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THE CANONICAL MODULES OF GRADED RINGS
DEFINED BY GENERIC MATRICES

YUJI YOSHINO

Let & be a field, and X = [x,,] be an n X (n + m) matrix whose elements
are algebraically independent over k.

We ghall study the canonical module of the graded ring R, which is
a quotient ring of the polynomial ring A = k[X] by the ideal a,(X) gener-
ated by all the n X n minors of X.

Nowadays it is not difficult to describe the free resolution of the canoni-
cal module of R, since the resolution of R as an A module is already
known [Eagon-Northcott]. But we will be at a loss for an answer when
we are asked what are the generators of the ideal of R which is isomorphic
to the canonical module of R, for in most cases the canonical modules
of Cohen-Macaulay rings are isomorphic to their ideals, which we might
call the canonical ideals.

For this reason, in this paper we shall write down the generators of
the canonical ideal of R.

8§1. The canonical modules of graded rings

In this section by a graded ring we understand a commutative ring
R with a family {R,}.., such that;

(i) R=®R,, R,-R,CR,,, forall n,m>=0.

(ii) R, =k 1is a field.

(iii) R is finitely generated over k.

Here we shall recall some fundamental facts about the canonical
modules of graded rings, all of which are based on the paper of Goto-
Watanabe [G-W].

Notation from [G-W]: For any graded ring R, we denote by M,(R)
the category of all the graded R-modules and their homomorphisms of
degree 0. Moreover we use the following symbols:
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for any M, Ne M (R),
f: M ——> N; R-homomorphism such that)
f(M,)c N,,,, for any m. }
Hom, (M, N) = @ Hom,(M, N), .
Ext, (M, N) are the derived functors of Hom,(M, N) in M,(R),
H: (M) = l}l)n Exti, (R/m®, M) is the i-th local cohomology of M with

Hom, (M, N), — {

support in m, where m = @,., R,
K, = H:(R)* is the canonical module of R where ( )* = Hom, ( , k),
d = dim R.

LemMa 1. Let R = @, R, be a graded Cohen-Macaulay domain and
m = P> B,. Then,

(1) (Kp). is the canonical module of the local ring R, in the sense of
Herzog-Kunz,
' (2) K,'is]isomorphic to a homogeneous fractional ideal of R.

Proof. (1) From [G-W] Proposition (2.1.8) (K), must be a maximal
Cohen-Macaulay module over R,, and

dim, Ext} (&, (Kg).) =1 where d = dim R.

So the statement (1) follows from [H-K] Korollar 6.12.

(2) Let @ be the field of fractions of R. From (1) we have (Kz), Xz, @
= @, so dim, Hom, (@, K, R- Q) = 1.
From [G-W] Theorem (1.2.4) this shows that the injective envelope E(K,)
of K, in M,(R) is isomorphic to [E (R)](n) for some integer n. However
obviously Ex(R) = SR where S = {non-zero homogeneous elements of R.}
So K, G [S'R](n) in My(R). (Q.E.D.)

LemMA 2. Let R= @,s, R, be a graded Cohen-Macaulay ring of dimen-
sion d > 1, and suppose that K is isomorphic to a homogeneous ideal I
of R. Then I is of pure height 1, and the graded ring R/I is Gorenstein.

Proof. From the exact sequence

(%) 0—>I—>R—>RII—>0

Hi(R/I) = Hi\(I) = HiF(Ky) = 0 for 0 < i < d— 2, because K is a maxi-
mal Cohen-Macaulay module. This shows

d—1<depthR/I< inf dim R/p

pEAss R/I
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and so ht(p) < 1 for any p € Ass R/L.
Next the short sequence (x) yields the following exact sequence

Hom, (R, I) —> Hom, (I, I) — Ext} (R/I, I) —> 0.
Here by virtue of ht (I) = 1 and [G-W] Proposition (2.2.9.)
Ext (R/I, I) = Ext}; (R[], Kp) = Kg,
and from the local duality [G-W] Proposition (2.1.6.)
Hom, (1, I) = Hom, (K, K;) = Hi(Kp)* = R** = R.

From these facts we find that the K,,; is a cyclic R/I module, so by [G-W]
Proposition (2.1.3.)) R/I is a Gorenstein ring as stated. (Q.E.D.)

§2. The structure of K,

Now we shall return to the subject of this paper. And for the rest
of this section we assume the following notations,

n>1 m>0; fixed integers

k; a field ’

X=[x,] ; an n X (n + m) matrix of indeterminates

A = k[X]; a polynomial ring in n(n + m) indeterminates

a = a,(X); the ideal of A generated by all the n X n minors of X

R = Ala

LEmMMA 3. a is a prime ideal of height (m + 1) and R is a Cohen-
Macaulay ring.

Proof. [H-E].
LEmMA 4 [Eagon-Northcott]. Let K be the exterior algebra over A

generated by 0y, ---,0,.,, and 4, the differentiation on K determined by the
j-th row of X, i.e.,

Aj(e'[! /\ e A 011) = Ztll(_l)p+1xjip(ﬁi1 VANRRR /\ éip ANRER A\ 01’;) .
=

Next let ¢, --- 7, be new n symbols and, in the polynomial ring Alz, - - - z,],
denote by @, the A-module consisting of all the forms of degree t.
Now we define the complex

d - d d
AX: 0 —> AX, " AX TS0 L AX 05 AX 0
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as follows,

A=A

A:1¥+1=Kn+q®d)q (q=0’ 1,2"'"9m)'
When q¢>0, d, is given by the formula

dq(0i1 A e A 0in+q®ff' N Tzn)
= Z* 406, N\ -+ N 0in+q) (R AR e
Jj

where 37, v; = q, and ¥ means that we sum over only those values of j
for which v; > 0.
For g =0,

Xyzy * 0 Xiig
do(ﬁil /\ e /\ 01:”) = det

Xniy *** Xnig
Moreover we put
deg @, N\ +++ N0, , Q) =n+q.

Then the theorem of Eagon-Northcott says that the complex A* is acyclic
and H(A¥) = Ala = R.

THEOREM. In addition to the notation as before we put
Xy v Xyt

Y= :
Xpy ="t xn,n-—l
and p = a,_(Y)-R the ideal of R generated by all the (n — 1) X (n — 1)

minors of Y.
Then the canonical module of R is isomorphic to p™(—n(n — 1)).

Proof. If we apply the functor Hom, ( ,K,) to the free resolution
A¥ —- R— 0 of R as an A-module obtained in Lemma 4, we get the exact
sequence,

MA (Aﬁ, ;KA) —> I_'LO_I’_T_IA (Ai-‘.], KA) — I_{R —>0

by virtue of [G-W] Proposition (2.2.9). Here since K, = A(—n(n + m))
([G-W] Cor. (2.2.8)), the sequence;
(1) Hom, (43, A) —=> Hom, (A7.,, A) —> Kx(n(n + m)) —> 0
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is exact.
For simplicity we make the following definitions,
forv,+ - + v, =m,

a(vly"'9vn):(01/\ e /\0n+m)®ri’l...12neAi+l
and for w, + - +w,=m—1,1<j<n+ m,
BU Wy - W) =6 A o ANOGA o A O @V e AX

where if there exists i such that v, <0 (resp. w;, < 0) then a(v, ---,v,)
= 0 (resp. B(j; w, - -+, w,) = 0).
Then as we have seen in Lemma 4,

{a(vl,---,vn)/fivi=m}{,@(j;wl,---,wn)/éwizm—l,lgjgn+m}

are the free bases of AZ,,, A respectively, and from the definition,
dm(Ol(Ul, R vn)) = Z; ,Zi (_1)pxqp‘8(p; Uyy * vy vq - 1, tt vn)
¢=1p=

for every (v, ---,v,) such that >? v, = m.

Next we define a*(v, ---,v,) € Hom, (AX,,, A) to be oa*(, ---,V,)"
a(Vl, <+, U)) = Oypy*** Oupor,. Then {a*(v, ---,v,)/2 v, =m} is a free base
of Hom, (AZ,,, A) and dega*(v, ---,v,) = —(n + m). In the same way a
free base {8*(j; wy, - - -, w,)/ >ty w,=m—1,1<j< n+ m} of Hom, (AZ, A)
is defined by

B*(]: Wy, =0y wn)‘B(le w; Tty w':z) = 5]1"570171:{ e 5wnw£

and so deg *(j; w,, -+, w,) = —(n+ m — 1).
In consequence if 1< j<n+m, >, w,=m—1, >, v, =m, then

d'rﬁ(ﬁ*(j; Wy 0y wn))'a(vl, Tty Un)
= ﬁ*(]; Wy 0y wn)'dm(a(vl’ Tty vn))
. {(—D’”xqj when (v, -+, v, — 1, -+, 0) = (W, + -+, W)

0 otherwise .

This shows that

(2)  dEEGiwy, -y w) = (=13 xga Wy, - wy + 1, -, w,)
g=1
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Now let Y, denote the matrix obtained by deleting the i-th row of Y
and suppose

6; =(—1)*'det Y, (moda)e R G=1---,n)

then p™ is generated by {6}*--- oo/> 7 v, =m} and > %, %,;-9, =0 for
1<j<n+m

So if we define n: Hom, (A%,,, A) — p™(n(n + m)) by z(a*(vy, - -, v.))
= o ... o2, then = is a surjective homomorphism of degree 0 and it fol-
lows from (2) that

n-dXB*; wy, - -0, wy) = (— 1) Zn]lx,,jé'f" SR L AR
qg=
= ()G 5 3w, =0
&

Hence the sequence;

(3) Hom, (A7, A) —> Hom, (A7, A) —> p™(n(m + 1)) —> 0

is a complex in M,(A) and = is a surjection. Then the sequence (1) and
(3) induce the surjective homomorphism +: K.(n(n + m)) — p™(n(m + 1)).
Here 4 must be an isomorphism since K (n(n + m)), as well as p™(n(m + 1)),
is a fractional ideal of the integral domain R by Lemma 1. Hence we
have K = p™(—n(n — 1)). (Q.E.D.)

Remark [Bruns]. In the theorem, p is a prime ideal of height 1, and
the divisor class group Cl(R) of R is a free abelian group generated by
a single element cl (p)—the class of p.

Now let f + 0e R be an arbitrary homogeneous element of degree
n(n — 1), then the theorem says that K, is isomorphic to p™- f, so the
ring R/p™f must be Gorenstein by Lemma 2. Hence if we choose the
ideal I of A so that;

A/l = Rfp™f

then I is a Gorenstein ideal of height (m + 2). [Lemmas 2 and 3]
In case m = 1, we can write down the resolution of I.

ProPOSITION. Suppose m = 1 in addition to the situation above. Then
I has the following free resolution:

https://doi.org/10.1017/5S002776300001919X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300001919X

GRADED RINGS 111

0—> A(—n’—n) —> A(—n—1)" ® A(—n)"*!

[faly * ",fam & "6n+1]
—> A(-n*+ 1) D A(—n)"'—> A—> Al —> 0

M (fa,)

£,

&

“Enu1”

where

5, =(—1y*'detY, @QA<j<n
g = (=1 det X, A<i<n+1

Y, (resp. X,) is the matrix obtained from Y (resp. X) by deleting its j-th
row (resp. i-th column).
f is an element of A such that f(mod. a) = feR.

[0 X ]
M= l 0. 0
l ~X 0 0 —f
L o f o]
(fo,]
. fé., .
Proof. Easy calculation shows M = 0, that is, each row of M
&
ken+1

is a relation among the generators fd,, - -+, f0,, &, * * *, &,.1 Of 1.  And more-
over it is obvious that these relations are independent.

Since I is a Gorenstein ideal of height 3, the minimal number of
generators of I is equal to the number of relations among them. It fol-
lows from this fact that the rows of M give all the relations among
fo, [0, &, -+, €,.,; and I is minimally generated by f5, ---,fd.,
&, * 5 Ensre 50 the following is exact;
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A(—n—-1)"® A(— ) "' —> A(—n*+1)"® A(—n)""'—>A——A[[—>0
M r fal 3

fon

&1

Eni1”

where the exactness is preserved by applying the functor Hom, ( , A) to
this sequence, for I is a perfect ideal of height 3, i.e. the sequence;

0—A— A’ — 1)"® A(m)""' —> A(n + 1)" @ A(n*)"*!

[fal""7f5n751,"',€n+1] ‘M
is exact. Hence we can replace ‘M by M for ‘M = — M. So we get the
proposition. (Q.E.D.)
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