
SUMS OF COMPLEXES IN TORSION-FREE ABELIAN GROUPS 

J. D. T a r w a t e r and R. C. E n t r i n g e r 

( rece ived F e b r u a r y 15, 1969) 

The n u m b e r of e l e m e n t s in the s u m A + B of two complexes A 
and B of a group G which have mul t ip le r e p r e s e n t a t i o n s a + b = 
a ! + b ' has been inves t iga ted by Scherk and K e m p e r m a n [1] . K e m p e r m a n 
[2] appealed to t r ans f in i t e t echn iques (to o r d e r G) to p r o v e : 

If G is a t o r s i o n - f r e e abe l ian group with finite s u b s e t s 
A and B with | B | >_ 2, then at l e a s t two e l e m e n t s c 
of A + B a d m i t exact ly one r e p r e s e n t a t i o n c = a + b . 

' E n t r i n g e r [3] gave a proof of this r e s u l t us ing only finite induct ion . It 
wi l l be shown below that if d(A) is the d imens ion or r ank of A in the 
t o r s i o n - f r e e abe l i an group G, then t h e r e a r e at l e a s t d(A) e l e m e n t s 
of G which have a unique r e p r e s e n t a t i o n as a s u m a + b w h e r e a is 
in A and b is in B . 

A f ini te se t A = { a , , . . . , a ) of n o n - z e r o e l e m e n t s of an abe l i an 
1 t 

t 
g roup is l i n e a r l y independent provided 2 m . a . = 0 , with the m . 

i=l 
i n t e g e r s , i m p l i e s m . a . = 0 for a l l i . The m a x i m a l n u m b e r of 

l i n e a r l y independent e l e m e n t s of A wil l be denoted by d(A). Then 
d(A) is the r a n k of the subgroup gene ra ted by A . The e l e m e n t a of 
A wil l be cal led the " A - c o m p o n e n t " of the sum a + b in A + B , 
and U (A) wil l denote the se t of a l l e l e m e n t s of A which a r e the 

B 
A - c o m p o n e n t of an e l emen t in A + B which admi t s but one r e p r e s e n t a t i o n 
in A + B . 

THEOREM. Jf G is a t o r s i o n - f r e e abe l ian group with finite non
empty s u b s e t s A and B , then U (A) conta ins a m a x i m a l l i nea r ly 

independent subse t of A . 

P roof . The r e s u l t of K e m p e r m a n [2] and E n t r i n g e r [3] ment ioned 
above i m p l i e s that U (A) is n o n - e m p t y . It is sufficient to show that 

B 
the se t A depends l i nea r ly on U (A) . Then r e c o u r s e to the Steini tz 

B 
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Exchange Theorem for torsion-free abelian groups, Fuchs [4, Lemma 

8.3], will establish that d(A) < d(U (A)) and hence that U (A) 
B B 

contains a maximal linearly independent subset of A . 

To complete the proof then, it must be shown that A depends on 
U (A) . Toward this end, order A = {a , . . . , a } such that 

a. , a , . . . , a are not in U (A) , i . e . , U_ (A) = {a , . , . . . , a ) . 
1 2 n B B n+1 t 

For each a., i = l , . . . , n , choose any b. t in B and write 
l i , l 

a . + b . = a . ^ + b. ^ for some a. in A and b. ^ in B , with 
i i , l i , 2 i , 2 i , 2 i , 2 

b. . ^ b. . Similarly, write a. + b. „ = a. „ + b . and so on. 
1,1 1,2 l i , 2 i , 3 i , 3 

Since B is finite, some b. = b. where r < s . Add the equations 
l, r l , s 

a - + b - = a - MA
 + b - MA 

l l , r l , r +1 I , r +1 

a . + b . t = a. + b 
l l , r +1 l , r +2 l, r +2 

a. + b. = a . + b. 
l l, s-1 i , s i , r 

s - r 
to obtain the equation (s - r)a. = S a . . The set of 

l . i , r +j 
J=l 

equations so obtained form a systera: 

t 
(*) S c. .a. = 0 , i = 1 , . . . , n 

i j J 

where 

(i) 

(ii) 

(iii) 

t 

j = l 
C . . 

1 J 

c. . 
1 J 

c. . 
1 1 

= o , 

> 0 , 

< o , 

i = 1 , 

i * j ; 

i = 1 , 

, , n ; 

4 7 6 
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It will now be shown by induction on n that the existence of such 
a system of equations implies that each of the elements a., i = l , . . . , n , 

depends linearly on {a , . , . . . , a ) . If n = 1, then -c a = r n+1 t 11 1 

t 
S e a and the assertion holds. If n > 2, obtain a new system 

3=2 1 J J 

which is equivalent to (#) by a pivot operation: 

t t 
S c, .a. = 0; S d .a. = 0, i = 2 n, 

j=l l j J j = 2 1 J J 

where d. . = c ,c . - c c . . Then again 
I J i l l j 11 I J 

t 

(i1) S d. . = 0 , i = 2 , . . . , n; 

j=2 
i j 

(ii1) d. . > 0, i / j ; 
i j " 

(iii1) d. . < 0, i = 2 , . . . , n . 

It is routine to verify that (i1) and (ii1) hold. If d >̂  0 , then 

for all j = 2 , . . . , t it must be that d, . = 0 and hence that 

c, , c . = c . c, . . Now c . = 0 implies d, , < 0 . So c. . = 0 
k l l j 11 kj k l kk l j 

for j £ k, j = 2 , . . . , t . But then c., = - c . , ^ 0 and 
J J 11 Ik 

c, .(a, - a, ) = 0 . Since this is an impossibility, (iii1) is established. 
11 1 k 

By the induction assumption, each a., j = 2 , . . . , n depends 

t 

on {a , . , . . . , a ) . Since S c. .a. = 0 , some non-zero multiple 
n+1 v . . i i j 

J = l J 

of a is a linear combination of {a , . . . , a } and so a also depends 

on {a , , . . . , a ) . The theorem is proved. 
n+1 tJ 

COROLLARY. JŒ A , A , . . . , A are finite non-empty complexes 

of a torsion-free abelian group G such that d(A ) >_ d(A ) _> . . . >_ 

d(A ) , then there are at least d(A. ) elements of G having a unique 
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r e p r e s e n t a t i o n in A, + A^ + . . . + A . 
— L 1 2 n 

That t h e r e m a y be exac t ly d(A ) e l e m e n t s of G having unique 

e x p r e s s i o n s in A + . . . + A is e a s i l y s e e n by let t ing 

A, = A = . . . = A = {a , , . . . , a } be an independent se t in G . 
1 2 n l 1 tJ 

Then a. + a. + . . . + a. , i = 1 , . . . , t a r e the only such e l e m e n t s 
i l l 

in G . 
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