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Abstract

Let Γ be a countable discrete group that acts on a unital C∗-algebra A through an action α. If A
has a faithful α-invariant tracial state τ, then τ′ = τ ◦ E is a faithful tracial state of A oα,r Γ where
E : A oα,r Γ→ A is the canonical faithful conditional expectation. We show that (A oα,r Γ, τ′) has the
Haagerup property if and only if both (A, τ) and Γ have the Haagerup property. As a consequence,
suppose that (A oα,r Γ, τ′) has the Haagerup property where Γ has property T and A has strong property
T . Then Γ is finite and A is residually finite-dimensional.
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1. Introduction

The Haagerup property was first defined for groups by Haagerup [4], as a weakened
version of amenability. This concept was generalised to the context of von Neumann
algebras by Choda [2] in order to distinguish particular group von Neumann algebras.
Recently, Dong [3] introduced a notion of the Haagerup property for a pair consisting
of a unital C∗-algebra and a faithful tracial state, by imitating the case of von Neumann
algebras.

Definition 1.1 [3, Definition 2.3]. Let A be a unital C∗-algebra and τ a faithful tracial
state on A. The pair (A, τ) is said to have the Haagerup property if there is a sequence
{Φn}n≥1 of unital completely positive maps from A to itself satisfying the following
conditions:

(1) each Φn decreases τ, that is, for all a ∈ A+, τ(Φn(a)) ≤ τ(a);
(2) for any a ∈ A, ‖Φn(a) − a‖2,τ → 0 as n→ +∞;
(3) each Φn is L2-compact, that is, from the first condition, Φn extends to a compact

bounded operator on its GNS space L2(A, τ).

In [3], Dong explored the behaviour of the Haagerup property of a C∗-algebra in a
C∗-dynamical system and obtained the following theorem.
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Theorem 1.2 [3, Theorem 2.5]. Suppose that A is a unital separable C∗-algebra with
a faithful tracial state τ and a τ-preserving action α of a countable discrete group Γ.
If Γ is amenable and (A, τ) has the Haagerup property, then (A oα,r Γ, τ′) also has the
Haagerup property, where τ′ is the induced trace of τ on A oα,r Γ.

In [7], You defined the Haagerup property for an action α : Γy A with respect to a
faithful tracial state τ on A and gave the following theorem.

Theorem 1.3 [7, Theorem 1.4]. Let Γ be a countable discrete group and α be an action
of Γ on a unital C∗-algebra A such that α has the Haagerup property with respect to
a faithful tracial state τ on A. Then the reduced crossed product A oα,r Γ has the
Haagerup property with respect to the induced faithful tracial state τ′ if A has the
Haagerup property with respect to τ.

Motivated by the above results, we give an equivalent description of the Haagerup
property of unital C∗-algebra crossed products.

Theorem 1.4. Let Γ be a countable discrete group that acts on a unital C∗-algebra A
through an action α, τ be a faithful α-invariant tracial state of A, and τ′ be the induced
faithful tracial state of A oα,r Γ. Then (A oα,r Γ, τ′) has the Haagerup property if and
only if both (A, τ) and Γ have the Haagerup property.

As a consequence, suppose that (A oα,r Γ, τ′) has the Haagerup property, where Γ

has property T and A has strong property T . Then Γ is finite and A is residually finite-
dimensional.

2. Main results

Throughout this section, let Γ be a countable discrete group that acts on a unital C∗-
algebra A through an action α. We denote by A oα,r Γ the reduced C∗-crossed product
of (A, Γ, α), and identify A ⊆ A oα,r Γ as well as Γ ⊆ A oα,r Γ through their canonical
embeddings. We fix a faithful α-invariant tracial state τ of A and write τ′ = τ ◦ E for
the induced faithful tracial state of A oα,r Γ where E : A oα,r Γ→ A is the canonical
faithful conditional expectation. Since τ is a faithful tracial state on A, by the GNS
construction, τ defines an A-Hilbert bimodule, denoted by L2(A, τ). We also denote by
‖ · ‖2,τ the associated Hilbert norm. Thus for each a ∈ A, we have

‖a‖2,τ = (τ(a∗a))1/2 ≤ ‖a‖.

If φ : A→ A is a completely positive map such that τ ◦ φ ≤ τ, then φ can be extended
to a contraction Tφ : L2(A, τ)→ L2(A, τ). We say φ is L2-compact if Tφ is a compact
operator on L2(A, τ). By considering rank-one operators, we see that φ is L2-compact
if and only if for any ε > 0, there exists a finite-rank map Q : A→ A such that

‖φ(x) − Q(x)‖2,τ ≤ ε‖x‖2,τ

for all x ∈ A.

https://doi.org/10.1017/S0004972716000642 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972716000642


146 Q. Meng [3]

Theorem 2.1. The following statements are equivalent.

(1) (A oα,r Γ, τ′) has the Haagerup property.
(2) Both (A, τ) and Γ have the Haagerup property.
(3) α has the Haagerup property with respect to τ and (A, τ) has the Haagerup

property.

Proof. (1)⇒ (2). Suppose that (A oα,r Γ, τ′) has the Haagerup property. Then there is
a sequence {Φn}n≥1 of unital completely positive maps from A oα,r Γ to itself satisfying
the conditions of Definition 1.1. For each n, let

φn(a) = E ◦ Φn(a)

for all a ∈ A. Then φn is a unital completely positive map from A to itself and

τ ◦ φn(a) = τ ◦ E ◦ Φn(a) = τ′ ◦ Φn(a) ≤ τ′(a) = τ(a)

for all a ∈ A+. As n tends to infinity, we have

‖φn(a) − a‖22,τ = τ((φn(a) − a)∗(φn(a) − a))

= τ((E ◦ Φn(a) − E(a))∗(E ◦ Φn(a) − E(a)))
= τ((E(Φn(a) − a))∗E(Φn(a) − a))
≤ τ ◦ E((Φn(a) − a)∗(Φn(a) − a))

= ‖Φn(a) − a‖22,τ′ → 0

for any a ∈ A. Since Φn is L2-compact, for any ε > 0, there exists a finite-rank map
Q : A oα,r Γ→ A oα,r Γ such that

‖Φn(x) − Q(x)‖2,τ′ ≤ ε‖x‖2,τ′

for all x ∈ A oα,r Γ. Hence, we have

‖φn(a) − E ◦ Q(a)‖2,τ = ‖E ◦ Φn(a) − E ◦ Q(a)‖2,τ
≤ ‖Φn(a) − Q(a)‖2,τ′

≤ ε‖a‖2,τ′ = ε‖a‖2,τ
for all a ∈ A. So φn is L2-compact. Hence, (A, τ) has the Haagerup property.

For each n, let
ϕn(g) = τ′(Φn(g)g−1)

for all g ∈ Γ. Clearly ϕn(e) = 1 and for all g1, . . . , gm ∈ Γ and all c1, . . . , cm ∈ C, the
positivity of τ′ yields

m∑
i, j=1

cic̄ jϕn(g−1
j gi) =

m∑
i, j=1

cic̄ jτ
′((Φn(g−1

j gi))(g−1
j gi)−1)

=

m∑
i, j=1

τ′(c̄ jg jΦn(g−1
j gi)cig−1

i )

= τ′
( m∑

i, j=1

c̄ jg jΦn(g−1
j gi)cig−1

i

)
≥ 0.
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Hence ϕn is positive definite on Γ. Moreover, as n→ +∞,

|ϕn(g) − 1| = |τ′(Φn(g)g−1) − 1| = |τ′(Φn(g)g−1) − τ′(gg−1)|

= |τ′((Φn(g) − g)g−1)| ≤ ‖Φn(g) − g‖2,τ′ → 0

for any g ∈ Γ. It follows from the compactness of Φn that

lim sup
g→∞

|ϕn(g)| = lim sup
g→∞

|τ′(Φn(g)g−1)| ≤ lim sup
g→∞

‖Φn(g)‖2,τ′ → 0.

This proves the Haagerup property of Γ.
(2)⇒ (3). It follows from [7, Remark 1.5] that if Γ has the Haagerup property, then

α has the Haagerup property with respect to any faithful tracial state on A.
(3)⇒ (1). This follows from Theorem 1.3. �

Corollary 2.2. Suppose that Γ has property T and A has strong property T (in the
sense of [5]). If (A oα,r Γ, τ′) has the Haagerup property, then Γ is finite and A is
residually finite-dimensional.

Proof. Suppose that (A oα,r Γ, τ′) has the Haagerup property. It follows from
Theorem 2.1 that both (A, τ) and Γ have the Haagerup property. Hence Γ is finite.
It follows from [6, Theorem 4.7] that A is residually finite-dimensional. �

Let U(A) be the unitary group of a unital C∗-algebra A and ϕ : Γ→ U(A) be a group
homomorphism. Define an action αϕ of Γ on A by

α
ϕ
s (a) = ϕ(s)aϕ(s)∗

for all s ∈ Γ and a ∈ A. If A has a faithful tracial state τ (for example, A = Mn(C)), then
τ is αϕ-invariant. The next result follows from Theorem 2.1.

Corollary 2.3. If (A, τ) has the Haagerup property, then Γ has the Haagerup property
if and only if (A oαϕ,r Γ, τ′) has the Haagerup property.

Remark 2.4. Suppose that G is a discrete group that acts on a unital C∗-algebra B
through an action β. Using [1, Theorem 4.2.6, Propositions 6.3.3 and 6.3.4], we can
obtain the following result. If B oβ,r G has a tracial state, then B oβ,r G is nuclear if
and only if B is nuclear and G is amenable.

Suppose that X is a compact space with an action β̃ of a discrete group G by
homeomorphisms. Let β be the induced action of G on C(X), that is, β is defined
by βs( f )(x) = f (β̃s−1 (x)). Using the above remark, we can obtain the following result.

Corollary 2.5. If X has a fixed point, then C(X) oβ,r G is nuclear if and only if G is
amenable.

Proof. Let x0 be the fixed point. Define τ : C(X)→ C by

τ( f ) = f (x0)

for all f ∈ C(X). Hence

τ(βs( f )) = βs( f )(x0) = f (β̃s−1 (x0)) = f (x0) = τ( f )

for all s ∈ G and f ∈ C(X). Therefore, C(X) oβ,r G has a tracial state. �
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