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Abstract. We introduce the class of partially invertible modules and show that it
is an inverse category which we call the Picard inverse category. We use this category
to generalize the classical construction of crossed products to, what we call, generalized
epsilon-crossed products and show that these coincide with the class of epsilon-strongly
groupoid-graded rings. We then use generalized epsilon-crossed groupoid products to
obtain a generalization, from the group-graded situation to the groupoid-graded case, of
the bijection from a certain second cohomology group, defined by the grading and the
functor from the groupoid in question to the Picard inverse category, to the collection of
equivalence classes of rings epsilon-strongly graded by the groupoid.
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1. Introduction. Almost 40 years ago, Nastasescu and Van Oystaeyen [15] proved
an elegant result that relates the collection of group-graded equivalence classes of strongly
graded rings to certain second cohomology groups. Namely, let S be a ring. We always
assume that S is associative and equipped with a multiplicative identity 1g. The ring S is
called graded by a group G (or G-graded) if there is a set {Sg}gec of additive subgroups
of § such that S = ®4c5S,, and for all g, h € G the inclusion S,Sj, C S, holds. The ring
S is called strongly graded if for all g, h € G the equality SyS; =S, holds. Given two
G-graded rings S and 7', a ring homomorphism f : § — T is called graded if forallg, h € G
the inclusion f'(Sg) € 7, holds. Now, by [15, Proposition 1.3.13], the collection of strongly
graded rings can be parameterized by the so-called generalized crossed products (A, F, f),
for rings 4 and group homomorphisms ' from G to the Picard group Pic(4) of 4. Indeed,
for each g e G, we put F(g) =[P,] (the A-bimodule isomorphism class of P,) and we
assume that F'(e) = [4], where e denotes the identity element of G. The map f is a factor

https://doi.org/10.1017/50017089519000065 Published online by Cambridge University Press


http://creativecommons.org/licenses/by/4.0/
doi:10.1017/S0017089519000065
mailto:patrik.nystedt@hv.se
mailto:johan.oinert@bth.se
mailto:hpinedot@uis.edu.co
https://doi.org/10.1017/S0017089519000065

234 PATRIK NYSTEDT, JOHAN OINERT, AND HECTOR PINEDO

set associated with /. By this we mean a collection of 4-bimodule isomorphisms f; 5 :
Py ®4 Py — Py, chosen so that the following diagram commutes:

idp, ®fp
Pg X4 Ph X4 Pp E— Pg Ry Php

Jen®idp, l l/ o hp

Pgh ®4 Pp ﬂ’ Penp

for all g, , p € G. The multiplication in (4, F, f) = @4ecP, is defined by the biadditive
extension of the relation x -y =f; ,(x ® y) for all x € P, all ye Py, and all g, h € G. Let
(4, F) denote the collection of all generalized crossed products of the form (4, F, f), where
£ is a factor set associated with . Given D and D’ in (4, F) put D ~ D' if there is an iso-
morphism of graded rings D — D’ which is simultaneously an A-bimodule isomorphism.
Then ~ is an equivalence relation on (4, F) and we can define C(4, F) = (4, F)/ ~.
Let U(Z(A)) denote the unit group of the center Z(4) ={a €A |Vbe A, ab=ba} of A.
The classical cohomology groups H"(G, U(Z(A))), for n > 0, can then be defined, and in
particular the corresponding second cohomology group.

THEOREM 1 (Nastdsescu and Van Oystaeyen [15]). If 4 is a ring, F:G — Pic(4)
is a group homomorphism and f is a factor set associated with F, then the map

H*(G, U(Z(A))) — C(A, F), defined by [q] — qf, is bijective.

Many natural examples of rings, such as rings of matrices, crossed product algebras
defined by separable extensions, and groupoid rings are not, in a natural way, graded by
groups, but instead by groupoids (see, e.g. [13, 14] or Section 6 of the present article). Let
G be a groupoid, that is, a category where each morphism is an isomorphism. The classes
of objects and morphisms of G are denoted by Gy and G}, respectively. If g € Gy, then the
domain and codomain of g are denoted by d(g) and c(g), respectively. We let G, denote the
set of all pairs (g, h) € G| x G, that are composable, that is, such that d(g) = c(h). From
now on, assume that G is small, that is, such that G, is a set, and let S be a ring which is
graded by G. Recall from [13, 14] that this means that there is a set {S,}sec, of additive
subgroups of S such that § = @, S, and, for all g, & € G, S, S, € S, if (g, h) € G2, and
SoSp = {0}, otherwise. In that case, S is called strongly graded if for all (g, h) € G, the
equality S,S; = Sg; holds. By [14, Proposition 4.1], the collection of strongly groupoid-
graded rings can be parameterized by generalized groupoid-crossed products (4, F, f),
for rings A4 and groupoid homomorphisms F from G to the Picard groupoid PIC. Here 4
denotes the direct product of the rings {F'(e)}ccq,. Westman [20] (see also [19]) has devel-
oped a cohomology theory for groupoids which extends the classical group cohomology
theory. In particular, the corresponding second cohomology group H*(G, Z(4)) can be
defined. The set C(4, F) is defined analogously to the group-graded case.

THEOREM 2 (Lundstrom [14]). If G is a groupoid, F : G — PIC is a functor and f
is a factor set associated with F, then the map H?*(G, U(Z(A))) — C(A, F), defined by
[q] — qf, is bijective.

n [17], the authors of the present article introduced the class of epsilon-strongly
group-graded rings. This class properly contains both the class of strongly graded rings and
the class of unital partial crossed products. The main goal of the present article is to show
a simultaneous generalization (see Theorem 3) of Theorem 1 and Theorem 2 that holds
for an even wider family of rings, namely the class of epsilon-strongly groupoid-graded
rings. Indeed, let S be a ring which is graded by a small groupoid G. We say that S is
epsilon-strongly graded by G if for each g € G|, §,S,-1 is a unital ideal of S.(,) such that
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for all (g, h) € G, the equalities S,S), = SgSy-1Sen = SenSy-1S, hold. Let €, denote the
multiplicative identity element of S;S,-1 and put R = @.cc,S. In this context, it turns out
that the multiplication map S, ®z S, — Sai, for (g, h) € Ga, is injective with image equal
to €4Sg. In particular, this implies that the R-isomorphism classes of the modules [S,]
do not form a groupoid. Instead they form an inverse category PIC,,, which we call the
Picard inverse category. The collection of epsilon-strongly groupoid-graded rings can
then be parameterized by generalized epsilon-crossed groupoid products (4, F, f), for
rings A and partial functors of inverse categories F': G — PIC,,,. Here A denotes the direct
product of the rings {F'(e)}.cq, and f is a partial factor set.

On the other hand, in [9], the concept of a partial action was introduced as an efficient
tool to study C*-algebras, permitting to characterize various important classes of them as
crossed products by partial actions. The study of partial actions and partial representations
of groups on algebras was initiated in [4] and extended to the groupoid situation in [2].
Recently, Dokuchaev and Khrypchenko [5] have developed a cohomology theory for par-
tial actions of groups on monoids which we extend to the groupoid setting. In particular,
we define the corresponding second cohomology group H*(G, Z(A4)). The set C(4, F) is
defined analogously to the group-graded case, and we obtain the following theorem, which
is the main result of this article.

THEOREM 3. If G is a groupoid, F : G — PIC., is a partial functor of inverse cate-
gories and f is a partial factor set associated with F, then the map H*(G, U(Z(4))) —
C(4, F), defined by [q] — qf, is bijective.

Here is a detailed outline of this article. In Section 2, we state our conventions on
categories. In particular, we recall the definition of inverse categories. In that section, we
also show that the collection of partial bijections between sets forms an inverse category
which we denote by BlJ., (see Proposition 13). Inside this category sits the well-known
groupoid BIJ of bijections between sets. In Section 3, we show (see Proposition 17) that the
collection of partial (commutative) ring isomorphisms ISO,,, (ISOC,,) is an inverse sub-
category of BlJ,,,. This category contains, in turn, the well-known groupoid ISO (ISOC)
having all (commutative) rings as objects and ring isomorphisms as morphisms. We also
show a result concerning central idempotents in rings that we need in subsequent sections.
In Section 4, we recall the definition of (pre-)equivalence data and some properties of
such systems, and we also introduce the Picard inverse category PIC,,, (see Definition 27
and Theorem 28). In Section 5, we define epsilon-strongly groupoid-graded rings (see
Definition 34). In Section 6, we provide examples of epsilon-strong groupoid gradings
on partial skew groupoid rings, Leavitt path algebras, and Morita rings. In Section 7, we
define epsilon-strongly groupoid-graded modules (see Definition 46) and we provide a
characterization of them (see Proposition 47) that generalizes a result previously obtained
for strongly group-graded modules. At the end of the section, after putting R = @cq,Se, We
show (see Proposition 48) that the multiplication maps my j, : Sy ®r Sj — €5Sgh = Sen€p-1,
for (g, h) € G,, are R-bimodule isomorphisms. In particular, this implies that for every
g € Gy, the sextuple

(GgR, Eg—lR, Sg, Sg—l , Mg g1, mg—l_’g)

is a set of equivalence data. In Section 8, we introduce generalized epsilon-crossed
groupoid products (see Definition 53), and we show that they parameterize the family
of epsilon-strongly groupoid-graded rings (see Proposition 55 and Proposition 56). In
Section 9, we extend the construction of a partial cohomology theory for partial actions of
groups on commutative monoids, from [5], to partial actions of groupoids. In Section 10,
we use the results in the previous sections to prove Theorem 3.
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2. Preliminaries on categories. In this section, we state our conventions on cate-
gories. In particular, we recall the definition of inverse categories. We introduce the new
notion of a partial functor of inverse categories (see Definition 4) and we show that the com-
position of two partial functors of inverse categories is again a partial functor of inverse
categories (see Proposition 9). In this section, we also show that the collection of par-
tial bijections between sets forms an inverse category which we denote by BlJ., (see
Proposition 13). Suppose that G is a category. The classes of objects and morphisms of
G are denoted by G and G, respectively. Recall that G is called small if G| is a set. If
g € Gy, then the domain and codomain of g are denoted by d(g) and c(g), respectively. If
n > 2, then we let G, denote the set of all (g1, ..., g,) € x/_, G| that are composable, that
is, such that for every i € {1, ..., n — 1} the relation d(g;) = c(gi+1) holds. The category
G is called a groupoid if to each g € G, there is a unique % € G, such that (g, &) € Ga,
(h, g) € Gy, gh=c(g), and hg = d(g). In that case, we write h=g~!. A subcategory H
of a groupoid G is called a subgroupoid if the restriction of the map (-)~! on G, to H,
coincides with the map (-)~' on H;.

Let G be an inverse category. Recall that this means that there to each g€ G is a
unique % € Gy such that (g, h) € G, (h, g) € G, ghg =g, and hgh = h. In that case, we
write 1 = g*. A subcategory H of G is called an inverse subcategory if the restriction of the
map * on G to H; coincides with the map * on H;. Note that if G is a groupoid, then G is an
inverse category if we for each g € G| put g* = g~ !. It turns out that, for our purposes, the
usual notion of functor is too restrictive when considered for inverse categories. Therefore,
we make the following weakening.

DEFINITION 4. Suppose that G and H are inverse categories. A partial functor of
inverse categories F: G — H 1is a pair of maps (Fy, F1), where F: Gy — Hy and F| :
G| — Hj, that satisfy the following axioms:

(I1) Ifg:a— bin Gy, then F(g) : Fo(a) = Fy(b).
(12) Ifae G(), then Fl (lda) = idFo(a)-
(I3) If (g, h) € Gy, then

Fi(@Fi(h) = F1(@QF1(g")Fi(gh) = Fi(gh)F\ (h*)F (h).

By abuse of notation, we will write F* for both Fjy and F in the sequel.
REMARK 5. Note that if we replace axiom (I3) in Definition 4 by

o If (g, h) € Gy, then Fy () F1 (h) = Fi (gh),

then F is an ordinary functor.

PROPOSITION 6. If G and H are inverse categories and F:G — H is an ordinary
functor, then F is a partial functor of inverse categories.

Proof. Take (g, h) € G,. Then, since F is an ordinary functor, we get that
F(@)F(h) = F(gh) = F(gg*gh) = F(2)F(g*)F(gh) and F(2)F(h) = F(gh) = F(ghh*h) =
F(gh)F(h*)F(h). O

PROPOSITION 7. If F : G — H is a partial functor of inverse categories, then for every
g € Gy the relation F(g*) = F(g)* holds.

Proof. Take a morphism g:a — b in G;. If we put & =1id, in (I3), then we get that
F(g)F(id,) = F(g)F(g")F(g). From (I12), it follows that this relation can be written as

F(g) =F(@F(g")F(g). (1)
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By replacing g by g* in (1), we get that

F(g") =F(g)F(F(g"). )
Equations (1) and (2) show that F(g*) satisfies the axioms for F(g)*. Since F(g)* is
uniquely defined, we thus get that F(g*) = F(g)*. O

LemMA 8. Suppose that F:G— H is a partial functor of inverse categories. If
(g, h) € Gy is chosen so that gh=h (gh = g), then F(g)F(h) = F(h) (F(g)F(h) =F(g)).

Proof. Suppose that (g, h) € G, satisfies gh = h. From (I3) and Proposition 7, we get
that F(g)F(h) = F(gh)F (h*)F (h) = F(h)F (h)*F (h) = F (h). Now suppose that (g, &) € G,
satisfies gh = g. From (13) and Proposition 7, we get that F'(g)F(h) = F(g)F (g*)F(gh) =
F()F(9)*F(g) = F(g). m

PROPOSITION 9. If F: G— G’ and F': G' — G” are partial functors of inverse cate-
gories, then F' o F : G — G" is a partial functor of inverse categories.

Proof. Put F” = F' o F. It is easy to see that (I1) and (I2) hold for F”. Now we show
(I3). To this end, take (g, /) € G,. We wish to show that

F'(@)F"(h) =F"(g)F"(g")F" (gh) A3)
and

F'(F"(h) =F"(gh)F"(h*)F" (h). “4)
First we show (3). Using (I3) for F” and F, we get that the left side of (3) equals

FI(F(@)F (F(h) = F (F(@)F (F(@")F (F(QF(h)
=F (F(@)F (F("F (F(@F Q) F(gh)).
Using Lemma 8 for the right side of (3), we get
F/(F(@)F (F(@)")F (F(gh)) = F'(F(@)F (F(@)")F (F(QF("IF (F(gh)).

Using (I3) and Lemma 8, the last expression equals

F/(F@)F (F(@")F (F(@F () )F (F(@)F(g)")F (F(gh)]
=F'(F(@)F (F(")F'(F(QF () F(gh)),

which shows (3). Now we show (4).
Using (I3) for /7 and F, we get that the left side of (4) equals

F/(F@)F (F(h) =F (F(QFh)F'(F(h")F (F(h)
= F'(F(gh)F(h")F (W) F'(F(h)*)F'(F ().

The right side of (4) equals
F'(F(gh))F'(F(h*))F'(F (h)). (5)
Using Lemma 8, we get that (5) equals
F'(F(gh))F'(F(W*)F (h))F'(F(h*))F' (F ().
Using (I13) and Lemma 8, the last expression equals
F'(F(gh)F (h*)F(h)F'(F(h*)F (h)F' (F (h*)F (h))F'(F (h*))F' (F (h)),
which equals F'(F(gh)F(h*)F (h))F'(F(h*))F'(F(h)) showing (4). O
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ProrosITION 10. If F: G — H is a partial functor of inverse categories, where H is a
groupoid, then F is an ordinary functor.

Proof. Take (g, h) € G,. From Proposition 7, it follows that F'(g)F(h) = F(g)F(g*)
F(gh) = F(2)F()*F(gh) = F(g)F(g)~'F(gh) = F(gh). O

DEeFINITION 11. Let BIJ denote the groupoid having the collection of all sets as objects
and bijections between sets as morphisms.

DEFINITION 12. Let 4 and B be sets. By a partial bijection from B to A, we mean a
choice of subsets ¥ € B and X € A4 and a bijection /' : ¥ — X. We will indicate this by
writing 4/). We will now define, what we call, the category of partial bijections Bl 4.
The class of objects in BlJ.,, consists of all sets. The class of morphisms in BIJ,,, consists
of all partial bijections %/, . The domain and codomain of such a morphism are B and
A, respectively. The identity morphism at 4 is defined to be A(idA) 1 The empty partial
bijection from B to 4 is denoted by 405. Suppose that %/, and ¢ gD are morphisms in
BlJ . If B = C, then the composition of these morphisms is defined to be

(YNX') ‘(YmX’)
f flynx o glg-1vaxn

Otherwise, the composition is defined to be 40p. We also define a map *: (BL.y), —
* 11X
(BU1 by (1f5) =5/"4
ProposiTION 13. Bl is an inverse category.
X hY

Proof. Suppose that o =7 Xy, = ?gc ,and y = are morphisms in BIJ.,,. First

we check the axioms for identity elements:
d (ANX £ ANX)
AGdg) e —IAA( ) (idalanx o f 11 anx)) g =Y(Gdyof) =«
and

_fnB)

id;' (YnB)
ak(idg)s =7, (flymB o 1d3|1d (ymB))

=Y (foidy)y =a.
Now we prove associativity. We get that

(aB)y =f4(1 (f|YﬂX’ Oglg*I(YﬁX’)) |g*‘(Yr‘|X’)ﬂX” ° h|y1{1 >
where

Xi = (flynx o glgrnxn) (€7 X NXH N XY
and
Yi=h'g 'Y nX)nx".

We also get that

a(By) =2f lyrgarnxm o (€lynxr o hly arxn)lv s
where

=f(YNg(¥' NX")

and

= @lyaxr okl grnxn) ™ (Y Ng(Y N X)),
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Since composition of functions is associative, we only need to show that X; =X, and
Yi=Y.

First we show that X; C X;. Take a € X;. Then a = f(g(b)) for some b € X” such that
gb)e YNX . Sinceg:Y — X', wealso get that b € Y’. Thus g(b) € Y Ng(¥Y' N X”), and
hence a =f(g(b)) € X,. Next we show that X, C X|. Take ¢ € X;. Then ¢ =f(g(d)), for
some d € Y’ N X" such that g(d) € Y. Since g: V' — X', we get that g(d) € Y N X'. Thus
deg ' (YNX')N X", and hence c € X].

Now we show that ¥; € Y,. Take a € Y;. Then h(a) eg ' (Y NX)NX"CY NX".
Thus g(h(a)) e g(Y' NX"). Also g(h(a)) e g(g” ' (YNX"))CY. Hence g(h(a)) €Y N
g(Y' N X"). So we get that a € ¥,. Next we show that ¥, C ¥;:

Yo = (hr1rnxn o glyny) (Y Ng¥ NX"))
=h" " rnxn (€'Y NgY NX))NY NX)
=h"' ('Y ng NnX"NHNY NX")nh ' (Y NX").
Since g(YY N X”) C X" and Y N X" C X", we thus get that ¥, C V7.
Finally, we show that BIJ.,, is an inverse category. To this end, first note that

. X
oo zjfBY (ﬁfo) —A B Bf 1A _il(ldXA (6)
and
* X
““—(AfB) XfB le B_del);‘ (7
Thus, it follows that

oo oz—AldX fB _AfB =
and
oo —BldY f7 A —Bf 1A =a
Next suppose that
afo =« ()
and

Bap =B, )
where 8 = g’ gj'/. From (6) and (8), it follows that

};f*lj =a* =a"aa* =a*afaa’ = gidygg gj; fldxil(
gg™ (Ynx)HNX) g l(rnx’ ny

=B glg L(YNX)NX 4

Thus, we get that Y=g(g '(Y¥NX)NX)CX and X=g '(YNX)NXCY"

Analogously, from (9), it follows that X’ C Y and Y' C X. Thus X’ =Y and Y’ =X, and

hence it follows that § = o*. [

3. Preliminaries on rings. In this section, we introduce the category of partial
(commutative) ring isomorphisms ISO,,, (ISOC,,,). This category contains the well-known
groupoid ISO (ISOC) having all (commutative) rings as objects and ring isomorphisms as
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morphisms. We also show a result (see Proposition 18), concerning central idempotents in
rings, that we need in subsequent sections. Let 4 be a ring. We always assume that 4 is
associative and equipped with a multiplicative identity element 1.

DEerINITION 14. Let ISO (ISOC) denote the category having all (commutative) rings as
objects and ring isomorphisms as morphisms.

REMARK 15. Recall that an ideal 7 of a ring 4 is said to be a unital ideal if I, viewed
as a ring in itself, is unital. In this case, the multiplicative identity element of / is denoted
by 1; and lies in the center of 4. Indeed, let a € A be arbitrary. Since / is an ideal of 4, it
follows that 1;a, al; € I. Thus, 1;a = 1;al; = al;. Furthermore, if  and J are unital ideals
ofaring 4, then /I NJ =1J.

Now we will define two ring versions of the inverse category BlJ.,, that we defined in
the previous section.

DEerFINITION 16. Let ISO,,, (ISOC,,,) denote the subcategory of BlJ.,, having (com-
mutative) rings as objects and, as morphisms, all /;f; in BIJ,,, such that / and J are unital
ideals of 4 and B, respectively and f : J — [ is a ring isomorphism. Note that the composi-
tion of two morphisms, /f;/ and £g”., in these categories equals {le)f i 0 glg-1ure o,
Define a map *: (ISO.y)1 — (ISO.y)1 by restriction of the map * defined on (BLJ.4);.
This restricts, in turn, to a map * : (ISOC,,); — (ISOC,4) ;-

The following is clear.
PROPOSITION 17. ISO,,; and ISOC,,; are inverse subcategories of Bl 4.

The center of A, denoted by Z(A4), is the subring of 4 consisting of all elements a € 4
with the property that for all b € 4 the equality ab = ba holds. We let idem(4) denote the
set of all central idempotents of 4 and we let ideal(4) denote the set of all unital ideals
of A.

PROPOSITION 18. Let A be a ring. The map 6 : idem(4) — ideal(4), defined by 6 (x) =
Ax, for x € idem(A), is an isomorphism of multiplicative monoids. For all x € idem(4) the
equality Z(Ax) = Z(A)x holds.

Proof. Tt is clear that 6 is a homomorphism of multiplicative monoids. Take x, y €
idem(A4) such that 6 (x) = 6(y). Then Ax = Ay. Since both x and y are multiplicative identity
elements for the same monoid, it follows that x = y. Thus 6 is injective. Now we show that
0 is surjective. Take / € ideal(4). Recall that 1; € Z(4), by Remark 15. By the idempotency
of 1;, we get that 0(1;) = A1; = I. Thus the surjectivity of & follows. For the last part, take
x € idem(4). The inclusion Z(A4)x C Z(Ax) clearly holds. Take y € Z(4x). Then y = ax for
some a € A. Clearly, yx = ax® = ax =y, since x is idempotent. Thus, it suffices to show that
ye€Z(A). Take b € A. Then, since x € Z(4) and y € Z(Ax), we get that yb = yxb = ybx =
bxy = byx = by. O

4. The Picard inverse category. In this section, we recall the definition of (pre-
)equivalence data and some properties of such systems. Then we introduce the Picard
inverse category PIC,, (see Definition 27 and Theorem 28). From [3, Definition (3.2)],
we recall the following.

DEFINITION 19. A set of pre-equivalence data (I, J, P, O, a, ) consists of rings / and
J, an [-J-bimodule P, a J-I-bimodule O, an /-bimodule homomorphism

a:P®;0—1, (10)
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and an /-bimodule homomorphism
B: 0@ P—J, (11)

such that the following two diagrams commute:

a®i A®id
PR,00 P 22, 1@, P 08, PR,0 —2 J®,0
mﬂl l idgml l (12)
PQ;J —_ P o®rl _ 0,

where the unlabelled arrows are the multiplication maps. We shall call it a set of
equivalence data if o and B are isomorphisms.

Now we gather some well-known properties concerning pre-equivalence data that we
need in the sequel.

PRrROPOSITION 20. If (I, J, P, Q, «, B) is a set of pre-equivalence data such that o (or B)
is surjective, then the following assertions hold.:

(a) o (or B) is an isomorphism;
(b) P and Q are generators as [-modules (or J-modules); and
(¢) P and Q are finitely generated and projective J-modules (I-modules).

Proof. See [3, Theorem (3.4)]. O

ProposiTION 21. If (I,J, P, O, a, B) is a set of equivalence data, then the ring
homomorphisms

End;(P) <~ I — End,;(Q)?
and
End;(P)*® <~ J — End;(Q),

induced by the bimodule structure on P and Q, are isomorphisms. These isomorphisms
restrict to ring isomorphisms

End;_,(P) < Z(I) — End,;_;(Q)
and
End;_;(P) <~ Z(J) — End,;_;(Q).
which in turn restrict to group isomorphisms
Aut;_;(P) < U(Z(I)) — Auty_(Q)
and
Aut;_y(P) <~ U(Z(J)) — Aut;—1(Q).

Proof. See [3, Theorem (3.5)]. O

REMARK 22. Let (/,J, P, O, a, B) be a set of equivalence data. It follows from
Proposition 21 that there is a unique ring isomorphism yp : Z(J) — Z(I) with the property
that for all p € P and all b € Z(J) the equality yp(b)p = pb holds.
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DEFINITION 23. A set of partial equivalence data
4,B,1,J,P,0,a,B)

consists of rings 4 and B, unital ideals 7 and J of, respectively, A and B such that (/, J, P,
0, a, B) is a set of equivalence data, P is an /-J-bimodule, and Q is a J-I-bimodule.

REMARK 24. Note that, with the notation and assumptions of Definition 23, P (resp. Q)
extends uniquely to an 4—B-bimodule (resp. B—A4-bimodule). Thus, we may interchange-
ably think of P (resp. Q) as an A—B-bimodule or an /—J-bimodule (resp. B—A4-bimodule or
J—I-bimodule).

PROPOSITION 25. Suppose that
4,B,1,J,P,0,«a,p) (13)
and
B, C,I'J,P,0,d,B) (14)
are sets of partial equivalence data. Then
“,c.1,J,prP, Q" a", B"
is a set of partial equivalence data, where
I"=yp(1,1)4, J" =yp' (y1)C, P'=P@sP, O'=0 &5 0. (15)
andforpeP,p' e P, qeQ, q €O, we put
" (pRP®I @9 =a(pd (P ®4)®q)

and

B R®qp®p)=B( ®Bgp)p).

Proof. We begin by noticing that P’ @c Q' =P’ ®, Q'. Indeed, J' is a unital ideal of
C, and hence J' = 1,C. Moreover, P’ is a right J’-module and Q' is a left J'-module. Thus,
PRcO23p®cq —p ®yq €P & Q is awell-defined isomorphism of /’-bimodules
(and B-bimodules).

The map o”: P’ ®@c Q" — I” is an isomorphism of A-bimodules since it is the
composition of the following chain of 4-bimodule isomorphisms:

PP ®cQ ®Q=P®pP ®r 0 @ Q=PRI ®0
=PQp1/BRQpQO=Pl;y Q3B ®30
=yp(L 1P ®p O=yp(1,1)I =yp(1;11)A4.
Analogously, the map " : Q" ®,4 P” — J” is an isomorphism of C-bimodules since it is
the composition of the following chain of C-bimodule isomorphisms:
O ®00:P@p P =0 ®J@p P =0 ®51,B@5F
=0 ®BRs 1P =0 Q1,1 P
=0 @ Py (1) 2y (U1 =y (141)C.
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From Proposition 18, it follows that /" =yp(1;17)4 and J' = yP_,l (1,1;)C are well
defined. Now we verify the diagrams in (12). By abuse of notation, we let m denote all of
the various multiplication maps. Take p1, p» € P, pi,p5€ P, q1, 4> € O, and g, ¢, € 0.
Put p =p1 @p), P =p> ® 5, ¢{ =¢| @ q1, and ¢) = ¢ @ g». Then, by making use of
(12) for (13) and (14), we get that
(mo (" ®idp) (] ® ¢ ® p3) = (mo (" ®idp)) (p1 ® P} ® ¢y ® g1 ® P2 ® )
=a(pia' (P} ®q)) ®qp2 @ p)
=(mo (a®idp)) (1 (P} ® ¢)) ® 1 ®p2) ®p)
= (mo (idp ® B))(p1e' (P} ® 4}) ® 41 ® p2) @ P}
=pa (P ® 4))B(q1 ®p2) ®P)
=p1 ®d' (p] ®4)B(q1 ®p2)p;
=p1® (mo (' ®idp))(p) ® ¢y ® (g1 ® p2)ph)
=p1® (mo (idp ® B))(P} ® ¢) ® Blg1 @ p2)p))
=p1 ®p\B' (¢ ® Blg1 @ p2)p))
= (mo (idp ® ") (P ® g1 ® p})
and

(mo (idgr ® a"))(q] ®p| ® q3) = ¢} ® qra(p1' (P} ® ¢5) ® 2)
=¢, ® (mo(idg ® @))(q1 @ p1&' (P ® ¢5) ® q2)
=¢1® (mo (B ®idp)) (g1 ®pia'(p] ® ¢5) ® q2)
=q, ® B(q1 @p1d' (P} @ 45))q2
=4, ® B(q1 @' (P} ® ¢5)q2
=4,B8(q1 @p)d' P} ® ) @ qx
=g (B(q1 ®p1)p; ® ¢5) @ q2
=(mo(idg ® @) (q; ® B(q1 ®p1)P) ® G>) ® ¢
=(mo (' ®idp))(q) ® B(q1 ®p1)P) ® ¢5) ® ¢
='(q1 ® Bq @ pP)ds ® 4>
= (mo (8" ®idp))(q] ®p| ®45),

which finishes the proof. O

To motivate the approach taken later, we now recall the definition of the Picard
groupoid PIC.

DEFINITION 26. Let PIC denote the category having as objects all unital rings. A mor-
phism in PIC from B to 4 is the collection of all 4—B-bimodule isomorphism classes [P],
for invertible 4—B-bimodules P. Given two such classes [P] and [Q], where d([P]) =B =
c([O]), we put [P][Q] =[P ®p O]. Then PIC is a groupoid. Indeed, if P is an invert-
ible 4-B-bimodule, then there is an invertible B—A4-bimodule Q such that P®p Q= A4
(as A-bimodules) and Q ®4 P = B (as B-bimodules). Thus, if we put [P]~' =[Q], then,
clearly [P][P]~! =[4] and [P]"'[P] = [B].

DEFINITION 27. Let P be an A—B-bimodule and suppose that / and J are unital ideals
of, respectively, 4 and B, making P an /-/-bimodule. We will indicate this by writing
L Pj. We say that |, Py is partially invertible if there is 5,0’ and maps & and B such that
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A4,B,1,J,P, Q,a, B) is a set of partial equivalence data. Let PART denote the collection
of all partially invertible bimodules /,P;. Define an equivalence relation ~ on PART by

saying that/, Py ~ Q,P/IJ;, if
(4,B,1,J)=(A',B,I'J') and P=P' as-J-bimodules.

The equivalence class of ;P in PART will be denoted by [/,P;]. The class of objects in
PIC,,; consists of all rings. The class of morphisms in PIC., consists of all equivalence
classes [/ P;] of partially invertible modules /, P;. Define the domain and codomain of a
morphism [/,P7] in PIC, by the relations d([/,P4]) = B and ¢([/,P}]) = 4, respectively.
Given a ring 4, the identity morphism at 4 is defined to be the morphism ﬁA’j]. Given two
morphisms [4P3] and [5P] in PIC. put [\P3][5P+] = [} P"% ], where I, P", and J"
are defined in Proposition 25. It is clear that the morphisms of the form [44%], for rings 4,
satisfy the axioms for identity morphisms of PIC ;. If [gPé ] € (PIC.4)1, then there is g QA{
and maps « and § such that (4, B, I, J, P, O, «, B) is a set of partial equivalence data. Put

[iP3]" =[304]
THEOREM 28. PIC,,, is an inverse category.

Proof. First we show that the partial composition in (PIC,,) is associative. Suppose
that [QPlé‘ 1, [gszJCz], and [15P3JD3] are morphisms in PIC,,,. We need to show that

(T T P 7 |
By repeated application of the composition in PIC,,, it follows that (16) is equivalent to
showing the equalities

vei@ar, Ve, (L 1)15) = vp, (1, vp,(1,11)) (17)

and

Vo Ve A I = vpg p, (L ve, (L, 1), (18)
First we show (17). Take p; € P; and p, € P,. Then
P1®pavp, (L)1, =p1 @ pavp, (L 1) 11 =p1 ® 1, 1,p2 1,14,
=p1 ® Lyp21, 1 =p1ly, ®@p2l, 15

=pily @ vp,(s 1)p2=pilsve, (15, 11) @ pa
= yP] (1J| sz(llelg))pl ®p2

Now we show (18). Take p, € P, and p3 € P3. Then
Lyye,(Lp1)pa @ p3 = 1y, 1 ve, (L 1)p2 @ p3 = 1y, 1pa L, 1, @ p3

=111, ® p3=payp, (11 1,) 1, ® ps
=p2®vp, U 1) 13 =p2 @ pavp, (vp, (L 1)11),

as desired. Next we show the axioms for *. Take g = [QPI{ ] € (PIC.4)1. Then there is éQA{
and maps « and g such that (4, B, I, J, P, O, «, B) is a set of partial equivalence data. Put

gt = [‘éQA{]. Then
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gg =[Pl 0l = [ypam)A(P@ Q)VQ (mnA]

[“(P@ Q)"A] [

Using this we get that

wwe=[lLri) = (1" a e py ] =[] = el =
and

g'gg* = [{;Qﬁ] [21/11] _ [gg(l,mB(Q ®. I)Z,*l(l,mA] _ [11;3 1,A] [BQA]

Now we show uniqueness of g*. To this end, first note that

g =301 [\P7] = I:VQ(llll)B(Q® I3 (1,1,)3] [1,BJ1,B] Al
Next, suppose that
ghg=g and hgh=nh (19)

for some h=[§M%] with i* =[4NEK]. From the first equality in (19), it follows that
g*ghgg* = g*gg*, and thus that [3J; [ M5] [ 1}] = [,0]]- Rewriting the last equality we

get that
[t gy w0 <ol 0)
and thus that
Yoy (L 1))B=J 21)
and
Vars Loy (1L 1)) A =1 (22)

Since y; is the identity map Z(J) — Z(J), (21) implies that 1,y,,(1,1;)B =J, and hence,
in particular, that J C K. Using that y; equals the identity map on Z(/), it follows that
VA;eleI Z(ym(1)) — Z(1.1;). From (22), it therefore, in particular, follows that / C L.
From the second equality in (19), it follows, by symmetry, that / C K and L € /. Thus
J =K and L =1, and hence from (20), it follows that 47 = g*. O

EXAMPLE 29 (The Picard semigroup of a commutative ring). Let R be a unital com-
mutative ring and let M be a finitely generated (central) R-bimodule of rank less than or
equal to one, that is, rk(M,) < 1, forall p € Spec(R). Let M* = Homg(M, R) be the dual of
M. Then by [8, Proposition 3.8, Lemma 3.9], there exists e € idem(R) and an R-bimodule
isomorphism o: M @ M* — Re, given by a(m ® ) :=f (m), for all f € M* and m € M.
Moreover, by [8, Lemma 3.10], the isomorphisms classes of M and M* are elements of the
Picard group Pic(Re). In particular, both M and M* are unital Re-bimodules. From this, we
get that (R, R, Re, Re, M, M*, «, ) is a set of partial equivalence data. By [8, Proposition
3.8], the inverse subcategory of PIC,,,, whose only object is R and whose morphisms are of
the form [§‘3M ,15‘)], is a commutative inverse semigroup, denoted by PicS(R). It was defined
in [8, Definition 3.1] and is called the Picard semigroup of R.
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DEFINITION 30. Now we will define a partial functor of inverse categories L : PIC,,; —
ISOC,q. If 4 is a ring, then put L(4) = Z(4). If [,P3] is a morphism in PIC,, then
put L([4P5]) = 200 veas, where yp:Z(J) — Z(I) is the ring isomorphism defined in
Remark 22.

ProPOSITION 31. The map L:PIC.; — ISOC.y, is a functor and hence, by
Proposition 6, a partial functor of inverse categories.

Proof. Take morphisms g = [/, P7] and & = [;P{] in PIC,,. Then

ez vy (1) Z(0)

L(gh) — Z4) yP@BP/Z((?)
and
L(g)L(h) = yp(Z(NHZU'")) o Vi . -
QL) =74 e |zyzan o ve Sz
Note that
yp(Z(NZI')) = yp(1511)Z(A)
and

Yp ZDNZU) = yp' (L1 Z(O).
Put y1 = yplzuyzay and y, = yp/|yl;1(Z(J)Z(1,)). Ifae yp_,l(lle)Z(C),p € Pandp’ € P, then

Yrayr (@p®p =pRpa=pQy(a)p' =pyr(@) @p = (yioy)(@p®p.

From Remark 22, it therefore follows that ypg,p = 1 0 2. O

5. Epsilon-strongly groupoid-graded rings. In this section, we recall the definition
of groupoid-graded rings and some of their properties. Then we define epsilon-strongly
groupoid-graded rings (see Definition 34) and provide a characterization of them which
generalizes an analogous result for group-graded rings (see Proposition 37). Throughout
this section, S denotes a ring which is graded by a small groupoid G. Recall from [13, 14]
that this means that there is a set of additive subgroups {Sg}secc 0of S such that S = @ge6S,
and, for all g, h € Gy, S¢Sy € Sa, if (g, h) € G2, and S5, = {0}, if (g, ) ¢ G». In that case,
S is called strongly graded if for all (g, h) € G, the equality S,Sj, = Sg; holds. Given two
G-graded rings S and 7, a ring homomorphism f : S — T is called graded if for all g € G,
the inclusion f'(Sg) € 7, holds. We put R = @ccg,S.. From the next result, it follows that
we may always assume that Gy is finite.

PROPOSITION 32. With the above notation, we get that 1s € R. If we put Gy = {e € Gy |
(Is)e #0} and G, ={g € G1 | (19)ac), (1s)e) # 0}, then G’ is a subgroupoid of G such
that Gy, is finite and S = @qcq; Sq.

Proof. This follows from [13, Proposition 2.1.1]. O

PROPOSITION 33. The ring S is strongly graded if and only if for all g € G| the inclusion
Ls,,, € SgSe-1 holds.

Proof. This follows from [14, Lemma 3.2]. O
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DEFINITION 34. The ring S is said to be epsilon-strongly graded by G if, for each
g € G, 84841 is a unital ideal of S, such that for all (g, h) € G, the equalities S,S; =
SgSg-18gn = SenSp-1.S, hold.

REMARK 35. It follows from Propositions 32 and 33 that if S is strongly graded, then
S is epsilon-strongly graded.

REMARK 36. Suppose that S is epsilon-strongly graded by G and g € G;. Then by
the definition of R, the S.-ideal S,S,-1 is a unital ideal of R. Moreover, if € is its
multiplicative identity element, then for » € R, we get that €,r, reg € SgS,-1. Therefore,
€g7 = (€47) €, = €g(r€g) =r€g, Which shows that €, € Z(R), and SgS,-1 = €,S.(g) = €,R.

We now wish to show an epsilon-analogue of Proposition 33.

PROPOSITION 37. The ring S is epsilon-strongly graded by G if and only if for each
g € G| there is €5 € SgSq-1 such that for each s € Sq the equalities €,5 =5 = s€,-1 hold.

Proof. First we show the “only if” statement. Suppose that S is epsilon-strongly
graded. Take g € G,. Let €, denote lggggfl . Take s4 € S,. From Proposition 32, it follows

that S;S,-15; = Sg. Therefore, there is a positive integer n and al), c{’ € S, and bgzl €8,1,
forie{l,...,n},suchthats, =", afg’)b(’) c(i). Since €, = Ls,5, and ;-1 = L5 _5,, We
get that

€gSg = Z(E a(l)b(l)])c(l) Z (l)b(l) (l)
i=1
and
Sg€g-1 = Z a(t) (b(l)lc(l)Gg D= Z a(z)b(z) (,) =5,
Now we show the “if”” statement. Suppose that to each g € Gy there is €; € SgS,-1 such that
for each s € S, the equalities e,5 =5 = se,1 hold. Take (g, #) € G,. Then, it follows that
SgSh = €¢SgSh © SeSg1SgSh S SeSg-1Sgh S SeSaceyn = SeSeyn = S¢S
and
SeSh = SgShen-1 S SgSpSn-18h € SenSn-1Sn = SeehySh = Sed(e)Sh = SgSh.

Moreover, it is clear that € is the multiplicative identity element of SgSg-1. O

6. Examples of epsilon-strongly groupoid-graded rings. In this section, we
present some examples of epsilon-strongly groupoid-graded rings.

6.1. Partial skew groupoid rings. The notion of a partial action of a groupoid on a
ring, as well as the construction of the corresponding partial skew groupoid ring, is due to
Bagio and Paques [2].

Let G be a groupoid and suppose that B is a ring which is the product of a collection
of rings {Be}eca, -
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DEFINITION 38. A partial groupoid action of G on B is a collection of maps {0y} e,
where, for each g € Gy, B, is an ideal of B.(,), B(g) is an ideal of B, and 0, : B,-+ — B, is
a ring isomorphism satisfying the following three axioms:

(Gl) ifee Gy, then b, =1dg,;
(G2) if (g, h) € Gy, then 0} (Bg-1 N By) = Bigiy1;
(G3) if (g, h) € Gy andx €0}, (Bg-1 N By), then 0, (6,(x)) = Oy (x).

Note that conditions (G2) and (G3) are equivalent to the fact that 6, is an extension of
0y 0 6. We say that 6 is global if g, = 6, o 0y, for each (g, h) € G,.

DEFINITION 39. Let {0,}cec, be a partial groupoid action of G on B. Suppose that for
each g € Gy, B, is unital, that is, B, is generated by an idempotent 1, which is central in
B.(g), and 6, is a monoid isomorphism. In that case, we say that {6,}scc, is a unital partial
groupoid action of G on B.

The partial skew groupoid ring B x¢ G, associated with a unital partial groupoid action
{04}gec, of G on B, is the set of all finite formal sums deGl byd,, where by € By, with
addition defined componentwise and multiplication determined by the rule

(bg8) (1}81) = beatg (B, 141)8g (23)

if (g, h) € G?, and (bg8g)(b),8;) = 0, otherwise.

There is a natural G-grading on B x4 G. Indeed, if we put S, = B,d, for each g € Gy,
then By G = @ge,Se i1s G-graded. For each g € G, the idempotent 146.(,) satisfies the
conditions of Proposition 37. Thus, B x4 G is an epsilon-strongly G-graded ring. Moreover,
by [1, Proposition 2.5], one has that B xy G is strongly G-graded if and only if 6 is global.

6.2. Leavitt path algebras. LetE = (E°, E', r, 5) be a directed graph, consisting of
two countable sets E°, E' and maps 7, s : E' — E°. The elements of E? are called vertices
and the elements of E' are called edges. If both E® and E' are finite sets, then we say that
E is finite. A path n in E is a sequence of edges 1 = 1 ... u, such that r(u;) =s(uir1)
forie{l,...,n—1}. Insucha case, s(u) :=s(u1) is the source of w, r(i) :=r(u,) is the
range of p, and n is the length of .

DEerFINITION 40 ([11]). Let £ be any directed graph and let K be a unital ring. The
Leavitt path algebra of E with coefficients in K, denoted by Lg (E), is the algebra generated
by a set {v|v e E’} of pairwise orthogonal idempotents, together with a set of elements
{f | f € E'YU{f*|f € E'}, which satisfy the following relations:

() s(Nf =fir(f)=F, forall f € E';

Q) 1O =f*s(f) =f*, forall f € E';

(3) f*f =8/ pr(f), forallf, " € E'; and

(4) V=" rept|s(pyon [ for every v € E? for which s~' (v) is non-empty and finite.

Here the ring K commutes with the generators.

REMARK 41. (a) Every path =, ..., may be viewed as an element of Lg(E).
Given such an element p, we put u* :=pu; ... uy € Lx(E). The element u* may also be
thought of as a ghost path in E, as opposed to u which is a real path.

(b) Note that every element x € Lg (E) may be written on the form x =Y, ko7,
for suitable k; € K and (real) paths «; and g; satistying r(o;) = r(B;), fori e {1, ..., n}.
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6.2.1. The groupoid

Based on E, we define a groupoid G in the following way. The objects of G are the
vertices of E, that is, Gy = E°. An ordered pair of vertices, (u, v), is an arrow in G with
d(u,v) =vand c(u, v) = u if there is a path

W= 12 - . s

such that u = s() =s(u1) and v =r(u) = r(u,), where u; € E' U (E')* UE? for each i €
{1,2,...,n}and r(u;) =s(u;y1) foreachie {1,2,...,n—1}.

Two arrows (u, v) and (v/, w) and composable if only if v/ =v. In that case, their
composition is defined to be equal to

(u, v)(v, w) = (u, w).

6.2.2. The grading
Let W denote the set of finite real paths in £, and consider /" as a subset of the ring
Lk (E).

LEmMMA 42. If'we, for each (u, v) € Gy, put
Sty = spang{af* | a, B € W, such that s(e) = u, r(a) =r(B), s(B) =},
then this turns S = Lg(E) = @ w.vyec,Sw.v) into a G-graded ring.

Proof. Clearly, Lg(E) = Z(W) <G, St.v), and this sum is in fact direct. Indeed, take a
non-zero x € S,y N S(a,p). Then x = ux and x = ax, and hence 0 # x = ux = u(ax) = (ua)x.
In particular, ua # 0 which means that # = a. Similarly, we may conclude that v = b. That
is, (u, v) = (a, b).

Let (u, v), (v', w) € G; be arbitrary. If v = v, then we get that S,,)S.) S Sqw). On
the other hand, if v/ # v, then S, ,)S¢/,w) = {0}. This shows that Lg (E) is G-graded. O

THEOREM 43. If'E is a finite graph, then the Leavitt path algebra S = Li (E) is epsilon-
strongly G-graded.

Proof. Let (u, v) € G| be arbitrary.
If u ¢ Sq.v)Sv.u), then we shall be interested in the following set:

Py ={a [af” €Sun}

For a;, o € Py, we write o; < o; if o; is an initial subpath of «;. Clearly, < is a partial
order on P, ). Moreover, using that £ is finite, it is not difficult to see that there can only
be a finite number of minimal elements of Py, ,, with respect to <. We collect all such
minimal elements in the set M, ,, = {1, ..., o).

We are now ready to define €, ,) in the following way:

. u ifue S(M,V)S(V,M)
(u,v) = .
> oMy, @0 otherwise.

Note that, whenever af* €S, is a non-zero monomial, that is, r(a) =r(8), we get
that aa™ = ar(f)a* = af*Ba* € S, Se.u- In particular, aja;‘ € S(u,vSw,u for each o; €
M,,.,. Hence, by construction, €,y € Sq,v)S(,u). Moreover, (€u,v)* = €u,v)-
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Take any monomial y6* € S,.,). First we show that €, )y 8" = yé*.
Case 1: (u € Su,)Sw.u))

Clearly, €(,,)y 8" =uyd* =ys*.
Case 2: (u ¢ S(u,v)S(v,u))

Note that there is some o’ € M,y such that y =a’y’. Thus,

€unyd =" + Z aa | y8*

oM\l
=d'a 'y’ +0=a'y's" = ys*.
It remains to show that y8*¢, ) = y6*. Note that
Y8* € S = 8y €Spu-
It follows, from Case 1 and Case 2, that €(, )8y * = 8y *. Using this we get that
Y8 €wuw =8 (€pu)" = (€nuwdy™)* = @By™)* =yd".
This concludes the proof. O
In general, Lg (E) need not be strongly G-graded, as the following example shows.

EXAMPLE 44. Let K be a unital ring and consider the Leavitt path algebra Lk (E)
associated with the following graph £:
h b
<~—— e, —>9,

°,

A few short calculations reveal that

Swav S =KfS
S(VI,VZ)S(VLVI) =Kv,
S(Vs,vz)S(Vz,VJ) =Kv;
S(Vzﬁvs)S(Vsyvz) = Kfoz*
S(V3,v1)S(v1,V3) ={0}
Swiv) S =10}

and we may choose

€(v2.v3) =f2f2*
€wi,v3) = €@ = 0.

® € =f1f1*
¢ €L =V

® € =V3

°

°

Clearly, (v, v3) and (v3, v;) are composable, but {0} =S¢, v5)Sws,v) 7 Sovy,v)- Thus, L (E)
is not strongly G-graded.

REMARK 45. Gongalves and Yoneda [10] have shown that each Leavitt path algebra
may be viewed as a partial skew groupoid ring. Their observation gives rise to another
example of an epsilon-strong groupoid grading on a Leavitt path algebra.

6.3. Morita rings. Let (4, B, Mp,5 N4, ¢, ¢) be a strict Morita context. It con-

sists of unital rings 4 and B, an A—B-bimodule M, a B—A4-bimodule N, an A—A4-bimodule
epimorphism ¢ : M ® 3 N — A4, and a B—B-bimodule epimorphism ¢ : N ® 4 M — B.
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The associated Morita ring is the set

AM
N B

S=

with the natural addition and with a multiplication defined by

ay m a my ajar +@(m @ny)  aymy+mib,
*
ny by ny by niay +bny ¢ (ny @ my) + biby
fora,,a, € 4,by, b, € B,m;, my € M,and n;, n; € N. Let G be a group and / a non-empty

set. Then the set / x G x I considered as morphisms, where the composition is given by
the rule

(i, g s h, k) = (0, gh, k),

foralli,j, kel and g, h € G, is a groupoid. Using this groupoid and taking / = {1, 2} and
G the infinite cyclic group generated by g, we can define a grading on S by putting

A0 00
Sten = v Seen=
00 0B
oM 00
St.g2 = 0ol Segtn = vol

and S ={(5§)}. in any other case. Then for h € G\ {e, g, g~'}, we have that

S 0San1 #FSe ),

and thus S is not strongly graded. However, S is epsilon-strongly graded. Indeed, it is easy

to see that
im (p) 0 A0
St.gnSeen = =
eomns 0 0 00
and
S S 0 0 00
2.e1,D)0(1.,g2) = ) =
¢ ¢ 0 im (¢) 0B
If we put
1,0 d 00
€l,e1) = €(1,g2) = an €262 =€2.g 1) = ,
¢ 00 ¢ 01z

then, by Proposition 37 this yields an epsilon-strong (/ x G x I)-grading on S.
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7. Epsilon-strongly groupoid-graded modules. In this section, we define epsilon-
strongly groupoid-graded modules (see Definition 46) and we provide a characterization
of them (see Proposition 47) that generalizes a result [15, Theorem 1.3.4] previously
obtained for strongly group-graded modules. At the end of this section, we show
(see Proposition 48) that the multiplication maps myg j : Sg g S —> €gSgh = Sagnep-1, for
(g, h) € G, are R-bimodule isomorphisms. In particular, this implies that for every g € Gy,
the sextuple

(egR, €g-1R, Sg, Sg-1, Mg g1, mg—l.g)

is a set of equivalence data. Throughout this section, S denotes a ring which is graded
by a small groupoid G, and we put R = @.c¢,S.. For the entirety of this section also let
M be a graded left (right) S-module. Recall that this means that there to each g € Gy is
an additive subgroup M, of M such that M = @®,cq,M,, as additive groups, and for all
g, h € Gy, the inclusion SgM), © Mgy, (or MSy, € Mgy) holds, if (g, h) € G, and S;Mj, = {0}
(or M,Sy, = {0}), otherwise. Recall that M is called strongly graded if for all (g, h) € G, the
equality S, M), = My, (or MySy = Myy) holds.

DEFINITION 46. We say that M is epsilon-strongly graded if, for each g € Gy, §,8,-1 is
a unital ideal of S.(,) such that for all (g, h) € G, the equality S;M), = SgSg-1 Mg;, (MgSy =
MghSh*lSh) holds.

PROPOSITION 47. The following assertions are equivalent:

(a) The ring S is epsilon-strongly graded;
(b) Every graded left S-module is epsilon-strongly graded; and
(c) Every graded right S-module is epsilon-strongly graded.

Proof. Suppose that (a) holds. First we show that (b) holds. Let M be a G-graded left
S-module and take (g, &) € G,. Then

SgSe-1 Mg C SgMg-14 = SgMpy = SgSg-1Sg M)y C SgSg—1 Mgy,

Next, we show that (c) holds. Let M be a G-graded right S-module and take (g, 4) € G».
Then

MghShflSh - MgSh = MgShSh—ISh - MghSh*IS/r
It is clear that (b) (or (c)) implies (a). O

PROPOSITION 48. Suppose that S is epsilon-strongly graded, and let {€4}4ci, be the
family of central idempotents of R provided by Proposition 37. Then for all (g, h) € G», the
following assertions hold:

(a) For every graded left S-module M, the multiplication map mg p : Sg ®s,,, My —
€;Mgy, is an isomorphism of R-bimodules.

(b) For every graded right S-module M, the multiplication map m‘/g’ n My ®s,
Mgy€j-1 is an isomorphism of R-bimodules.

(c) The multiplication map mgj, : Sg ®r Sp —> €gSeh = Sen€p-1 is an isomorphism of
R-bimodules.

(d) Forevery g € Gy, the sextuple

(@ Sh—>

(egR, €5-1R, Se ngl y Mg g1, Mg-1 o)

is a set of equivalence data.
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Proof. Take (g, h) € G,.
(a) Let M be a G-graded left S-module. From Proposition 47(b), it follows that m,
is surjective. Now we show that m, j, is injective. To this end, take a positive integer # and

sg) €S and l;li) e My, forie{l, ..., n},such that mg ,(x) =0, wherex =y _| sg) ® l,(f) €
Sg ®s,,, Mj. Take a positive integer m and ué’) € S, and v(’) € Sg-1,forje(l, ..., m},such

thate, =) 7| u’ v;j,)l. Then

. Z - Z N N Y
i=1 j=1
n m . m .
= Z Z u;f) ® vg,)lsg)l;ll) = Z u(g/) ® v;{)l Mg j(x) =

i=1 j=1 j=1

(b) Let M be a G-graded right S-module. From Proposition 47(c), it follows that mig, A
is surjective. Now we show that m;y , 1s injective. To this end, take a positive integer 7 and
m{) € M, ands(i) € S, fori e {1, ..., n},such thatm, ,(x) = 0, where x = 37, 19 ®s§li) €

J

M, ®s,, Sy. Take a positive integer m, and u( = Sy-1 and v,(f) €Sy, forje{l, ..., m},

such that -1 =" | u” Vi) Then

n n
=Y 005 =3 W @ =3 10 @ s
i=1 i=1 i=1 j=1
— Z Z lg)s(l) (l)I ® v(l) Z P h(x)u(]) (J)
i=1 j=1
(c) and (d) follow immediately from (a) or (b). O

REMARK 49. Take g € G;. It is clear from the definition of epsilon-strongly groupoid-
graded rings that the sextuple

(GgR, nglR, Sg, ngl s mg,g—l s mgq,g)

is a set of pre-equivalence data with mg .1 and mg-1 , surjective. Thus, injectivity of the
maps mg o1 and my-1 4 also follow from Proposition 20(a).

8. Generalized Epsilon-crossed products. In this section, we introduce gener-
alized epsilon-crossed groupoid products (see Definition 53), and we show that they
parameterize the family of epsilon-strongly groupoid-graded rings (see Propositions 55
and 56). Throughout this section, G denotes a small groupoid with G finite.

DEFINITION 50. Suppose that F': G — PIC,,, is a partial functor of inverse categories.

For each e € G, define the ring 4, by F'(e) = 4,. Foreachg € G, put F(g) = [ L(g)( g)Ad<g)]

for some A..(g—Aa(g)-bimodule P,, some unital ideal /, of 4.(4), and some unital ideal J, of
Aa(g), making P, an I,—J,-bimodule. For the time being, assume that the bimodules P, for
g € Gy, are fixed. From the equality F(g~") = F(g)*, it follows by the proof of Theorem 28

r’
that J, = I,-1, so we may write F'(g) = [,[fdg) (Pg)jd(;:l- For each g € Gy, put €, = 1;,.
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PROPOSITION 51. Suppose that (g, h) € Gy. Then yp,, (€(gn)-1€)-1) = €g€gn. In particu-
lar, Engh = PghEh—l.

Proof. From (15), it follows that

—1 _ [ o1 Lg1 Iy Lign-1
F@F(g )F(gh) = | Acte) (Pg)Ad<g)] [Ad(g> (ngl)Adg) c(g>( gh )Ad(m
_ [ Ig g L1
T Aew Ug)Ac(g)] [ Aetg) (Pgh)Ad<h> ]
. _Vlg(egeg/r)Ac(m VP (egeg;,)Ad(;,)
= | Ao ([ ®Aa<g> gh)Ad(,,)
— -EgéghAc(g) Yegy 1 (Cocon) iy
I ) (g e gh)Ad(h)

and

111 1

FenFuFm = a1 ol | [ @]

| e (gh> 1
- [Ac<g)( gh)Ad<h> ] [Ad(l)( b )Ad(m]

[ Egn-r€-1)4eo
e

(Pgh @ayq In1)

€ gny—1 €51 4am
Aan ’

Thus, from the equality F(g)F(g~")F(gh) =F(gh)F(h~")F(h) and Proposition 18,
we get that yp, (€gn)-1€4-1) = €g€g. Finally, €;Pg; = €g€onPon = yp,, (€(ghy-1€4-1)Pgn =
PghE(gh)—léh—l =Pgh6h*1~ O]

REMARK 52. Let F': G — PIC,,, be a partial functor of inverse categories. Then for
every (g, h) € G, there are A¢(g)—Aa-bimodule isomorphisms

Py ®uyy Pn =Py By Pe1 Oy Peh = Ig Oy P = €gPgh-

DEFINITION 53. Let F': G — PIC,,, be a partial functor of inverse categories. A partial
Jactor set associated with F is a family /' = {f, ;s | (g, h) € G2}, where each fg 5 : Py ®u,,
Pj, — €,Pg, = Pgj€j-1 is an isomorphism of A.q)—A4a)-bimodules, making the following
diagram commutative:

ldpg ®fh.r
P B Py @4t P —— P s ®dy) Ppr€1
fg,h@dp,l lf (24)
Jehr

Engh ®Ad(,’) P, eeem Enghrér—l

for all (g, i, r) € G3. If f is a partial factor set associated with F, then we define the partial
generalized epsilon-crossed product (F, /) as the additive group @gcq, P, With multipli-
cation defined by the biadditive extension of the relations x - y = f, ,(x ® ), if (g, h) € G,
and x - y = 0, otherwise, for all x € P, and y € P, and all g, & € G,. It is clear that if for each
g€ Gy, weput (F, f)g = Pg, then (F, f) is a groupoid-graded ring.

REMARK 54. We notice that the notion of partial factor sets already exists in the lit-
erature, in a close but different sense. Indeed, partial projective representations and their
corresponding factor sets were introduced in [6]. Later, in [7], these factor sets were called
partial factor sets. For a detailed account of these notions, we refer the reader to the survey
[18].
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PROPOSITION 55. If F : G — PIC,, is a partial functor of inverse categories, then the
ring (F, f) is epsilon-strongly G-graded.

Proof. Put S = (F, f). By (24), the multiplication is associative. By the definition of
the multiplication, for all (g, h) € G,, the equality SS) = €55, = Sgne,+ holds. All that
is left to show is that S has a multiplicative identity element. Take e € Gy and put ¢, =
Je.e(ly, ® 14,). Take a. € 4.. Then, since f; . is an 4.-bimodule homomorphism, it follows
that

AeCoe = aefe,e(lA@ & IA(,) :fe,e(ae ® 1A€) :fe,e(lAe ® a,)
zfe,e(lAe ® lAe)ae = Cede.

Thus, ¢, € Z(4,). Since f; . is surjective, there are a, a’ € 4, such thatf, .(a ® a’) = 14,. By
A.-bilinearity, it follows that aa’c, = c.aa’ = 14,. Hence ¢, € U(Z(4,)). Now set n, = c;l.
Then f; .(n, ® n.) = n,. Hence n:= ZeeGO n. is a multiplicative identity element of S. In
fact, take g € G| and x € P,. Then there is y € P, such that x = f.(y) ¢(c(¢) ® »). Thus, by

(24), we get that
N X = Neg) X = fe(g).g(Mete) ® X) = fe(g).g(Me(e) ® fo(e).g (e(g) @ V)
= fe(9).5(fe(g).ce) Meg) ® Ne(g) V) = fe(g).g (Me(g) ® Y) =X.
Analogously, x - n = x. O

PROPOSITION 56. If'S is an epsilon-strongly graded ring, then there is a partial functor
of inverse categories F : G — PICqy and a partial factor set [ associated with F such that

S=(F,[ ).
€05¢ €,—15, .
Proof. Define F : G— PIC.; by F(g) = [Si‘)‘g) SgSi(; d(‘g)], g € Gy, and a partial factor
set f/ associated with F* by the multiplication maps fg s : Sg ®s,,, Sh —> €gSen = Sgnep-1 for
(g, h) € G. The claim now follows immediately from Proposition 48(c). O

DEFINITION 57. Let F and F’ be partial functors of inverse categories from G to PIC.y
that coincide on G. Take partial factor sets f and /" associated with F and F’, respectively
1 Jy , I L . )
and put F(g) = [jdg) (Pg)A"d(g)], F(g)= [{fam (Pg)Ai(g)], g € Gy. A morphism from f to f" is a
family o = (0tg)geq, , Where each oy : Py — P;, is an A.(g)—A4(g)-bimodule homomorphism,
such that the diagram

fg,h
Py @4y Pr > €gPgh

o ®ahl lagh (25)

4

. Jan
P:g ®Ad(g) Ph — EgP;h
is commutative for all (g, 4) € G.

LEMMA 58. With the above notation, a morphism « from F to F' induces a homomor-
phism of graded rings o from (F, f) to (F', f'). Moreover, if each o, e € Gy, is surjective,
then a(1) = 1. The map « is an isomorphism if and only if each a., e € G, is bijective.

Proof. Similar to the proof of [13, Lemma 4.2]. O

PROPOSITION 59. The isomorphism class of (F, [) does not depend on the choice of the
bimodules P,.
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18
Acg)

/ J J
Proof. Put F(g) = [ SRy (g)] - [ P
Ac(g)~Aag)-bimodule homomorphism og : Py — Py. If we now put fy , = ag_hl ofgno (0g®

ay), for (g, h) € Gy, then f” is a factor set associated with F and (25) commutes. O

], for g € G;. Then there exists an

9. Partial cohomology of groupoids. In this section, we extend the construction of
a partial cohomology theory for partial actions of groups on commutative monoids, from
[5], to partial actions of groupoids. We follow closely the presentation and the proofs in [5].
Partial actions of groupoids on rings were first studied in [2]. Partial actions of categories
on sets and topological spaces have been introduced in [16]. For the rest of this section,
let G be a groupoid and suppose that B is the product of a collection of commutative
semigroups {B.}eeq, -

REMARK 60. Let {0,}gcq, be a unital partial groupoid action of G on B'. Note that if
e € Gy and C and D are unital ideals of B,, then C N D = CD, so it follows from [2, Lemma
1.1] that the properties (G2) and (G3) can be replaced by

(G2) if (g, h) € Gy, then 0, (B,-1B),) = ByBg, and
(G3') if (g, h) € Gy and x € Bj-1B-14-1, then 6, (0, (x)) = 644 (x),
respectively.

A unital partial G-module is a pair (B, 6), where B is a commutative monoid and 0 is
a unital partial action of G on B.

DEFINITION 61. A morphism v : (B, 0) — (B, 0') of partial G-modules is a set of
monoid homomorphisms ¥ = {c(g) : Beg) = B;(g) }eec such that

b Wc(g) (Bg) - Big,
4 9;, o %(g) = I/fc(g) o Qg on Bg—l s

forall g € G.

Recall that, if n > 2, then we let G, denote the set of all (gy, ..., g,) € x/_, Gy that
are composable, that is, such that for every i € {1, ..., n — 1} the relation d(g;) = c(gi+1)
holds.

We denote by pMod(G) the category of (unital) partial G-modules. Sometimes, for
convenience, (B, ) will be replaced by B. Suppose that B € pMod(G). An n-cochain
of G with values in B is a function f: G, — B such that for every (g|,...,g:) € Gy,
f(g1, ..., gy is an invertible element of B, . o) =Bg Bgg, - - - Bg .q,- Denote the set
of n-cochains by C"(G, B). We let C°(G, B) denote U(B), the group of units in B.

PROPOSITION 62. Let B € pMod(G). Then C"(G, B) is an abelian group under point-
wise multiplication.

Proof. This is clear if n=0. Now suppose that n > 1. Define ¢, € C"(G, B) in the

following way. Given (g1, ..., g4) € Gy, pute, (g1, ..., &) = lg lg g, - - 1g,...q,. It is clear
that e, is an identity element of C"(G, B). Given /' € C"(G, B) and (g1, . .., g,) € G,, put
S Ngr, ... @) =f(g, ..., )", where the inverse is taken in B(g, ). It is clear that
Fl=rf=e. O

DEFINITION 63. Let B € pMod(G) and let n be a non-negative integer. Define a map
8,: C"(G, B) - C""(G, B) in the following way. Take b = (b,)ccob() € U(B) and g € G.
Put

!n the sense of Definition 39, but in this case, {04}gcq, is a family of semigroup isomorphisms.
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8°b)(g) = 9g(1g71bd(g))b;(;).

Now suppose that 7 is a positive integer. Take /' € C"(G, B) and (gi, ..., 2u+1) in G4y
Put

8"(NEr s gur) =

O (11 f (22, -+ Eni1)) (Hf(gl, gt .gn+1)“>">f(g1, e
i=1

Adapting the proofs of [6, Proposition 1.5] and [6, Proposition 1.7] to our situation,
we get the following.

PROPOSITION 64. Suppose that B € pMod(G), and that n is a non-negative integer.
Then the following assertions hold:

(a) The map 8" is a well-defined homomorphism of groups C"(G, B) — C"T'(G, B)
satisfying 8"18" = e, 1.

(b) The map sending B to the sequence {8": C"(G, B) — C"*'(G, B)},en is a functor
from pMod(G) to the category of complexes of abelian groups.

DEFINITION 65. Let B € pMod(G) and let n be a positive integer. The map &” is called a
coboundary homomorphism. We define the abelian groups Z" (G, B) = ker(8"), B"(G, B) =
im(8"~"). The quotient group H"(G, B) = Z"(G, B)/B"(G, B) is called the nth cohomology
group of G with values in B. We put H(G, B) = Z°(G, B) =ker(8%).

Let G be a groupoid. Denote by /(X).,, the subcategory of BlJ,; having as objects the
collection (X,).cq, of abelian semigroups and morphisms [ﬁf@ fgji:) ], where X, is a unital
ideal of X,(g) and f; : Xy-1 — Xy, is a monoid isomorphism for all g € G. The composition
in /(X)¢y 1s defined in the same way as in [SO,,;, the map *: (I (X)car)1 = ([ (X)car)1 18

also defined by restriction of the map * defined in (BIJ.,,);. It follows from Proposition 13
that 7(X)., is an inverse category.

PROPOSITION 66. If G is a groupoid and X = ]—[eeGﬂ X,, then X € pMod(G), if and only
if, there is a partial functor of inverse categories F: G — I(X) 4.

Proof. First we show the “only if” statement. Let {0, : X, — X;}geq, be a partial

X
action of G on X and define F': G — [(X) .y, by F(g) = [XXg( )Qng( l)], forge Gy, and F, =
c(g ¥4
X,, for any e € Gy. Then F is a partial functor of inverse categories.
Now we show the “if” statement. Let F': G — I(X).y be a partial functor of inverse

'], for g € G;. We shall show that the family {6,},cq,

)
gives a partial action of G on X = ]_[eeGU X.. It is clear that for each g € Gy, B, is an ideal
of Be(g)» Beg) 18 an ideal of B, and 0, : By-1 — Bg is a monoid isomorphism. Now we check
(G1), (G2), and (G3) from Definition 38.

(G1): Let e € Gy. Then F(e) = [))? (Ge)ﬁj], and 6, is the identity map on X,.

(G2)—~(G3): Let (g, h) € G,. Then F(g)F (h) = F(gh)F(h)*F(h), which by the defini-
tion of F implies 6, 0 6, = O, © 9;1 00, =0g0 idXh_l, which in turn implies that 6, is an
extension of 6 o 0y,. ]

. X, X _
categories. Put F(g) = [Xf(meng(g

Let F: G — PIC,, be a partial functor of inverse categories. For each e € Gy, define
the ring A, by F(e) = A,. Take g € G. Put F(g) = [ﬁfm (Pg)if;;]. Define B, = Z(I,) and
B= Heeob(G) Z(4e).
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PROPOSITION 67. With the above notation, we have B € pMod(G).

Proof. By Proposition 31, there is a partial functor of inverse categories L : PIC.,, —

ISOC,,;. From Proposition 25, it follows that / =L o F': G — ISOC,, is a partial functor
B,
of inverse categories. But /(g) = [gig) (VPg)Bj(ol)], sol: G— I(X).u, and hence we get that

B e pMod(G). ]

10. Proof of the main result. In this section, we prove Theorem 3 which was stated
in Section 1. For the convenience of the reader, we shall now recall its exact wording.

THEOREM If G is a groupoid, F' : G — PIC,,, is a partial functor of inverse categories
and 1 is a partial factor set associated with F, then the map H*(G, U(Z(A4))) — C(4, F),
defined by [¢g] — ¢, is bijective.

In order to prove the above theorem, we need the following result.

PROPOSITION 68. Let f and [’ be factor sets associated with F.

(a) If g € Z>(G, B), then fq is a factor set associated with F.

(b) Thereis q € Z>(G, B) such that f = qf.

(c) 4 cocycle q € Z*(G, B) belongs to B*(G, B) if and only if there is a graded ring
isomorphism o from (F, ) to (F, qf) such that for all g € G\, the graded restriction
Qg 10 Py is an Ag)—Aa(g)-bimodule isomorphism.

(d) The map from Z*(G, B) to the collection of factor sets associated with F, defined
by g+ qf, is bijective.

Proof. (a) Put f” = fq. We need to verify that (24) commutes for /. Take (g, &, p) €
G3,x€ Pg,y€ Py, and z € P,. Then

(fahp © Uy ®1dp,)) (x ® ¥ ®2) = qipGg h (fehp © (fer ®1dp,)) (x @y ® 2)
= (92 ¥r, (@np)) fenp © (idp, ® fip)) (x @y ® 2)
= (Gep P, (@np)) fonp (X @ fip(y ® 2))
= (VP (@h.p)X ® fi p(y ®2)))
= oy 5 ® finp(y ®2))
=Jep(x @1, (y@2))
= (740 (idp, ®f) ) (x @y ®x).

(b) Take (g, &) € G,. Then Jig/’ e f;hl is an A.(¢)—Ad(s)-bimodule automorphism of Pgy,.
Hence, by Proposition 21, there is gg 4 € U(Z(I.(4))) such that ( g’, 5 © J;Thl)(x) = ¢o..X, for
x € Pg;. By (24), it follows that g € Z*(G, B).

(c) Suppose now that g € B*>(G, A). Then there is ¢ € C'(G, A) such that for all
(g, h) € Gy, it follows that gg , = yp, (ch)cgc;hl. Define a map « from (F, ¢f) to (F, f), by
a(x) =cgx, forx € Py. If x € Py, y € Py, and (g, h) € G, then a(xy) = canqoinfen(x ®y) =
qgiypg (en)Cegnfen(x ®Y) =fon(yp,x ® cpy) = a(x)a(y). Clearly, for all g € G, the map
Qg is an A.(g)—Aa(g-bimodule isomorphism.

On the other hand, suppose that there is an isomorphism of graded rings 8 from
(F, qf) to (F, f) such that for all g € G| the map B, is an A.(4)—Aa()-bimodule isomor-
phism. From Proposition 21, it follows that for each g € Gy, there is d, € U(Z(I.(s))) such
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that for all x € P, the equation B,(x) = dgx holds. Therefore, for all x € Py, y € P;, and
all (g, h) € Gy, we get that B(xy) = B(X)B(Y) < danqgife.e(x ® ) =fon(dex ® dpy) <
denGeifen(x ® y) =dyyp, (dy)fen(x ®y). Thus, g € B*(G, A).

(d) This follows from (a), (b), and (c). O

DEFINITION 69. If f and /" are factor sets associated with F, then we write (F, f) ~
(F, f") if there is an isomorphism of graded rings from (F, f) to (¥, f”) such that each
graded restriction to Pg, g € Gy, is an A.y)—Aa(g)-bimodule isomorphism. Let C(4, F)
denote the collection of equivalence classes of generalized epsilon-crossed groupoid
products (', ) modulo ~, where f runs over all factor sets associated with F.

Proof of Theorem 3. This follows immediately from Proposition 68. O
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