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REGULAR TOPOLOGICAL DISTRIBUTIVELY

GENERATED NEAR-RINGS

V. THARMARATNAM

In this paper we introduce regular topological distributively

generated (d.g.) near-rings (distinct from d.g. regular near-

rings) as the d.g. near-ring analogue of regular rings and develop

a structure theory for this class of near-rings.

1. Introduction.

In [6] we showed that division near-rings which are distributively

generated fail to be the d.g. near-ring analogue of division rings and in

[6] and [7] we introduced the concept of division topological d.g. near-

rings (distinct from d.g. division near-rings) as the d.g. near-ring

analogue of division rings.

The concept of a regular near-ring was introduced by Beidleman C/]

and a structure theory for regular near-rings was developed by Ligh [4]

and Heatherly [3]. in this paper we introduce regular topological d.g.

near-rings (distinct from d.g. regular near-rings) as the d.g. near-ring

analogue of regular rings and develop a structure theory for regular

topological d.g. near-rings.
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2. Preliminaries.

Throughout this paper we will assume (i) that the term near-ring

refers to a non-zero right near-ring with identity; (ii) the basic

definitions and notation given in [5], [6] and [7]; and Ciii) that R

is a topological d.g. near-ring with identity 1, S is a distributive

semigroup generating R topologically, 0 e S , T (R) is the set of
o

distributive elements in R, T(R) = To(R)\{0} and S* = S \ {<?}.

Let R' be a topological d.g. near-ring generated by the distributive

semigroup S'.

DEFINITION 2.1. $ is said to be a continuous d.g, near-ring

homomorphism from (R,S) into (R',S') if <j> is a continuous near-ring

homomorphism from R into R' with §(S) £ S' . If in addition we have

§(R) = R' and $(S) = S' then <J> is said to be a continuous d.g. near-

ring epimorphism from (R3S) onto (R'.S1).

PROPOSITION 2.1. The topologioal direct product l j ^ ^ of the

topological d.g. near-rings R (a. e. A) forms a topological d.g. near-ring

under component-wise addition and multiplication.

The proof is straight forward and will be omitted.

DEFINITION 2.2. R is said to be a topological subdirect product

of the topological d.g. near-rings R (a e A) if R is a sub-near-ring

of ~\T,R» such that it (R) = R for all a in A where TT is the
a e A a a a a

natural projection from |I R onto R .
a £A a. a

DEFINITION 2.3. A topological d.g. near-ring R i s said to be
subdirectly irreducible if the intersection of i t s non-zero closed ideals
is non-zero.

The proofs of Propositions 2.2 and 2.3 are similar to the proofs of
the corresponding results in ring theory and will be omitted.

PROPOSITION 2.2. If R is a topological d.g. near-ring and
K (a e A) a family of closed ideals in R such that n .K = 0 then R

a a a £ j 4 a

is topologically isomorphic to a topological subdirect product of the
topological d.g. near-rings R/K (a « A).
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PROPOSITION 2.3. A topological d.g. near-ring is topologically

iscmorphia to a topological subdirect product of subdirectly irreducible

topological d.g. near-rings.

DEFINITION 2.4. A topological d.g. near-ring R is said to be a

division topological d.g. near-ring if

(i) R has no non-trivial closed right ideals;

(ii) 5* forms a multiplicative group for some distributive semigroup

5 generating R* topologically.

3. Regular topological d.g. near-rings.

DEFINITION 3.1. A topological d.g. near-ring R is said to be a

regular topological d.g. near-ring if there exists a distributive semigroup

S generating R*~ topologically and such that

(i) every closed right ideal of R is a d.g. right (R}S)-module;

(ii) for each t e S there exists s e S such that tst = t.

If we wish to specify the distributive semigroup S then we shall speak of

the regular topological d.g. near-ring (R3S).

Clearly regular rings and division topological d.g. near-rings are

regular topological d.g. near-rings. Also if R is a ring and (R,To(R))

is a regular topological d.g. near-ring then R is a regular ring. In

Section 4 we prove that the endomorphism d.g. near-ring of relatively free

groups of certain varieties are regular.

In the Example 2 of 161, (R,S) is a division topological d.g. near-

ring and hence a regular topological d.g. near-ring. However by choosing

a monomorphism which is not an automorphism we can prove that (R,To(R))

does not satisfy (ii) in the above definition and hence is not regular.

PROPOSITION 3.1. Let R,R' be topological d.g. near-rings and

§:(R3S)—>(R',S') a continuous d.g. near-ring epimorphism. If (R,S) is

regular then (R',Sr) is regular.

Proof. Let I' be a closed right ideal of R'. Then <|>~ (I') is a

closed right ideal of R and as R is regular, <ji (I') is generated

by S n f1(I'). Thus I' is generated by $(S) n I' = S' n I' and I<

is a d.g. right (R',S')-module. Now let t' e 5'. Then, as <(> is an
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epimorphism, there exists t e S such that §(t) = t'. Also since (R,S)
is regular, there exists S e S such that tst = t. Hence
t' = i/(t) = i>(tst) = t'i/(s) t' with $(s) e S' and so (R',S') is

regular.

COROLLARY. If R,R' are topological d.g. near-rings with R
regular and if <f>:i? > R' is a continuous near-ring epimorphism then
R' is regular.

PROPOSITION 3.2. (a) A topological direct product of regular
topological d.g. near-rings is regular.

(b) A topological direct sum of regular
topological d.g. near-rings is regular.

Proof. Let R= I Li? or £ 9 R ., Define S={x e R: ir (x) e S, for
C £ £ J T . Ot . Ot Ot Ot

aeA

all aeA} Then it is straight forward to prove that (R3S) is regular

in each case.

PROPOSITION 3.3. (R,S) is a regular topological d.g. near-ring if

and only if

(i) every closed right ideal of R is a d.g. right (R,S)-module;

(ii) for every t e S, the d.g. right (R.S)-module tR is generated

by an idempotent e in S and tR n 5 = tS.

Proof. Let (R}S) be a regular topological d.g. near-ring and

I = tR. Then since (R,S) is regular, condition (i) is satisfied and

there exists s e S such that tst = t. Now e = ts is an idempotent in

S and as eel and t = tst = et e eR we have I = eR. Clearly

tS c tR n S . Let s e tR n S. Then there exists z e R such that
— O

tz = so and consequently so = tz = tstz = tsso e tS. Thus tR n 5 = tS.

Now let (R3S) be a topological d.g. near-ring satisfying (i) and

(ii) and let t e S. Then there exists an idempotent e in S such that

tR = eR. Since tR n S = tS , there exists s,s^ £ 5 such that ts = e

and eSj = t . Thus tst = et = eesj = eSj = t and so (R,S) is regular.

COROLLARY. A ring R is regular (that is, (R,TJR)) regular) if

and only if every principal right ideal of R is generated by an
idempotent.
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PROPOSITION 3.4. If (R,S) is a regular topological d.g. near-

ring, I a closed ideal of R and J a closed two sided I-module such

that J n S* generates J then J is a closed two sided R-module.

Proof. Clearly J is closed in R . Now let t e J n S* and

x e R . Since R is regular there exists s e S* such that tst = t .

Hence tx = tstx = tsyj = ty2 e J where y., y e J and xt = xtst

= y st = y t e J where y-$,y^ £ I • Hence J i s a two sided f?-module.

PROPOSITION 3.5. If R is a regular topological d.g. near-ring

then R has no non-zero nilpotent closed right ideals.

Proof. Suppose J is a non-zero nilpotent closed right ideal of R

and 1=0. Since i? is regular, we have J n S* + * and let

t e I n S* . Then there exists s e S* such that tst = t . Now e = ts

is a non-zero idempotent in S* and as J is a right ideal we have

eel. Thus e = e e I and so I 4 0 . This is a contradiction and

the result follows.

PROPOSITION 3.6. Let (R,S) be a topologocal d.g. near-ring having

every closed right ideal as a d.g. right (R,S)-module. If s has no non-

zero nilpotent elements then Ann t = {x e R: tx = 0} is a closed ideal

in R for all t e S .

Proof. Clearly Ann t is a closed right ideal and hence a d.g.

right (R3S)-module. Let s e S* n Ann t and s e 5* . Then ts = 0

and (st) = stst = 0 . Since S has non-zero nilpotent elements we have

st = 0 . Consequently (ts s) = ts sts s = 0 and tsjS = 0 . Thus

S^S e Ann t for all s e S* and all s e S* n Ann t . Now Ann t is a

d.g. right (R,S)-module and so we have s x e Ann t for all x e Ann t

and s e S* . Hence Ann t is a left ideal and the result follows.

COROLLARY. If (R,S) is a regular topological d.g. near-ring and S

non-zero i

for all t e S .

has no non-zero nilpotent elements then Ann t is a closed ideal in R
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PROPOSITION 3.7. If (R,S) is a regular topological d.g. near-ring

whose idempotents in S are central then S has no non-zero nilpotent

elements.

Proof. Suppose t is a non-zero nilpotent element in S and

n(> 1) is the least positive integer such that t = 0 . Since R is

regular there exists s e S such that tst = t . Now as ts is an

idempotent in S we have ts central and t~ = t .t = t .tst

= t .tts = t s = 0 . This is a contradiction and the result follows.

PROPOSITION 3.8. Let (R,S')be a topological d.g. near-ring having

every closed right ideal as a d.g. right (R,S')-module and let S be a

distributive semigroup in R suah that S ̂ S' . If S has no non-zero

nilpotent elements then every idempotent in S is centrel.

Proof. Clearly every closed right ideal is a d.g. right (R,S)-

module. Let e be an idempotent in S . Suppose t3s e S and ts = 0.

2
Then (st) = stst = 0 and as 5 has no non-zero nilpotent elements we

have st = 0 . Now e(xe - ese) = 0 and so xe - exe e Ann e for all

x e R . But Ann e is generated by S* n Ann e and since e e S and

et = 0 for all t e S* n Ann e we have te = 0 for all t e S* n Ann e

r r

and consequently (xe - exe)e = 0 . Thus xe = exe for all x e R . Now

Re is a topological d.g. near-ring. Let $:R — > Re be defined by

<\>(x) = xe . Then <j>(x + y) = (x + y)e = xe + ye = $(x) + §(y) and

$(xy) = xye = x(ye) = x(eye) = xe.ye = <b(x) §(y) . Thus <j> is a

continuous near-ring epimorphism and ker <J> being a closed ideal of R

is generated by 5* n ker <j> and te = 0 for all t e S* n ker <f> .

Consequently since e e S , we have et = 0 for all t e S* n ker § . Now

(xe - ex)e = xe - exe = 0 and so xe - ex e ker $ for all x e R . Hence

exe - ex = e (xe - ex) = 0 for all x e R . Thus ex = exe = ate and so

e is central.

COROLLARY 1. If (R3S) is a regular topological d.g, near-ring

with no non-zero nilpotent elements in S then every idempotent in S is

central.
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By Proposition 3.1 and Corollary 1 we have

COROLLARY 2. Let (R,S) be a regular topologiaal d.g. near-ring.

Then S has no non-zero nil-potent elements if and only if every idempotent

in 3 is central.

COROLLARY 3. If R is a regular tapologioal d.g. near-ring with no

non-zero nilpotent distributive elements then every distributive idempotent

in R is central.

COROLLARY 4. If R is a regular ring with no non-zero nilpotent

elements then every idempotent of R is central.

COROLLARY 5. If (R3S) is a regular topological d.g. near-ring and

S has no non-zero nilpotent elements then tR = Rt for all t e S .

Proof. Let t € S . Then there exists s e S such that tst = t .

Then st and ts are central idempotents and so ty = tsty = tyst e Rt

and yt = ytst = tsyt e tR for al l y e R . Then tR = Rt.

PROPOSITION 3.9. Suppose R,R' are topological d.g. near-rings and

§ : (R3S) > (R',S') is a continuous d.g. near-ring epimorphism. If

(R,S) is regular and every idempotent of S is central then (R',S') is

regular and every idempotent of S' is central.

Proof. By Proposition 3.1, (R',S') is regular. Now let e' be an

idempotent in S and x' e R' . Then there exist t e S and x e R such

that §(t) = e' and §(x) = x' . Since R is regular, there exists

S e S such that tst = t . Now e = ts is an idempotent in S and so

is central. Thus t = tst = et = te and e' = $(t) = §(te) =

= 4>(ts) = t>(e) . Hence e'x' = $

= $(xe) = §(x)4)(e) = x'e' and so e' is central.

COROLLARY. Let $:(R,S) > (R',S') be a continuous d.g. near-ring

epimorphism. If (R,S) is regular and S has no non-zero nilpotent

elements then (R',S') is regular and S' has no non-zero nilpotent

elements.

THEOREM 1. If (R,S) is a regular topological d.g. near-ring and

S* forms a multiplicative group then (R,S) is a division topological

d.g. near-ring.
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Proof. Let I be a non-zero closed right ideal of R . Then I
is a non-zero d.g. right (R,S)-module and so J n S* + $ . Now any
element of S* is invertible and hence I = R . Thus R has no non-
t r i v i a l closed right ideals and the result follows.

THEOREM 2. If (R,S) is a regular topologiaal d.g. near-ring such
that Anne = 0 for every non-zero idempotent e in S then (R,S) is

a division topologiaal d.g. near-ring.

Proof. Let t e S* . Since R is regular we have s e S* such
that tst = t . Now e = ts i s a non-zero idempotent in 5 and as

e(e - 1) = e2 - e = 0 we have e - 1 e Ann e . Consequently e = 1 and

ts = 1 . Thus 5* forms a multiplicative group and the result follows
by Theorem 1.

COROLLARY 1. A regular topologiaal d.g. near-ring with no non-trivial
closed right ideals is a division topologiaal d.g. near-ring.

COROLLARY 2. If R is a regular topologioal d.g. near-ring whose
only distributive idenrpotents are 0 and 1 then R is a division
topologioal d.g. near-ring.

COROLLARY 3. If R is a regular topological d.g. near-ring with no
non-zero distributive left divisors of zero then R is a division
topologiaal d.g. near-ring.

COROLLARY 4. If (R,S) is a regular topological d.g. near-ring
with no non-zero left divisors of zero in S then (R,S) is a division
topologiaal d.g. near-ring.

THEOREM 3. If (R3S) is a regular topological d.g. near-ring with
the property that for each t e. S* there exists a unique x e R such that
txt = t then (R,S) is a division topologiaal d.g. near-ring.

Proof. Let t e. S* and suppose there exists y e R such that
ty = 0 . Since R i s regular, we have s e S such that tst = t . Now
t(s + y)t = tst + tyt = tst + 0 = tst = t and so by the uniqueness
condition we have s + y = s . Hence y = 0 and t is not a left divisor
of zero. Thus S has no non-zero left divisors of zero and so by Corollary
4 of Theorem 2, R i s a division topological d.g. near-ring.
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THEOREM 4. If (R,S) is a subdirectly irreducible regular

topological d.g. near-ring such that for every idempotent e in S we

have Ann e <= Annne and Ann e a closed ideal then R is a division
r — i r

topological d.g. near-ring.

Proof. Suppose S has non-zero idempotents e such that

Ann e ̂  0 . Let C be the set of all such idempotents and J= n Ann e.

As (R,S) is regular and subdirectly irreducible we have 1^0 and

J n S* ̂  $ . Take t e. I n 5* . Then t e Ann e £ Ann e and so te = 0

for all e e. C . Also since (R,S) is regular there exists s e S* such

that tst = t . Now e = st is a non-zero idempotent in S and since

e^e = (st)e = site) = 0 we have e e Ann e^ and so e. e C . Thus

t e I £ Ann e £ Ann e and 0 = te. = tst = t . This is a contradiction

and consequently C = $ and by Theorem 2, i? is a division topological

d.g. near-ring.

COROLLARY 1. If R is a subdireatly irreducible, regular topological

d.g. near-ring such that for every distributive idempotent e we have

Ann e £ Ann e and Ann e a closed ideal then R is a division topological

d. g. near-ring.

COROLLARY 2. If (R,S) is a subdirectly irreducible regular
topological d.g. near-ring and if all idempotents in S are central then
(R,S) is a division topological d.g. near-ring.

By Proposition 3.6 we have

COROLLARY 3. If (R3S) is a subdirectly irreducible regular
topological d.g. near-ring with no non-zero nilpotent elements in S then
(R,S) is a division topological d.g. near-ring.

THEOREM 5. Let (R3S) be a regular topological d.g. near-ring.
Then R is topologically isomorphic to a topological subdirect product of
division topological d.g. near-rings if and only if every idempotent in S
is central.

Proof. Suppose R is topologically isomorphic to a topological

subdirect product of division topological d.g. near-rings R (a e A) .
a
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Let e be an idempotent in S . Then II (e) is a distributive idempotent

of R and so II (e) = 0 or 1 . Thus II (e) is central in R for
a a a a

a l l a e A and consequently e is central in R .

Conversely, suppose every idempotent in 5 is central. Now by

Proposition 2.3 R i s topologically isomorphic to a topological subdirect

product of subdirectly irreducible topological d.g. near-rings R (a. e A).

Then by Proposition 3.9 and Corollary 2 of Theorem 4 we have the R as

division topological d.g. near-rings for a e A and the result follows.

COROLLARY 1. Let (R,S) be a regular topologioal d.g. near-ring.
Then R is topologically isomorphic to a topological subdirect product
of division topological d.g. near-rings if and only if S has no non-zero
nilpotent elements.

COROLLARY 2. Let (RyS) be a regular topological d.g. near-ring.
Ttien

(i) every idempotent in S is central if and only if every
distributive idempotent in R is central;

(ii) S has no non-zero nilpotent elements if and only if R has no
nan-zero nilpotent distributive elements;

(iii) every distributive idempotent in R is central if and only if
R has no non-zero nilpotent distributive elements.

4. Endomorphism near-ring of a relatively free group.

Let (R 3S ) be a division discrete d.g. near-ring, F a free group

of the variety v(R ) of left (R.sS J-groups generated by the left

(R ,S )-group Rt , A a basis of F and R the endomorphism d.g. near-

ring of F with the finite topology induced by A (see [5]).

Let AQ = S A and S = {x e R: A x c_AQ} . Then by Proposition 2.2.

of C5], (R,S) is a topological d.g. near-ring.

PROPOSITION 4.1. Every closed right ideal of R is a d.g. right

(R,S)-module.

Proof. Let I be a non-zero closed right ideal of R . Since
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e.R n {x e R: Xx = 0} = 0 we have e R to be a d i sc re te d .g . r igh t
A A

(R3S)-module for all A £ A .

Now by the Corollary of Theorem 2 of [5] we have R =. , IJ. ey% a n d

by Proposition 5.4 of [5], R is a simple topological d.g. near-ring.

Further, by Theorem 1 of [7], e R e, B R and so e.R e is a division
A A 1 A A

discrete d.g. near-ring. Thus by Theorem 4 of [7], e.R is an irreducible
A

d.g. right(R,S)-»module and consequently I n e R = 0 or e R for all A e A.
A A

Hence J = ,11. exR where A, = {A e A : I n e.R = e.R} and so I is a

A € A A 1 AA

d.g. right (R,S)-module.

THEOREM 6. (R,S) -is a regular1 topologiaal d.g. near-ring.

Proof. Let t e S* and [At] = {A e A : there exist Sj e S* and

\, e A such that A.t = s.A} . For each A e [At] choose a Aj such
that A t = s A for some s e S? and s e S by As = s Aj if

A e [At] and As = 0 otherwise. Let A J e A . If A1t = (? then

A tst = 0 = \lt . Suppose X1t ^ 0 . Then X1t = SjA where s e S*

and A £ [At] . If now As = s2 A2 then A2t = S2A and so

X tst = SjA st = s.s X t = s.s2 SyX = SjA = At . Thus we have tst = t

and so by Proposition 4.1, (R3S) is a regular topological d.g. near-ring.

PROPOSITION 4.2. If R is not a ring and S1 = Tf)(R1) then

S = TQ (R) .

Proof. Suppose t £ T(R) . Then given A e A ,

Xt = I x.X, + I a (x. ii 0)
1 % % 1 3 V

where the A. are distinct and the a . are commutators of the form
* 0

[ Ctj/^i/^Cj/^^J/^^]],!/^^] ] and the representation chosen so that

m is minimal. Now

https://doi.org/10.1017/S0004972700013046 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700013046


V. Tharmaratnam

tie i + e i)) = te i + te n for all A , \ e A
A • A A .A A • A A • A

1 . 1 . I V

and so \t(e^ ^\ + e ^yj) - A * e i , i + ^te u f o r a l l A 1 ,A 1 1 e A .
i i i i

Thus x . f A 1 + A 1 1 ; = x . A 1 + x . A 1 1 fo r a l l A 1 ,A 1 1 e A as
Z- If is

°f\.\1 = 0 = Cf\.X^ f o r 3

B u t F i s a f r e e g r o u p o f t h e v a r i e t y v(R ) a n d s o x.(y. + z.)

= x .y + x .2 for a l l y , z e R and so x. e T(R) .
1> 1 1. i 1 1 1 l*

n n
Thus At = J s . A . + J c . where s . e T(R ) . Now suppose a t l e a s t two of

t h e s . , say s , S a r e non-ze ro . Then s i n c e \t(e ,\\ + e, ^\)

m
= A t e , 1 1 + A t e ! w e h a v e s A 2 + s A 1 1 + (\ a . ) ( e , \ i + e \ )

A A l ^ <̂  A . A i

But e x x l l + ex x l = e^ x l + e x x l l for a l l A1, A11 e A .

Therefore s A1 + s A11 -f f£ e J Ce n + e j j = s.X1 + s,*1 1

m
and so ^ oJ(ex x n + e x x iJ = 0 .

Hence - s 2 A n - SjA1 + S2AU + SjA1 = C for a l l A1,A11 e A .

Now as F i s a uCi? )-fxee group we have -s y - s x + s y + s x = 0
1 2 1 1 1 2 1 1 1

for a l l x , y e R . Thus s~ s y and so y belongs to the centre

of R for a l l y e R and consequently R. i s abel ian. This i s a

.
1.

contradiction since R is not a ring. Thus at most one of the s. is
1 1

non-zero and so
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m\t = s,A. + I a. .1 1 L 3

a n dSuppose mil. We choose A1 occuring in o such that A ^ A

let A ... A be the other elements of A occurring in the o'.s ,

2 Z 3
3 = Ij.. ,m . Let x = e^i and y = e \ +....+ e. j . Then

K\ A2 2
At(x + y) = \tx + Xty and so

TTl 171 m

s.XJx + y) + (I a.)(x + y) = s X x + (\ o.)x + s.\ y + (\ o.)y
1 1 3 x 1 d 1 1 «/

m m m m
That is, s \ y + I a. = s X y + (I a )y and so I c. = I (o.y) .

1 ° 1 x
 2 1 2

This is a contradiction of the minimality of m and so m = 0 . Hence

At = s X e A for all A e A and t e S . Consequently 5 = T (R) .

THEOREM 7. If (R-[JT (R )) is a division discrete d.g. near-ring

then (R}T (R)) is a regular topologioal d.g. near-ring.

Proof. The result is known to be true when R is a ring and

follows from Theorem 6 and Proposition 4.2 when R is not a ring.
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