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1. Introduction
Finding the distribution of stress in earth dams containing cracks is an

outstanding problem of soil mechanics. Even the simplest mathematical
model, viz., that of a wedge containing a plane crack which is symmetrically
situated along the bisector plane of the angle of the wedge, with the plane
strain assumption of the infinitesimal theory of elasticity, presents a difficult
problem of solving the bi-harmonic equation subject to mixed boundary
conditions. While elasticity problems related to wedge-shaped bodies have
been investigated, it appears little attention has been paid to the mixed
boundary-value problems. As a first step towards the solution of the mixed
boundary value problem for the biharmonic equation, we discuss in this
paper the solution of Laplace's equation

V (j> 3 + + — r + —~ = 0, (1-1)
dp2 p dp p2 30 dz2

for wedge-shaped regions subject to mixed type of conditions on the boundary.
If we assume that <j> does not depend on z, the equation (1.1) is reduced to
the equation

dp2 pTp p2 3d2

We consider the solution of the equation (1.2) for the region 0 < p < o o ,
0 <0 «x, subject to two types of boundary conditions on the face 6 = a. (a) In
the first instance we suppose that for 0 = a, <£(P> 6) = <t>(j>). (b) Secondly
we assume that for 6 = a, the normal derivative of <j>(p, 6) has the prescribed
value <j>i(p). Corresponding to each of these two conditions, there can be
two kinds of boundary conditions on the face 0 = 0:

dj>_
86 = o
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II. *±
89 o = o
0(p, 0) =

The functions/i(p) and/2(p) are known functions.
Using Mellin-transforms we easily find that a solution of (1.2) satisfying

the condition (a) for an arbitrary choice of ifr is

4>{p, 9)= — ^(s) sec as sin (jx—9)sp~sds
2711 Je-ioo

1 ' T ' ^ sec as cos (a-6)sp-*ds, (1.3)

where $(s) is the Mellin-transform of <t>(p), and that a solution of (1.2) which
satisfies the condition (b) is

$(p, 9) = —: (/'(s) sec as cos (a — 9)sp~sds

— — - \ s~1$1(s) sec as sin (a-0)sp~sds, (1.4)
.tin Je"~iao

where (/>i(s) is the MeUin-transform of 4>iip)-
The choice of c, c' and c" is governed by the integrability of p*'1^, 9),

Pc ~1^>(j>),pc ~1(l>i(p) and \j/{c+ii) and the property of their being of bounded
variation but <f>(j>, 9) and \j/ are unknown so that a sort of semi-inverse approach
has to be made. We keep c arbitrary and choose it to facilitate calculation.
The boundary conditions on 9 = 0 give us the following types of integral
equations for determining the function \j/(s) in each case:

1 fc+ic0

(ax) — )̂ (s) tan asp sds=f1(p)> 0 < p < l ,

27U Jc-ioo

-t fc + io

2ni Jc_loc
D

tan ccsp~sds =/2(p), p> 1.

fc + ioo

(a2) ^ f
2 n i J i 0 0

j pe + ioo

2«i Jc-ico
•i rc + ioo

— sî (s) tan asp " sds = /2(p), p > 1.
27"" Jc-ioo
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(b2) —; s\]/(s) tan asp~'ds =f1(p), 0<p<l,
2ni Jc_100

1 • .-, s — , , , , p > l

c-fco

For the sake of convenience in presentation, we assume in each of the
above problems in the first instance that/2(p) = 0 and secondly that/x(p) = 0.
Obviously the solution to the general problem can be constructed by adding
the two solutions.

We reduce in each case the dual integral equations to a single equation of
the second kind of Fredhohn type. The technique is essentially the same as
employed by Sneddon and Srivastav (1) for dual series equations. The analysis
is formal throughout this paper and no attempt is made to justify the change
of order of integration or differentiation within the integral sign.

The following elementary integrals occur frequently in our work:

i:
r

(1.5)

R(s)>0. (1.6)

We have also used the inversion theorem for Mellin-transform for which
reference may be made to (2).

2. We begin our discussion of the dual integral equations given in § J,
by considering the pair of equations

- L | °° #(s) tan asp-'ds = /i(p), 0<p < 1, (2.1)

2™ J c _ , o
sip(s)p sds = 0, p>\; - l < c < l . (2.2)

2ni
If we assume that for 0 <p < 1,

where g(i) is an auxiliary function, as yet unspecified, then it follows from the
inversion theorem for Mellin-transform and (1.5) that

) f 9l(t)t"ldt' R(s>~1- (2-3>
We rewrite the equation (2.1) as

ij/(s) tan insp-'ds = F&), 0<p< 1, (2.4)
j Te + ioo

2nijc_«00
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where
i fc + ico

Fi(p) = MP) + i~: <A(s)(tan ins - tan «s)p-sds. (2.5)
2™ Jc-,00

Substituting for tp(s) from (2.3) in the equation (2.4), we obtain, on changing
the order of integration, the equation

Jo * 2ni
, , tan imdsdt = Ft(p), 0 < p < l . (2.6)

2niJe-im
By considering the integral

where C consists of the sides of the rectangle with vertices c±iT and N+iT,
N being an even integer, positive if t<p and negative if t> p, it can be easily
shown that

2ni JC_IOO W , t>P.

The equation (2.6) is therefore equivalent to the equation

Jo

an integral equation of Abel-type whose solution is given by the relation

Carrying out the simplification with the help of (1.5), we get the Fredholm
equation of the second kind

z^K^u, t)du, 0<t<l, (2.10)

where

K^u, 0 = I - ) (tan ins — tan as) cot insds, (2.11)
2ni Jc-»« \ * /

which may be alternatively written as

c_ioo V </ cos as sin ins

In particular if a = in, Kx(u, i) = 0 and the pair of equations (2.1) and (2.2)
admits a closed form solution. In every other case, it seems, recourse has
to be made to numerical methods for the solution of Fredholm integral equation
of the second kind. In fact, for a = in all the equations discussed here can be
solved analytically and ij/(s) can be determined in a closed form.

https://doi.org/10.1017/S0013091500009019 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500009019


TWO-DIMENSIONAL MIXED BOUNDARY-VALUE PROBLEMS 325

Let us next consider the dual equations

) tan asp~"ds = 0, 0 < p < l (2.13)
27" Jc-ica

J_ I"'*'" SiP(s)p-*ds = -f2(p), p>\; 0 < C < 1 . (2.14)
2™ Jc-ioo

In this case we begin by assuming that

1 tan asp-sds = f_£|W£L) p > l . (2.15)

J V 2 )
In view of the inversion theorem for the Mellin-transform and the equation
(1.6), this is equivalent to the assumption that

tan as = i^—££«* g^f'dt. (2.16)
2r(l-is) Ji

The equation (2.14) can be written in the alternative form

;)p~sds =-f2(p), p>\, (2.17)(_5_ J_fc+ia

dp 2ni Jc_i0Q

and if we substitute the value of \j/(s) from the equation (2.16) in (2.17), we get
the equation

Jc-ioo

(2.18)
where

(2.19)
Since

i Cc + ioo
• (2.20)

t<p.
the equation (2.18) is reduced to the equation

The solution of the equation (2.21) is

r ^ (2.22)

f2(p) involves g2(t) but if we carry out the elementary integrations in (2.22)
we easily find it to be equivalent to the Fredholm integral equation of the
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second kind

g2(t) = — I — — K2(u, t)du, (2.23)
n Jt j(p2—t2) Ji u

where

K2(u, 0 = — r + ° ° fcot - s-cot as) tan - s f-Y ds (2.24a)

or
sin [ — —

sin as cos - s

(2.24b)

3. Solution of the dual equations

— ; | stj/(s)p~3ds — —flip), 0 < p < l , (3.1)

— if/(s) tanacsp~sds = 0, p>l; - l < c < l , (3.2)
27ii Je_loo

can be accomplished in a similar manner. The starting point in this case is
the assumption that

However, since

= p f * gl(f)df ,
JPV0 2 -P 2 )

s<Ks) = cot as r ( i 5 + * ) r ( i ) f' g.itydt. (3.4)
^ ( i ) Jo

iA(s) tan <xsp-sds = p f g l ( f ) d f , 0<p< 1, (3.3)
i . J V 0 2 2 )

which amounts to assuming that

.

on substituting the value of s\}/{s) from the equation (3.4) in the equation (3.1)
we get the equation

_ d_ C" t2gt{t)dt
dpJ0J(p2-t2)

= ~A(P)+ f1 gM o— r+'°° (cot iTts-cot as) T ( i s ^ ( i ) p-'dsdu. (3.6)
Jo 2ni Jc_100 r(is)

If we regard the right hand side of (3.6) as known for the time being, (3.6)
is an integral equation of Abel-type whose solution is given by the relation

tgi(t) =
 2- f f^)dp + f1

 gi(u)K2(u, i)du. (3.7)
rcJoV((2-p2) Jo
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To solve the equations
* fc + ico

— stl/(s)p-'ds = O, 0<p<l , (3.8)
2ni Je_l(

+ ioo< fc + io
\j/(s) tan asp''ds = f2(p), p > l , - K c < l , (3.9)

we proceed by supposing that
• f c + ioo a 1 fc + tco

J _ #(s)p"sds = - p £- - M ^(s)p-'ds
2m JC_,M dp 2ni Jc_ioo

- _ , 1 L fP g»(^ I p>l. (3.10)
5 P I JI V(p2-f2)J

In this case, we find that

Substituting the above value of iKs) in the equation (3.9), we are led to the
equation

Since
1 ' (3113)0, t<p,

the equation (3.12) is reduced to

P

which is equivalent to

tg2(t) = — I — + I 02(u)^i(u> t)du. (3.15)
« dtJt V(P2- ' 2) J1

4. Let us now consider the solution of the equations

(4.1)
c-ioo

-^- #(5)tanajp"5d5=0, p>l . (4.2)
2*i Jc-.oo
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Our approach is fruitful in this case only if — 1 <c <0. In terms of the auxiliary
function we set, for 0 < p < l ,

5pL JP V(*2-/)2)J
\ [ ^ (4.3)

This amounts to the assumption that

) c o t f1

J o
2T(is+l)

Substituting this value of I^(J) in the equation (4.1) we get on interchanging
the order of integration the equation

1\T-/1\

ds\dt

o

However, since

(4.6)p<t,

the left-hand side of the equation is simplified to

p i -m^ (4.7)J:
and therefore the equation (4.5) is reduced to the Fredholm equation of the
second kind

i* r ^ M ^ 1 r (4.8)

To complete the solution of the equations (b^, we now turn to the dual
equations

i rc+io°
—; Y(S)P "ds = 0, 0 < p < l , (4.9)
^ " ' Jc — ico

i /*c+ioo

—r I si}/(s) tan asp~sds =/2(p), p > l ; — 1 <c< 1. (4.10)
2ii Jc-ioo

If we put
(4.11)

we obtain for ^ ( J ) the representation
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which has the property that the equation (4.9) is identically satisfied. Replacing;
\]/(s) in the equation (4.10) by its value given by the relation (4.12), we find that

J_ p+'" M-T(-iOT) tan n sdsdt I

Ji 27tiJc-.-oo \ « / 2r(i—is) V 2 7
(4.13).

In view of the relation (3.13), the above equation is reduced to

_ 8 r

%,(-) , r s
i 2niJc_la) V"

(4.14>

If we treat the right-hand side as known, then the equation (4.14) is an Abel-
type of integral equation, whose solution is found to be

= ~ - l̂  f^d\ + - f"
«O. V(" - ' ) ' J1

5. Finally, let us consider the equations (62). For the equations

— sy/(s) tan i
2 t i JC_IOO

i (V+ico

the relevant assumption is that for 0 < p < l

f
Jp

This corresponds to the assumption that

f1
(5.4).

Since the first equation is equivalent to

- p A J _ fC+100^(s)tanasp-sds=/1(p), 0 < p < l , (5.5>
dp 2TU Jc_i00

on substituting for >J/(s) and interchanging the order of integration we obtaia
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the equation

t \2

Jo u 2TIIJC_,.0O ( i i ) V p /
(5.6)

From the relation (2.7) it therefore follows that

pd_ C" tgi(t)dt

= / i ( p ) + — I s^(5) V2 7 v y I - I (tan - s - t a n as I dsdu,

Jo u 2ni)c.
 VK)2T{\+i)\p)\ 2 J '

c+10° . ,xr( is)r( i) /uV/.
s^(5) V2 7 v y I - I (tan

an equation from which it is easily deduced that g^i) satisfies the integral
equation

*p fM* \\'iMMl)du. (5.8)
« JO Py/(t2-p2) t Jo «

We conclude our discussion of dual integral equations by describing the
solution of the equations

J_fc+1

1 Cc + i

2ni Jc-u

+ J0O

s^(s) tan <xsp~sds = 0, 0 < p < 1, (5.9)

(5.10)

for 0 < c < l . The equation (5.9) is in fact equivalent to the equation

rc+''°°a 1 rc+''°
- —
dp 2ni Jc_Jo

(5.11)
P *ni j c _ i 0 0

If we assume that

tan asp-ds = \ C" g(t)dt (5.12)

it is easily shown that

*(») = *yZZJa'\™ cot as I g(iy-ldt. (5.13)f" g(iy-'dt.
Jj
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Substituting the above value of ip(s) in the equation (5.10) and interchanging
the order of integration, we get the relation

r-gwjL

= f(p)+

c_,.oo 2r(l-is)
(cot jns-f °° 4& — P+'"

J, u 'lni)c.ia> 2F(l-is)
(5.14)

From the relation (2.20), it follows that

f- a(t)dt

JP

r ^ - - P+<"i u 2ni)c.ias
dsdu (5.15)

2r(l-is)
which implies that

= - 1 * f" I ^ L + ^ €W K2(», t)du. (5.16)

6. Kernels of the integral equations
It is possible to write K^u, i) and K2(u, i) in terms of the infinite series.

For example, for u<fwe obtain by moving the line of integration to R(s) = 00

_, , . 2 S /u\2". . 1 S /MV" A 2

^ ( M , 0 = - £ - tan2na Z - c o t

\ f/ \t Jt a n 2 n a Z c o t ^ (6
1 \ f/ a n = i\t J 4a

and if «> t, then shifting the line of integration to R(s) = — 00, we find that

71 n = 1 \M/ a n = 1 \ « /
CO, e ^ L . (6.2)

4
The calculations leading to the above results are based on the assumption that
for no integral values of m and n is a = (2m+l)7t/4«. This ensures that all
the poles are simple poles; otherwise account has to be taken of multiple
poles.

Similarly for u<t,
2n+l i OJ / , . \ n M_2

^ p ) ^- (6.3)
2

and for u>t,
0 °° / l / N " 2 " " 1 1 °° / A " H77-2

X2(«,0= - E ( - ) cot(2« + l)a- i £ { i ) tan^_. (6.4)

There is an apparent singularity at / = u in both the kernels because the
power series representations seem to diverge but as is obvious from the integral,
Ki and K2 are bounded for all positive real values of « and t. For computational
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purposes, however, it seems to be best to replace the complex integral by a
real line integral and since the integrand involves only elementary functions,
the value of the integral can be easily obtained by numerical integration.

Shifting the line of integration to the imaginary axis, it is readily shown
that

sinh (in — <x)y cos (y log ujfydy1 f <°
= - I

cosh ccy sinh \%y
and that

KM, 0 = - f" s i n h (**-«) y cos (y log u/0 dy ( 6 6 )
7t J o sinh ay cosh '
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