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A quasi-Frobenius ring is a ring with minimum condition satisfying the 
conditions r{l{H)) = H and l{r{L)) = L for right ideals H and left ideals L 
where r{S) (J(S)) denotes the right (left) annihila tor of a subset S of the ring. 
Nakayama first defined and studied such rings (8; 9) and they have been 
studied by a number of authors (2; 3; 4; 6). A dual ring is a topological ring 
satisfying the conditions r{l{H)) = H and l{r{H)) = L for closed right ideals 
H and closed left ideals L. Baer (1) and Kaplansky (7) introduced the notion 
of such rings, which is a natural generalization of that of quaso-Frobenius 
rings. Numakura studied the analogy between dual rings and quasi-Frobenius 
rings in (10). 

Ikeda (3) proved that every isomorphism between two left ideals in a quasi-
Frobenius ring can be extended to an isomorphism of R. The purpose of this 
note is to prove the following theorem, which is analogous to Ikeda's theorem: 
In a compact dual ring R every bicontinuous isomorphism between two closed 
left ideals can be extended to a bicontinuous isomorphism of R. 

The proof is not similar to Ikeda's proof because of the topological structure. 
We shall begin with the following result due to Kaplansky. 

THEOREM. If R is a compact dual ring, then R has an identity and R has a 
complete system of ideal neighbourhoods of 0 (7, Corollary to Theorem 4; 10, 
Lemma 3.2). 

COROLLARY. Every principal left {right) ideal in a compact dual ring is closed. 

LEMMA 1. Let L be a proper closed left {right) ideal in a compact dual ring R. 
Then L is contained in a maximal open left {right) ideal M in R. 

Proof. Let { Va\ OL G 21} be a complete system of ideal neighbourhoods of 0. 
Then L = L = r \ € a ( L + Va). Since L 5* R, there exists an index a £ 31 such 
that L + Va 9e R. L + Va is an open ideal containing L. By the compactness 
of R, R/{L + Va) is finite. Hence there exists a maximal open left ideal M 
such that L C L + Va Q M, completing the proof. 

LEMMA 2. In a compact dual ring R every closed left {right) ideal L with 
0 7^ L 7^ R contains a closed simple left {right) subideal. 

Proof. By Lemma 1, there exists a maximal open right ideal M of R con
taining r{L). Then 1{M) <^l{r{L)) = L. 
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Let a G l(M) and a 9^ 0. Ra is closed and hence 

Ra = l(r(Ra)) Ql(M). 

Since M is maximal, this implies t ha t r(Ra) = M and Ra = l(M). T h u s we 
have shown t h a t l(M) is a simple ideal contained in L. 

LEMMA 3. If S is a simple left ideal of a compact dual ring R, then S and SR 
are closed and finite. 

Proof. First we observe t ha t 5 is closed, since S = Ra where a is a non-zero 
element of S. Now r(S) is an open maximal r ight ideal of R. Hence there exists 
an open two-sided ideal U Ç1 r(S). This implies t ha t 5 Ç l(U) and also 
SRQl(U) since l(U) is a two-sided ideal. By (10, Theorem 1), I (If) is finite 
and thus 5 and SR are finite. I t follows tha t SR is closed. 

LEMMA 4. Let L be a proper closed left ideal in a compact dual ring R. Suppose 
6 is a bicontinuous isomorphism between L and a left ideal L''. Then 6 can be 
extended to a bicontinuous isomorphism on H where L C H, L 9e H. 

Proof. By a theorem of Numakura (10, Theorem 4) , there exists an element 
a in R which defines 6. If 1(a) = 0, then the right multiplication by a is a 
monomorphism of R. Suppose 1(a) ^ 0. Let N = 1(a) + L. Since 

6 
•A/ * J\zLV 

is an isomorphism between L and Z/, 0 = Ker 6 = 1(a) C\ L. Therefore 
N — 1(a) ® L. Let 5 be a closed simple left subideal of 1(a) and let 
H — S © L. We shall show tha t there exists a closed simple left ideal S' of 
R such tha t 5 ^ S' (bicontinuously) and S' Pi L' = 0. 

Suppose the contrary: t ha t is, for all closed simple left ideals S " either 
5 = S" (bicontinuously) is false or we have S" C L'. If x0 is an element in 
R such t ha t Sx0 9e 0, then 5 == 5x0 and by our assumption Sx0 C L'. Hence, 
we have SR C Z/. By Lemma 3 SR is finite and closed. Now B~1\SR is a con
tinuous homomorphism of SR into L; by (10, Theorem 4), there exists an 
element b in R such tha t d~l(x) = xb for all x g SR. (SR)b C SR, and since 
6~l is 1-1 and SR is finite, we have (SR)b = SR. This shows t ha t SR C L ; in 
particular, SQL. This contradicts the fact tha t S C\ L = 0. Thus we have 
shown tha t there exists a closed simple left ideal S; of R and a bicontinuous 
isomorphism a: 5 —> 5 ' such tha t Sf (^ L' = 0. 

Now define 7 : 5 0 Z, -> S' © Z/ by 

7(5, x) = (a(s), S(x)), s G S and x G L, 

where © is a topological direct sum. Then 7 is a bicontinuous isomorphism 
of H = S ® L Z) L which extends 6. This completes the proof. 

T H E O R E M 4. Let R be a compact dual ring. Then for every bicontinuous iso
morphism 6 between two closed left ideals we can choose a suitable unit which 
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defines 0; that is, every bicontinuous isomorphism between two closed left ideals 
can be extended to a bicontinuous isomorphism of R. 

Proof. Let 0 be a bicontinuous isomorphism between closed left ideals L 
and L'. Let 

p = {(La, aa, ba, Z/«) \a e 21} 

be the collection of all (La, aai ba, L'a) where La and L'a are closed left ideals 
containing L and L' respectively, and there is a bicontinuous isomorphism 
8a between La and L'a which extends 0: 

6a(x) = xaa for all x £ L, da~
1(xf) = x'ba for all x' £ Z/. 

We partial order p in the following way: (La, aa, ba, L'a) < (Lp, a$, bp, L'p) 
if and only if 

(i) LaQLp,L'aQL'p); 
(ii) xa aa = xa a$ for all xa € La, x'a ba = x'a bp for all x'a € L'a. 

We also partial order the index set SI : a < /3 if and only if 

(L«, aa, ba, L'a) < (Z^, a ,̂ bp, L'p). 

Let 

{ f c ^ ^ L ' a ) ! ^ SÇ21} 

be a chain in p. Let 

LQ = UaÇ(£ A*i L o = Ua£Q£ Za . 

For each a f Ë, define 

Ay = {«M I M > 7}> ^ T = { M M > 7}. 

We observe that ^47 = ay + r(L7) and 5 T = by + r(L7) and hence each Ay, 
By is closed. Then {Aa \ a £ (£} and {.£>« | a G S} both have the finite inter
section property; for if Ayi, . . . , ^47n are in {Ay | 7 G S}, there exists a largest 
index, say 7^; then ayn G ^47t- for each i = 1, 2, . . . , n. Similarly, {Z>7|7 £ (£} 
has the finite intersection property. Therefore, by the compactness of R, 
there exist a0 € ^\y^ Ay and 60 € ^\<E£ By. Let 0O : £ 0 —> I/o be defined by 
0o(x) = xa0 for all x 6 L0 and let 0'o : I/o —> L0 be defined by 0'o(V) = x'b0, 
x' 6 Z/0. Then we see that 0O (0'o) restricted to L7 (Z/7) coincides with the 
right multiplication by ay (by) for each 7 Ç E. Therefore 0O restricted to 
P\7€(S L7 and 0'o restricted to r\y€g £'7 are isomorphisms, inverse to each 
other. Hence 0O is a bicontinuous isomorphism between L0 and Z/0. Thus we 
have shown that the chain {(La, aa, ba, L

f
a) \ a Ç ©} has an upper bound 

(Lo, a0, 6o, I*'o) in p. 
By Zorn's lemma, there exists a maximal element (Lm, am, bm, L'm) in p. 

We shall show that Lm — R. 
Suppose Lm 7± R. It follows from Lemma 4 that there exists a closed left 

ideal Lt properly containing Lm such that the right multiplication by am can 

https://doi.org/10.4153/CJM-1966-114-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-114-4


COMPACT DUAL RINGS 1151 

be extended to a bicontinuous isomorphism X on Lu say X is given by the 
right multiplication by at. Let Vt = Ltat. By (10, Theorem 4), there exists 
an element bt which defines X-1. Then (Lu au bu L't) £ p and (Lmi am, bm, L'm) 
is less than (Lt,ahbuL'i), contradicting the maximality of (Lm,am,bm,Lf

m). 
Thus we have Lm = R and this completes the proof of the theorem. 
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