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Abstract

Let I' be a countable discrete group that acts on a unital C*-algebra A through an action @. If A
has a faithful e-invariant tracial state 7, then 7" = 70 & is a faithful tracial state of A >, , I" where
&1 Ax,, I' > A is the canonical faithful conditional expectation. We show that (A >, , I', 7") has the
Haagerup property if and only if both (A, 7) and I' have the Haagerup property. As a consequence,
suppose that (A =, , I, 7’) has the Haagerup property where I' has property 7 and A has strong property
T. Then I is finite and A is residually finite-dimensional.
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1. Introduction

The Haagerup property was first defined for groups by Haagerup [4], as a weakened
version of amenability. This concept was generalised to the context of von Neumann
algebras by Choda [2] in order to distinguish particular group von Neumann algebras.
Recently, Dong [3] introduced a notion of the Haagerup property for a pair consisting
of a unital C*-algebra and a faithful tracial state, by imitating the case of von Neumann
algebras.

DermniTion 1.1 [3, Definition 2.3]. Let A be a unital C*-algebra and 7 a faithful tracial
state on A. The pair (A, 7) is said to have the Haagerup property if there is a sequence
{®,},>1 of unital completely positive maps from A to itself satisfying the following
conditions:

(1) each ®, decreases 7, that is, for all a € A™, 7(®,(a)) < 1(a);

(2) foranyae€A,||D,(a)—all,r = 0asn — +oo;

(3) each @, is L,-compact, that is, from the first condition, @, extends to a compact
bounded operator on its GNS space L,(A, 7).

In [3], Dong explored the behaviour of the Haagerup property of a C*-algebra in a
C*-dynamical system and obtained the following theorem.
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Tueorem 1.2 [3, Theorem 2.5]. Suppose that A is a unital separable C*-algebra with
a faithful tracial state T and a T-preserving action « of a countable discrete group T.
If T is amenable and (A, ) has the Haagerup property, then (A =, I',7") also has the
Haagerup property, where 7’ is the induced trace of T on A »,, I.

In [7], You defined the Haagerup property for an action « : I' ~ A with respect to a
faithful tracial state 7 on A and gave the following theorem.

Tueorem 1.3 [7, Theorem 1.4]. Let T be a countable discrete group and a be an action
of T on a unital C*-algebra A such that a has the Haagerup property with respect to
a faithful tracial state T on A. Then the reduced crossed product A =, , I has the
Haagerup property with respect to the induced faithful tracial state T’ if A has the
Haagerup property with respect to T.

Motivated by the above results, we give an equivalent description of the Haagerup
property of unital C*-algebra crossed products.

TueEOREM 1.4. Let I be a countable discrete group that acts on a unital C*-algebra A
through an action a, T be a faithful a-invariant tracial state of A, and T’ be the induced
faithful tracial state of A <, , . Then (A =, ,I',7") has the Haagerup property if and
only if both (A, 1) and I" have the Haagerup property.

As a consequence, suppose that (A >, I', 7") has the Haagerup property, where I'
has property 7 and A has strong property 7. Then I is finite and A is residually finite-
dimensional.

2. Main results

Throughout this section, let I' be a countable discrete group that acts on a unital C*-
algebra A through an action . We denote by A >, , I" the reduced C*-crossed product
of (A, T, @), and identify A C A =, , I" as well as I € A >, I' through their canonical
embeddings. We fix a faithful a-invariant tracial state T of A and write 7/ = 7 o & for
the induced faithful tracial state of A >, ,I" where &: A =, , ' — A is the canonical
faithful conditional expectation. Since 7 is a faithful tracial state on A, by the GNS
construction, 7 defines an A-Hilbert bimodule, denoted by L,(A, 7). We also denote by
|| - |l the associated Hilbert norm. Thus for each a € A, we have

1/2

llall,r = (r(a*a))"'~ < |lall.

If ¢ : A — A is a completely positive map such that 7 o ¢ < 7, then ¢ can be extended
to a contraction Ty : Lr(A, ) — Ly(A, 7). We say ¢ is L-compact if Ty is a compact
operator on L,(A, 7). By considering rank-one operators, we see that ¢ is L,-compact
if and only if for any & > 0, there exists a finite-rank map Q : A — A such that

llp(x) = Q)27 < &llxll2

for all x € A.
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TueorREM 2.1. The following statements are equivalent.

(1) (A, I, 7') has the Haagerup property.

(2) Both (A, 1) and T have the Haagerup property.

(3) « has the Haagerup property with respect to T and (A, 1) has the Haagerup
property.

Proor. (1) = (2). Suppose that (A =, I', 7’) has the Haagerup property. Then there is

a sequence {®,},>; of unital completely positive maps from A >, , I to itself satisfying
the conditions of Definition 1.1. For each n, let

¢n(a) =&od,(a)
for all @ € A. Then ¢, is a unital completely positive map from A to itself and
Todu(a) =10 E0Dy(a) =1 0 Dy(a) < 7'(a) = T(a)
for all a € A*. As n tends to infinity, we have
lign(a@) = all3 . = T(($u(@) — @) (¢n(a) — a))
=1((E 0 Dy(a) - E(a)) (E o y(a) — E(a)))
= 1((E(Qn(a) — a))"E(Py(a) — a))
<70 8(Dy(a) — @) (Pu(a) — a))
= |®,(@) - al3,, — 0
for any a € A. Since @, is L,-compact, for any & > 0, there exists a finite-rank map
Q: Ay, I' > Ax,, I such that
1D, (x) = QD)2 < ellxllor
for all x € A >, I'. Hence, we have
ll¢n(a) — E o Q@lr = IE 0 p(a) = E o Q(a@)l2r
< [ ®n(a) = Q@2
< éllallo = éllalla.

for all @ € A. So ¢, is Lp,-compact. Hence, (A, 7) has the Haagerup property.
For each n, let
en(g) = T (Qu(e)g™)
for all g € I'. Clearly ¢,(e) =1 and for all g;,...,g8, €' and all cy,...,c, € C, the
positivity of 7’ yields
m
D cicion(s; e =

ij=1

it (Ou(g; ' e)(g; e ™)
1

2]

3

7' (¢ig;Pnlg; 8)cigr ")

<
1l
—

m
T(Z c‘jgjd%(g}lgi)c,-g,-“) > 0.

i,j=1
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Hence ¢, is positive definite on I'. Moreover, as n — +oo,
lpa(8) = 11 = 7' (@u(e)g™") = 1 = [T (@u(g)g™") ~ 7'(gg ™)
= [ (©@u(8) = ) I < Pn(g) = gl = 0
for any g € I'. It follows from the compactness of @, that

lim sup |, (g)| = lim sup [7'(®,(g)g )| < lim sup [ ,(g)ll2.» — O.

g0 g0 g0
This proves the Haagerup property of I.

(2) = (3). It follows from [7, Remark 1.5] that if I" has the Haagerup property, then
a has the Haagerup property with respect to any faithful tracial state on A.

(3) = (1). This follows from Theorem 1.3. O

CoroLLARY 2.2. Suppose that T has property T and A has strong property T (in the
sense of [5]). If (A =,,T,7') has the Haagerup property, then I is finite and A is
residually finite-dimensional.

Proor. Suppose that (A >, I, 7) has the Haagerup property. It follows from
Theorem 2.1 that both (A, 7) and I" have the Haagerup property. Hence I is finite.
It follows from [6, Theorem 4.7] that A is residually finite-dimensional. O

Let U(A) be the unitary group of a unital C*-algebra A and ¢ : I' = U(A) be a group
homomorphism. Define an action @ of I on A by
af(a) = p(s)ap(s)"
for all s € " and a € A. If A has a faithful tracial state 7 (for example, A = M,,(C)), then
7 is a¥-invariant. The next result follows from Theorem 2.1.
CoroLLARY 2.3. If (A, T) has the Haagerup property, then I has the Haagerup property
if and only if (A 24, I, 7') has the Haagerup property.

REmARK 2.4. Suppose that G is a discrete group that acts on a unital C*-algebra B
through an action 8. Using [, Theorem 4.2.6, Propositions 6.3.3 and 6.3.4], we can
obtain the following result. If B>z, G has a tracial state, then B =g, G is nuclear if
and only if B is nuclear and G is amenable.

Suppose that X is a compact space with an action § of a discrete group G by
homeomorphisms. Let S be the induced action of G on C(X), that is, 8 is defined
by B,(f)(x) = f(B51(x)). Using the above remark, we can obtain the following result.

CoroLLarY 2.5. If X has a fixed point, then C(X) =g, G is nuclear if and only if G is
amenable.

Proor. Let xg be the fixed point. Define 7 : C(X) — C by
7(f) = f(xo0)
for all f € C(X). Hence

T(Bs(f)) = Bs()(x0) = f(Bs1(x0)) = f(x0) = 7(f)
for all s € G and f € C(X). Therefore, C(X) =g, G has a tracial state. O
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