stated here. Thus we may forego the
details of the proof of Theorem 3, and we prove only Theorems 1 and 2 in
this paper.

2. The proof of Theorem 1. Without loss of generality we suppose that
¢ = 0 and that 3z, = 7,e%" 5 0 for all natural numbers n. Then it is easily
shown (see e.g. [2]) that

(1—pH(1 — ))
(2.1) log|B (Pe s {2) Z lOg(]- + Pp, 72, 0, 6,) )
where

Pp, 7,,0,0,) = (o — 7,)% + 4pr, sin?2(6 — 6,).

For a given value 7 in (3, 1) we suppose that
2.2) 0<p=<4r—3,

and
20 —r)r <0< .
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Then, if 2, € A(r,0, (1 — 7)Y) =27, we have
(23) max{3(1 —7’71,)!%(1 —P)} <twh —p < 1 — P
(2.4) sin (0 — 6,) < 2sin (8 — 6,) < 2sin 39,
and it follows that
(2.5) P(p, 72, 0,6,) < (1L — p)* + 16 sin*36

< (1 — p + 45sin 16)2,
while

(2.6) Pmmﬂﬁﬁ>%ﬂ—ﬁﬂ—n&>éﬂ—ﬁﬂh—ﬁr

Now (2.6) implies that

1= - )) (1—p(1 =1
'°g<1+ PG 0,0 )~ 3P(prrm0,6,)

so that, by (2.1) and (2.5), we have

]ogIB(pe y zn |~2 Z;M%F_(—plj—)?’%ﬁ:)ﬁ

(1,0, 1 — 7)) A = p)(L —7)

6(1 — p + 4sin 26)° :
Consequently, the hypothesis of Theorem 1 shows that

C(l - p)—(l > I(Pr ! {Z })
v(r 0, (1 — 7)1 — p)’(1 — r)”f" dg

6° a—n? (L. — o5+ 20)*
Kv(r,0, A = r))"(A = p)’(1 = 1)"
Q=p+20-n")""
In the case where vy = 1 we put p = 4r — 3. Then
v(r,0, 1 — r))? < KC(1 — )77,

which gives (1.1). In the case where 0 < v <1 we put 1 — p = (1 — 7).
Then the condition (2.2) is satisfied if 1 — 7 is sufficiently small, and we have

v(r,0, (1 —7)")? < KC(1 — 7)Pr—D=v(et)
which gives (1.2).

>

>

3. The proof of Theorem 2. In proving Theorem 2 we require the following
elementary lemmas.

LemMmA 1. Ifa; =2 0forj=1,2,...,N,and p > 1, then

N 4 N
[ Z a,] éNp—l Z af.
j=1 j=1
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LemMA 2. If {2,} 1s a Blaschke sequence and 0 < r < 1 then

1
T a-lah =) nt
Lemma 3. Ifa > 0,6 > 0, and p > 1 then
_E(@)
o (@ —I—b sm210)” ba’t"

Without loss of generality we suppose 3 <7 < 1 and § <7, < 1, where
again we denote 2, by 7, Then the expression (2.1) gives immediately

3.1) log|B(re®”, {z,})[* < i - _42)__;)5(1111 _(;")_ h

Let Bi(re®®), By(re'®), and Bj;(re'®) be respectively the subproducts of
B(re®, {2,}) for which

<2 —1,2r —1<r, <30 +7r),andr, = 3(1 4+ 7).
The inequality (3.1) leads to

16y |2 A=A —-1r) ?
[log|Bi(re™)|” < K(,,.szz:f_l (=) + sin'3 (8 — 0n)}>
<K@m@r— 1)) > 1L=n"1 =)

wSH 1 {1 — 1)’ +sin’3(6 — 6,)}7’

by application of Lemma 1 and the abbreviation #(t) = n(¢, {z,}). Hence,
by Lemma 3, we have

(3.2) fow [log| Bi(re®)|[Pd6 < K (n(2r — 1)) <Z 1(1 — 7)1 — )"

™m= 2r—
<KA-r)n@r— 1)),
since0 <21 —7) =1 —r7,
A similar consideration of By (re?) leads to

63 [ loglBatre™) |1 < Kn((t + 0y

2w 2
2(1 —7) )}”
(1420220,
X 2r—l<;%(l+r) f \ og\1+ sin®1 (0 — 6,) o
< Kn(z(14+7)’A —7).
Finally, we note that

log|Bs(re’)| < K ZI+T)£1T_:—%Q

K 1
<
=770 n(t)dt
<KC1 —r)™"
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Hence, since p > 1, we have
2 2
(3.4) f [log|Bs(re”)|[Fdo < KC"*(1 — r)“(l"’)f [log|Bs(re*)||d6
0 0

< KC'(1 — r)e0?

) T — (L —7)
mETtundo (1 —7)" 4 sin’4(0 — 6,)
<KC'(1 — r)*™*,

the change of order of the operations of integration and summation being

possible by uniform convergence.
Substituting from (1.3) in (3.2) and (3.3), and noting that B(z, {z,}) =
Bi(2)B2(2)B;(z), we obtain (1.4) by application of Minkowski's inequality.

do

X
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