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THE FILTERED POINCARE LEMMA IN HIGHER
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(WITH APPLICATIONS TO ALGEBRAIC GROUPS)
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Abstract. We show that the Poincaré lemma we proved elsewhere in the
context of crystalline cohomology of higher level behaves well with regard to
the Hodge filtration. This allows us to prove the Poincaré lemma for transversal
crystals of level m. We interpret the de Rham complex in terms of what we call
the Berthelot-Lieberman construction and show how the same construction can
be used to study the conormal complex and invariant differential forms of higher
level for a group scheme. Bringing together both instances of the construction,
we show that crystalline extensions of transversal crystals by algebraic groups
can be computed by reduction to the filtered de Rham complexes. Our theory
does not ignore torsion and, unlike in the classical case (m = 0), not all invariant
forms are closed. Therefore, close invariant differential forms of level m provide
new invariants and we exhibit some examples as applications.

Introduction

In a series of articles, starting with [9] and [10], we have been using
the partial divided powers of Berthelot to study the geometry of algebraic
varieties of positive characteristic. This gives new insight into the p-adic
cohomological theories. Unlike other works on the subject ([7], [13] and
[5]), we do not use crystalline cohomology of higher level as a tool to obtain
results in rigid cohomology and, in particular, we do not ignore torsion. In
fact, torsion is very rich in this theory and provides new invariants that help
understand the geometry of algebraic varieties. For example, we will show
how the sheaf of closed invariant differential forms of higher level can tell
you exactly where the supersingular locus of a family of elliptic curves is.
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Following A. Ogus in [11], we introduced in [9] the notion of transver-
sal crystal of higher level. Although we could slightly improve on some of
Ogus’ results, progress was hampered by the lack of de Rham techniques for
computing exactly crystalline cohomology in higher level. A natural answer
to this problem was provided in [10], where we developed ideas of P. Berth-
elot, introducing the de Rham complex of higher level and proving the exact
Poincaré lemma. In the present article, we extend the Poincaré lemma of
higher level to transversal crystals by paying close attention to filtrations.
This is used to give a precise description of the group of extensions of a
transversal crystal by a commutative group scheme. In a forthcoming arti-
cle, we want to use these results to show that Dieudonné crystals of higher
level are transversal.

After reviewing in Section 1 a few results on filtrations, and especially
fixing terminology about filtered derived categories, in Section 2 we verify
that the formal Poincaré lemma in higher level behaves as expected with
respect to filtrations. In doing so, we reinterpret the de Rham and linearized
de Rham complexes introduced in [10] as particular cases of what we call
a Berthelot-Lieberman complex. This general construction will be used in
Section 4 to define the conormal complex of higher level of a group scheme.
But first we prove the filtered Poincaré lemma for transversal crystals. This
is done in Section 3 and requires careful attention to the behavior of the
filtrations all along the process. In Section 4, which is completely indepen-
dent of the preceding one, we study the relation between the conormal sheaf
of higher level and invariant differential forms of higher level. Unlike in the
classical case (level 0), not all invariant forms are closed. Actually, the mod-
ule of closed invariant forms is isomorphic to the first cohomology group of
the conormal complex. We present concrete examples, including the Legen-
dre family of elliptic curves, and give the relation with de Rham cohomology
of higher level in the case of abelian schemes. Section 5 brings together the
two previous sections. More precisely, we show that crystalline extensions
of transversal crystals by abelian groups can be computed by reduction to
filtered de Rham complexes. As an application, we show that the exten-
sion group of the partial divided power ideal by a smooth abelian group is
nothing other than a lifting of the module of closed invariant differentials
of higher level.

Most results here are inspired by theorems that have been well known
for a long time in the case of usual divided powers and classical crystalline
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cohomology. In particular, this work owes much to P. Berthelot, L. Breen,
L. Illusie, W. Messing and A. Ogus.

Many thanks to the referee who pointed out several mistakes and en-
couraged us to improve the presentation of this article.

Conventions

Starting at Section 2, we let p be a prime, m € N and, unless m = 0,

all schemes are assumed to be Z( )—schemes.

p

81. Generalities about filtrations

Concerning filtrations, we use the terminology of [6], 1.1. In particular,
we will only consider filtrations of type Z in additive categories. Also,
filtration will always mean decreasing filtration.

DEFINITION 1.1. A filtration Fil®* on an object M is effective if
Fil' M = M.

Unless otherwise specified, we will only consider effective decreasing fil-
trations. Note that the filtration induced on a subquotient (cf. [6], 1.1.10)
by an effective filtration is still effective. One can also check that the image
of an effective filtration by a semi-exact (meaning left or right exact) mul-
tiadditive functor (cf. [6], 1.1.12) is still effective. This applies in particular
to the tensor product filtration.

DEFINITION 1.2. The trivial (effective) filtration on an object M is
given by
M ifk<0
Filk M = e
0 it k> 0.
In [6] (Definition 1.3.6), filtered quasi-isomorphisms are only defined for
so-called biregular filtrations. This definition does not generalize well. As
n [11], Section 4.4, we will need a more restrictive notion.

DEFINITION 1.3. A morphism of filtered complexes M®* — N°® is a
true filtered quasi-isomorphism if, for each k € Z, the induced morphism
Fil* M* — Fil* N* is a quasi-isomorphism. A filtered homotopy is a homo-
topy s : M®* — N*® such that

VkeZ, VYneZ, s(Fil*M") cFikN"L
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Two morphisms of filtered complexes f,g: M®* — N°® are homotopic if there
exists a filtered homotopy h : M®* — N*® such that g is homotopic to f with
respect to h.

As explained in [11], page 80, the above notions of filtered homotopy and
true filtered quasi-isomorphisms are suitable to define the filtered derived
category of a Grothendieck category, e.g. a category of modules. Moreover,
any left exact additive functor F' between such categories gives rise to a
filtered derived functor and this construction is completely compatible with
the non-filtered situation in the sense that we always have

RF(Fil* M*) = Fil* REM®.
In particular, there exists a canonical spectral sequence
By = R™F(Gr'M®) = R"F(M*)
that endows, for each n € Z, R"F(M?*®) with a canonical filtration.
We now need to recall some definitions and results from [11] and [9] on

transversal filtrations.

DEFINITION 1.4. A ring filtration on a ring A is an effective filtration
by ideals () such that I*) 10 < 1*:+0 A filtered A-module (M, Fil®) is
transversal (vesp. almost transversal) to I(®) if for each k € Z,

IOMAFIPM = (resp. €) > IDFi.
i+j=k,i>0
If (M, Fil®) is a filtered A-module, the saturation of the filtration with re-

spect to I® is the tensor product filtration Fil° on M under the identifica-
tion A®a M = M.

When A is filtered by the powers of an ideal I, we simply say transversal
(resp. almost transversal, resp. saturation with respect) to I. Note that a
module filtration is always transversal to 0 and that, if a filtration is almost
transversal, then its saturation is transversal.

DEFINITION 1.5. The trivial transversal filtration on an A-module M
is the saturation of the trivial filtration.

Note that the trivial transversal filtration is given by

_ 1 <
FilkM _ M ifk<0
I®M  if k> 0.
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82. The formal filtered Poincaré lemma

The aim of this section is to give a filtered version of Theorem 3.3 of
[10]. We first recall some properties of m-PD-envelopes and introduce the
notion of Berthelot-Lieberman complex.

If X — Y is an immersion of schemes, then we will denote by Px,(Y)
its divided power envelope of level m. We will write Px,,(Y") for the struc-
tural sheaf and Zx,,(Y") for the m-PD-ideal. We will use a superscript n to
denote the same objects modulo I){(Y;TI}(Y). If X is an S-scheme, we will
denote by Px/gy,(r) the m-PD envelope of the diagonal embedding of X in
X1 and modify all other notations accordingly.

The notion of m-PD envelope is functorial in the sense that any com-

mutative diagram
X/ [EEN Y/

IEN T
X —— Y

canonically extends to

X — PX/m(Y,) — Y

l l |

X —— Pxp(Y) — Y

We recall the following fundamental results of Berthelot:

ProprOSITION 2.1. Let f : X — Y be an immersion of schemes with a
smooth retraction h :' Y — X. We use h to endow P, (Y) and Pxm(Y)
with the structure of an Ox-algebra. Then,

1. Foralln, P%, (Y) is a locally free Ox-module of finite rank. Actually,
Pxm(Y) itself is locally free when'Y is uniformly killed by a power of

p.
2. Let
X ¢ Y’
ol
X ¢ Y
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be a be cartesian diagram (both ways). Then, we have for all n,
9 Pxm(Y) = Pk (Y)

and even
T Pxm(Y) =~ Pxrm(Y')

if Y is uniformly killed by a power of p.
Proof. This follows from Propositions 1.4.6 and 1.5.3 of [2].

Let X — Y'(e) be an immersion of a scheme into a simplicial scheme.
In other words, we are given a family of immersions of X — Y (r) compat-
ible with the differentials d; and the degeneracy arrows s; of Y (e). Taking
m-PD envelopes gives rise to a simplicial scheme Px,,(Ye) from which we
derive a complex (PXm(Yo),I}{(kni(Yo)) of filtered rings. We then consider
as in [8] the normalization of Px,,(Ye) which is the subcomplex of ideals
defined by NPx,,(Yr) := (kers!. Finally, we are interested in the quo-
tient of NPx,,(Ye) by the differential subalgebra generated by the ideal
I){fmmﬂ}(Yl) of Pxm (Y1), which we write Q%, (V).

DEFINITION 2.2. The complex Q%, (Y) is the Berthelot-Lieberman
complez of X — Y (o). The Hodge filtration on Q%, (Y) is the filtration

Fil}; induced by the m-PD-filtration I}{(k%(Yo) of Pxm(Ye).
DEFINITION 2.3.

1. In a category with products, the product simplicial object Xpmd(o) of
an object X is defined by XProd(r) = X7+1,

di(x1, ..., Tryo) = (T1,. .., i, Tig2, ..., Tpyo) fori=0,1,...,7+1
and
S’i(mla cee 7xT) = (xla e s Ly Lit1s Tt 15 Tid2y « -+ 7xT+2)

fori=0,1,...,r.

2. If X (e) is a simplicial object in any category, the shifted simplicial
object is defined by

Xt(r)=X(r+1), df =dip1, s&=si.
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We can now reformulate some definitions from Section 1 of [10].

Let S be a scheme with p locally nilpotent and X an S-scheme.

DEFINITION 2.4. The Berthelot-Lieberman complex Q% /Sm of the di-

agonal embedding X — (X/S)P™%(e), is the de Rham complex of level
m. The Berthelot-Lieberman complex Lx (2% / sm) Of the shifted simplicial

scheme (X/S)Pro?t (@) is the linearized de Rham complex of level m.

Note that LX(QB(/Sm) is what we called €3, ¢ in [10].

For the rest of this section, we assume that X is a smooth scheme over

S.

Remarks 2.5.

1. Recall from Section 1 of [10] that, if we have local coordinates t1, ...,y
on X and, as usual, we set 7; := 1 ®¢; —t; ® 1, then Px/g,,,(r) is a
free Ox-module on generators 7171} @ - . @ 71/} with |J;| > 0 (we use
the standard multiindex convention). Using Proposition 1.5.3 of [2],
one easily checks that I){(k/}sm(r) is generated by the 7/} @ ... @1/}
with [Ji| 4+ -+ |J,| > k.

2. Now, if as usual again, dt; denotes the image of 7; in Qﬁ( JSms We know
that Qﬁ(/sm is a free Ox-module on generators (dt)’ with 0 < |J| <
p™. As we discussed in Section 1 of [10], for r > 1, even if Q’”X/Sm
is generated by the (dt)’* @ --- ® (dt)’" with 0 < |J;| < p™, there
are some relations among these generators. Actually, Q% /Sm is the

quotient of the tensor algebra T*(Q} / sm) Dy the relations

(*) > <‘i> (dt)’~V @ (dt)V =o.

o<V<J

By definition, we see that the Hodge filtration Fillfq 0% /Sm is generated
by the

() @ - ® (dt)” with 0 < |J;| <p™ and |Jy|+ -+ |J.| > k.

In particular, Fﬂ]f{ =0 for k > rp™.
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3. Similarly, LX(Q’”X/Sm) is generated as Px/gp(1)-module by the
(dr)t @ -~ @ (dr)”" with 0 < |Ji| < p™, and Filfy Lx (2% g,,) is
the Ox-submodule generated by the 71} (dr)/t @ --- ® (dr)’ with
|+ [Ji] 4+ [Je] > k.

4. The Hodge filtration on Q' /Sm is a filtration where, for each k > 0,
both Fil® 949 /Sm and Grf 949 JSm are locally free. To see this, one
proceeds as in the proof of Proposition 1.4 in [10]. First of all, the
question is local. Then, the process consists in writing some of the
()" @ - ® (dt)’ with |J1] + -+ + |J;| = k in term of the others
using the relations (%) which is possible because |J — V| + |V| = |J]
for all V.

5. Note that when X is smooth, the de Rham complex of level 0 is the
usual de Rham complex with its Hodge filtration. The reason is that
the generators of 'y ¢ are the dt;; @ --- @ di;, and the relations (%)
become simply

dt; @dt; =0 and dt; ® dtj + dtj ® dt; = 0.
Recall that if F is any Dg?})s—module, we can form the de Rham complex

of F. In particular, we have the m-connection F — F Qo Q}(/sm' For
further use, recall also that the relative de Rham cohomology of level m of
Fis

Hng(X, f) = Ran*f Qoy QB{/Sm

where px : X — S is the structural map.

Concerning Griffiths transversality, we refer to Section 2.2 of [9]. Let
us just recall that a filtration Fil® on a Dg?}’g-module F is a filtration by
Ox-submodules and that it is said Griffiths transversal if we always have

D), Filk F € Filh~7 7.

PROPOSITION 2.6. A filtered Dg?;’zq—module is Griffiths transversal if

and only if the m-connection is compatible with the filtrations.
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Proof. This is a local question and, if we have local coordinates, the
m-~connection on F is given by

s — Z s @ (at)”.

0<|J|<p™
If the filtration is Griffiths transversal and s € Fil¥ F, we have
oMs @ (dt)” e FilF V! F o Fill/l % g,
Since both the filtration and the graded pieces are locally free, we have
Fil* | F @ Fill/l Q) /., C Fil*"(F ® Q% /g,,,).

It follows that the connection preserves the filtrations.
Conversely, if the m-connection is compatible with the filtrations and
s € Fil* F, then, necessarily, for all i = 1,...,n and j < m, we have

os @ (dt) € FilM(F © QY g,)

so that, necessarily, OZ-W}S € Fil* W F and by Remark 2.2.2 (ii) of [9], this
is sufficient for Griffiths transversality.

Since the differential on a de Rham complex can be described by the
Leibnitz rule, we have the following:

COROLLARY 2.7. If F is a filtered Dg{mg-module and if, for each r,
F® QS(/Sm is endowed with the tensor product filtration, then F is Griffiths
transversal if and only if the de Rham complex of F is a filtered complex.

LEMMA 2.8. For all r, if we endow Q&/sm and LX(QTX/Sm) with their
Hodge filtration and Px/sp (1) with its m-PD-filtration, we have an isomor-

phism of filtered modules

Lx (2% /s5m) = Px/sm(1) ®ox x5,

Moreover, the filtration on Px/sm(1) ®ox Q&/Sm is the saturation with

respect to I}{;/}Sm(l) of the inverse image by Px/sm(1) — Ox of the Hodge

filtration on Q% JSm"
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Proof. Since we assume that X is smooth over S, then as mentioned in
Section 1.5 of [10], 73; / gm(7) is canonically isomorphic as filtered algebra to
Px/sm(1) ®ox Px/sm(r). The assertion then follows from the functoriality
of our construction. The second assertion is local in nature and follows
directly from the local description of our filtrations in Remark 2.5.3.

PROPOSITION 2.9. The Hodge filtration on LX(Q;(/Sm) is transversal

to T3¢, (1).

Proof. The morphism of filtered rings (Px /s, (1), I){{'/}Sm(l)) — (0x,0)
obviously satisfies the assumptions of Proposition 1.1.8 of [9]. Since any
filtration is transversal to the 0-ideal, we see that the inverse image of the
Hodge filtration is almost transversal and it follows that its saturation is

transversal. Our assertion now results from Lemma 2.8.
The following is a generalization of Theorem 3.3 of [10].

ProrosiTION 2.10. If Ox is endowed with the trivial filtration and
LX(QB(/Sm) with the Hodge filtration, the canonical map

Ox — Lx(2%/5m)

s a true filtered quasi-isomorphism. More precisely, locally on X, it is a
filtered homotopy equivalence.

Proof. The proof works exactly as in Theorem 3.3 of [10] once one
notices that the homotopy of 2.1 in [10] is a filtered homotopy.

83. The filtered Poincaré lemma

We will explain here how the results of [10], Section 4 extend to the
case of transversal m-crystals.

Let (S,a,b) be a m-PD-scheme with p locally nilpotent and p € a.
Let X be an S-scheme to which the m-PD-structure of S extends. We
will consider the crystalline site of level m of X/S that was introduced in

Section 4.1 of [9] and the corresponding topos (X/S )(m)

cris *
Unless otherwise specified, we will assume in this section that X is
smooth over S.
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NoTATiONs 3.1. If Y is any object in a topos 7', we will denote by 7}y
the localized category and by jy : 7y — 7 the restriction map.

In particular, we will consider here the localization (X/S )mg| + at the
trivial immersion of X in itself and the restriction morphism

(X/S)Cnsp( (X/S)CI‘IS

By definition, we have (jx«F)w.r) = Fu,rxv) and we see in this case that
Jx« 1s exact.
We will also consider the projection

(X/9)h

crls XZ@’”

on the Zariski site, given by I'(U,ux,F) = ((U/S)CHS,]:). Note that
this is not a morphism of ringed topoi because there is no natural map
Ox — uX*(’)g?/L)S. However, the composite

Ux = Ux 0 Jx ¢ (X/S)Crls|X — XZar

is in a natural way a morphism of ringed topoi because it is nothing but
the realization morphism: u x«F = Fx. We also see that u|x« 1s an exact
functor.

Details can be found in Chapter 5 of [4] for the m = 0 case. The
generalization is straightforward.

ProrosiTiON 3.2.  With the above notations,
1. The ideal ICE?/L)S = jX*j;(lIg(n})S of jX*j;(lOE?})S is an m-PD-ideal.

2. There is a canonical exact sequence

0— ICE(/)S —>]X*]X10g{/g — u)_(l(’)x — 0.

k k
3. For all k € Z, we have ICE(/)S{ ) = Jx«Jx (I;/)S{ }).

Proof. One easily checks that, if F is any Ox-module, the adjunction
map
JX*]X Uy lr— Uy LF
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is an isomorphism. In particular, if we apply the exact functor jx. j)_(l to
the exact sequence

0— Iﬁ(/)s (’);"/L)S — u}lox — 0,

we get the expected exact sequence

0 — Jx«ix I&/S — JX*JXIC’?;/Q — ux'Ox — 0.

Thus, we see that if U C X is any open subset and U — Y an m-PD-
thickening, we have the following exact sequence

0—>(K( ))y—>(9p—>(9U—>0

X/5
where P := Py, (Y xs X). Hence, we see that (Kg'/l)s)y is the m-PD-ideal
Ip of P. It follows that Kgf /3? is an m-PD-ideal and that for all £ € Z,
(Kys )y =I5 = (@05 v

DEFINITION 3.3. If F is a filtered Ox-module, its linearization (of
level m) is L™ (F) := Jjx«ufxF endowed with the saturation of the filtra-

(m) (%) of LM (0x) =

tion L™ (Fil*F) with respect to the m-PD-ideal K X/s

ixedx O
LEMMA 3.4. If F is a filtered Ox-module, we have a canonical isomor-
phism of filtered modules

LM(F)x = Px/sm(l) oy F.

Proof. Thanks to Proposition 4.3 (1) of [10], only the assertion con-
cerning the filtration has to be checked. Since saturation is just tensor
product with the ideal filtration, it is sufficient to note that, as in the proof
of Lemma 3.2, (ICE?;)S)X = Tx/sm(1).

We recall that L(m)(QB( / om) has a natural structure of complex of crys-
tals whose realization on X is nothing but the linearized de Rham complex
Lx (2% Jsm ). Thanks to the lemma, this is compatible with the filtrations.

We can now state the formal Poincaré lemma in its crystalline form.
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THEOREM 3.5. If E is a filtered O™ _module which is saturated with

X/S
respect to gg)s{ }, then the morphism

E—E Do, L%/ 5m)
is a true filtered quasi-isomorphism. More precisely, locally on Cris(™ (X/S),
it is a filtered homotopy equivalence.

Proof. Since the question is local, we may assume, thanks to Proposi-
tion 2.10, that the canonical map Ox — Lx(Q% / gm) 18 a filtered homotopy
equivalence.

Let’s start with the case £ = OE?% We have to check that, for any
any m-PD-thickening U — T, the morphism

Op — LU (2% /g,,)1

is locally on T a filtered homotopy equivalence. Thus, we may assume that
U — T has a retraction. Since the pull-back of a filtered homotopy is still
a filtered homotopy, we obtain a filtered homotopy equivalence on 7' from
the one on X using this retraction.

In general, tensoring with E gives a morphism

E ® ym) Og("})s — E® m L™ (% /5m)

X/s X/S

which is locally a filtered homotopy equivalence. Since the filtration on E
is saturated, the canonical identification

(m) _
E® OEXT% @) X/ = E
is compatible with the filtrations. The proof is therefore complete.

The definition of a transversal m-crystal is given in [9], Section 4.
Roughly speaking, it is a crystal of transversal modules, but the reader
should consider looking at the above reference if he really wants a precise
definition as well as a description of its relation with Griffiths transversality.

PROPOSITION 3.6. Let E be a transversal m-crystal on X/S. If F is
any filtered Ox -module, there is a canonical isomorphism of filtered modules

E® L™(F) ~ L™ (Ex @ F).
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Proof. We already have an isomorphism of crystals thanks to Propo-
sition 4.3 (3) of [10]. More precisely, if If U C X is any open subset and
U — Y an m-PD-thickening, we have an isomorphism

Ey0pF~EpF ~0pR Ey ®F,

where P := Py, (Y xg X) as in the proof of Proposition 3.2, and we need
to show that it is compatible with filtrations. But this follows from the
definition in [9], 4.2.2 of a transversal m-crystal.

COROLLARY 3.7. If E is a transversal m-crystal on X/S, there is a
canonical true filtered quasi-isomorphism

EF— L(m)(EX ®ox Q;(/Sm)‘

More precisely, locally on Cris™ (X/S), it is a filtered homotopy equiva-
lence.

In order to obtain the filtered Poincaré lemma at the cohomological
level, we need the following:

PropoOsITION 3.8. If F is a filtered Ox-module, we have a canonical
isomorphism in the filtered derived category Rux,L™ (F) = F.

Proof. We must show that, for all k € Z, we have Riux, Fil* L™ (F) =
0 for i > 0 and ux, Fil* L™ (F) = Fil* F.
By definition, the filtration of L™ (F) is the saturation of the filtration

L) (Fil* F) with respect to the m-PD-ideal ICE?/L)S{.}:
FilF L (F) = Y K{ LM(FIVE).

i+j=k,i>0

Using Proposition 3.2.3, we obtain

. m . o m) Lt . * 17
Fil" LOV(F) = > (ixadx T4)% )ixeuiy (FiK F)),
i+ji=k,i>0

Since jx, is exact, it follows that Fil* L) (F) = jx,.&; with

1 m) U
Ei= Y XTIV ui(FiV ).
it+j=k,i>0
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Regarding the higher direct images, it is sufficient to recall that, since jx
and u|x, are exact, we have

Riux, Fil* L™(F) = Riux.jx.& = Riujx.& = 0

for ¢ > 0.
Now, we know from Proposition 4.3 (2) of [10] that, for any Ox-module
F, we have ux, L™ (F) = F. Also, u)_(l being fully faithful, ux*u)}l}" =

F. Since ux, is left exact and ICE?% is the kernel of the natural map

L(m)((’)x) — u)}lOX, we see that uX*ICg?;)S = 0. It follows that ux, ignores

(m)

saturation with respect to IC X/

and so,
uxy FilF LU (F) = ux, LU (Fil* F) = Fil¥ F
as asserted.

THEOREM 3.9. If E is a transversal m-crystal on X/S, there is a
canonical isomorphism in the filtered derived category

Rux«E ~ Ex ® Q;(/Sm
Proof. Using Proposition 3.8, this is an direct consequence of 3.7.

COROLLARY 3.10. FEwen if we no longer assume X smooth, but if © :
X — Y s an embedding into a smooth S-scheme and if E is a transversal
m-crystal on X, then there is a canonical isomorphism in the filtered derived
category
Z*RUX*E =~ (icris*E)Y ® Q;//Sm'

Proof. Works exactly as at the end of Section 4 in [10].

COROLLARY 3.11. In the situation of the previous corollary, there is a
canonical filtered isomorphism

R((X/S)(5), B) = RU(Y, (icrisms E)y © Q...
Therefore, for all i, we have

Hiig (X, FilP B) = H' (Fil* ((icrisme E)y ® 05 /5m))-
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84. Differentials of higher level on a group scheme

In this section, which is independent of the previous one, we define
the conormal complex of level m of a group scheme and study invariant
differential forms of higher level.

DEFINITION 4.1. The simplicial object G9" () associated to a group G

in a category with products has components GY9"(r) := G", differentials
d; : G"t! — G" defined by

do(g1,---,9r41) = (92, -, Gr41)

di(917 cee 79r+1) = (917 -3 9i—1,9i9i+1, Gi4+-25 - - - 79r+1)

dr+1(915 -+ Gr1) = (915, Gr)
and degeneracy arrows s; : G"~! — G defined by
si(g1,-- -, 9r—1) = (915 -+ 9is L, Giv1, -+ Gr—1).
LEMMA 4.2. If G is a group in a category with products, the maps
G — G (g1, grg1) v (9119295 9305 95 Grg1)
define a morphism of simplicial objects v(®) : GP°(8) — GI" (o).
Proof. This is easily checked.

Let G be a group scheme over a scheme S, pg : G — S its structural
morphism, 1g : S — G its unit section and

Map17p2:GXSG—>G
the group law and the projections.

DEFINITION 4.3. The conormal complex of level m of G is the
Berthelot-Lieberman filtered complex wg,,,, associated to the unit embed-
ding of S into G¥" (e).

It will be convenient to write Pj,,(e) for the m-PD-envelope of the unit
section in GY9"(e) and modify the other notations accordingly.
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Remark 4.4. As in the case of the de Rham complex, for which the
results are recalled in Remark 2.5, we have a very simple local description of
the situation in the case of a smooth group scheme. If sq, ..., s, is a regular
sequence of local parameters for the unit section, then Py, (r) is a free
module on generators s/} ®- - .@st/} with [J;| > 0 and Il{fn} (r) is generated
by the si/1} @ .. @ st} with |J1| + -+ 4 |J,| > k. Thus, if 5; denotes the
image of s; in wém, we see that w%;m is a free module on generators 5/ with
0 < |J| < p™ and that, for bigger r, wf, = is generated by the 571 ®--- ® 5/
with 0 < |J;| < p™, subject to some relations. Of course, the k-th step of the
Hodge filtration Fil* W, has the same generators subject to the additional
condition that [Ji| +--- +|J.| > k. In particular, Fil" wg,, = wg,,-

PROPOSITION 4.5. The morphism v(e) of Lemma 4.2 induces mor-
phisms of filtered complexes
V(’) : le(.) I pG*PGm(.)

and

VW — DG
Proof. This follows from the functoriality of the construction of the

Berthelot-Lieberman complex.

Remark 4.6. Of course, we also have for each r morphisms of filtered
modules

v(r) : pePim(r) — Pam(r)

and
. >k T T
LR Yelolels QGm .

There are also morphisms of filtered complexes
Pim(0) = 1606 Pim(®) — 16p6pc«Pom(®) — 16Pam(e)

and in particular
[ ] * [ ]
wWam — 16QGm-

Without assuming that G is smooth, we cannot really say more.

If g € G(S), we denote by T, : G — G the left translation map given
by h +— gh.
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DEFINITION 4.7. A section & of P (r), or PE, (1), is invariant by
translation by g € G(S) if T,/ (§) = &. Moreover, § is invariant by translation
if it is invariant by translation by any section of Gg/ for any extension S’ — S
of the basis.

We indicate with a superscript ™ the subsheaf of translation invariant
sections.

PROPOSITION 4.8.

1. If G is smooth, then for all r, v(r) is a canonical isomorphism of
filtered modules

PEPim (1) =~ Pam(r)
and it follows that
PGWGm ~ Qom:
2. The morphism v(e) gives also isomorphisms of filtered complexes

Pim(®) = 15Pam (o) = PEl (o)

and
Ny

wém = 1*GQE¥m =om -
Proof. Note first that the diagram

G — Gr—i—l

Pcl lu(r)

S i G",

where the top (resp. bottom) arrows are the first projection (resp. structural
map pg) and the diagonal embedding (resp. unit section 1), is cartesian
both ways. Since G is smooth, it follows from the second assertion of Propo-
sition 2.1 that, for all r, v(r) induces an isomorphism of filtered modules

PEPim(r) = Pom(r).

Since the Berthelot-Lieberman complex is obtained as a quotient of the
Fil' by the differential ideal generated by the Fil?" ! we obtain also an
isomorphism

x r L Or
Pewem == Qam

for each r.
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It follows from the first part that the morphism of filtered complexes
Pin(s) — 15Pan(®)
of Remark 4.6 is an isomorphism. We also have injective maps
Pim(r) = pesPem(r).
Moreover, since for g € G(S) we have
v(r)yo (Ty x - xT,) =v(r): Gt — G,

we see that the image of Py, () in pePam(e) is contained in PEY (o). We
want to show that the map

Pim(e) — Pein(e)
is bijective. Since
PG+ Pam(r) ~ pe+Oc @0g Pim(r)

and G is flat, we are reduced to showing that the canonical map Og — Og‘”
is bijective. If we consider translation by the the identity

GxG— GxG, (g9,h)— (g,9h),

we see that, if f is a section of O%?, then p*(f) = pj(f). Pulling back by
(1g x Idg)*, we get f = p&1%L(f) which is what we want.

PROPOSITION 4.9. If G is a smooth abelian group scheme and if we let
6 :=p5 — 1" + 07 : paxPam(1) — P2« Pezm(1),
then the morphism v(1) induces an isomorphism of filtered modules
pcxZom (1) Nkerd = gl;,;(l) Nkerd
and therefore also

P Nker § = QL™ M ker d.
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Proof. 1f g€ G(S) and iy : G — G x G, h — (g,h), we have pyoi4 =
Idg, poiy =Ty and py oty = g o pg. It follows that
P00 =(1d-T}) +pgog"

If £ € pe«Zam(1) then, trivially, g*(§) = 0 and it follows that i3(5(§)) =
§—T,(§). Thus, any § € pgs+Zem(1) Nkerd is g-invariant. This is true for
any g and after any base change. It follows that

pG*IGm(l) Nkerd C g;g(l)
Since G is a commutative group scheme, the diagrams

G<LG2

uc(lﬁ Tugzm

a2 I
are all commutative for f = py, f = ps and f = p. Observe that Py_,n, (1) =
P1m(2). By functoriality, the diagram

Pin(l) —s  PL(2)

ey | |7

é
PG+Pem(l) —— pa2.Paem (1)
is also commutative.

Since we assumed that G is smooth, the vertical arrows induce filtered
isomorphisms with the invariant part in the bottom and we obtain

Prm(l) —L Pru(2)

o

Pém(1) —— Pe, (1)

from which it follows that d = § on PZ%(1) and the result follows.
NOTATIONS 4.10. The sheaf
P Qem Nker § = QUMY Nkerd ~ wi,, Nkerd

of closed invariant forms will be generally written wgm 0. Notice that, since

the first differential of the complex wg,,, is just the zero map, we also have
~ 1/, e

wWem,o0 ~ HH (wg,,)-
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When m = 0, in which case we drop m from the notations, the situa-
tion is a lot simpler since invariant forms are automatically closed, and in
particular, the kernel of ¢ is exactly the sheaf of invariant differential forms.
In general, the group inclusions i1,i2 : G — G X G induce morphisms
iy Wégm — wém and the composite maps

1 6 1 o1
Wom T Wa2y T Wam
are zero. When m = 0, wé is nothing but the conormal sheaf to the unit
section and we have an isomorphism (if,43) : whe ™~ wh @ wg. It follows
that § = 0 on wé. The first example below already shows that this is not
necessarily the case when m > 0.

EXAMPLES 4.11.

1. If G = Ggug with parameter ¢, then w},, is the free Og-module on
t,22,...,t?". The group law is given by t — t® 1+ 1®¢ and it follows
that

k—1
k\ . .
5(tk):tk®1—(7§®1+1®t)k+1®tk:_z<.>tz®tk—z'
(3
=1

In particular, we have 6(t) = 0 and therefore, we always have t €
WGm,0-

But we also see that, if char S = p (where we mean pOg = 0), then
e wam,o for all j. Actually, in this case, wgm,o is free on the
generators t,tP,... """ . In particular, we see that the filtration on
wam,o can have length exactly p™ — 1. We also see that when p # 2,
then #2 is not closed.

In the case S = SpecZ/4 (so that p = 2) and m = 1, we see that
§(#2) = =2t ® t # 0 but that 2% € wg1,0. Thus, Wem,o is not always
locally free.

The opposite map in G, is given by ¢t — —t and the difference is
therefore given by t — —t® 1 + 1 ® t. It follows that the canonical
inclusion wg,, — p«Q¢,, sends ¢ to dt and therefore, dt is a closed
invariant differential of level m on G,g. On the other hand, for m > 0,
(dt)? is an invariant differential form which is not closed in general.
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2. If G = G,,s with parameter ¢, then wém is the free module on
5,52,...,8"" with s = t — 1. Let us consider log t*" := log(1 + s)?" €
m) Using the fact that the group law is given by t — t ® ¢, it
is not difficult to check that §(log t*"") = 0. Actually, this is a purely
formal calculation that can be done over C where this is well known.
It follows that

p m

Z(—l)i%gi € Wem,o-

i=1

Note that, unlike the case m = 0, Fil? wam,o 7 0 in general. For

example, if p = 2, m = 1 and S = Spec Z/4, then we have 25—35° € Fil!

and 252 € Fil®.

Since the inverse on G,, is given by ¢ — ¢t~!, the difference is given by

t—t~!®t Thus we see that t —lissenttot 1 ®@t—-1®1=t"1(1®

t —t®1) and it follows that the canonical inclusion wém — p*Qém

sends § to dt/t. Finally, we get that

p"™ '
;D dENt
Z(_l) i ( t )
=1
is a closed invariant differential of level m on G,.s.

3. We assume now p # 2 and consider the Legendre elliptic curve E given
by the equation
vy =z(z—1)(z — )
over A{\{0,1}. Since we are interested in the behavior at O which
is the point at infinity, we make the usual change of coordinates z =
—z/y, w = —1/y and the equation becomes

w=z(z —w)(z — Aw).

Thus, Py (1) is the m-th divided power envelope of Op1y {0.13[2] with
respect to z and w}, . is the free module on Z, . .. , 27" A quick calcu-
lation as explained in Chapter 4 of [12], for example, shows that the
group law is given by

2 1R24+2014+MA+1)(zR2+22@2) 4.

Assume now that p = 3 and m = 1. Then, W}m is the free Og-module

on z, 22, 23 and w%l is generated by the z'® 27 for 1 < i,j < 3 subject
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to the relations

2z =0,
2z23+2292% =0,
2207 +3220722+22®z=0.

Taking into account the symmetry of the series above due to the com-
mutativity of the group law, one sees that higher powers don’t play
any role and that

52 =-O0+1)Ee2+72237),
() =-220z2-(A\+1)(F 7,
() =372+ 22).

It turns out that —3z + (1 + A)23 is in wg 0.

Assume moreover that char S = 3. Then we get (1 + \)z% which is in
Fil®. Tt follows from the formulas that wE1,0 is actually free of rank
1 with generator 2> outside A = —1. However, at the fiber A = —1,
both Z and 23 are in wg1,0- In other words, the supersingular fiber
is characterized by the fact that wgq is of rank 2 in contrast with
the general case where it has rank 1. This is a phenomenon that is
specific to higher level because in the classical situation, wgoo = wg
is globally free of rank 1. Note however that in the case m = 1 and
p =3, then F i WEm,o is also globally free of rank 1.

The next question would be to describe the canonical inclusion w}jm —
p*Q}Em. Since taking opposite on F is given by horizontal symmetry,
it sends z to —z, and it follows that the difference in F is given by

12— 201+A+1)(—2022+22@2)+---.

When m = 0, one can check that Z is sent to dz/2y but we have been
too lazy to do the computations in other cases.

PROPOSITION 4.12. If A is an abelian scheme over S, the Eo-term of
the Hodge to de Rham spectral sequence of level m of A/S is

EY = Rpa04 @0 H (Wh)-
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Proof. Consider the Hodge to de Rham spectral sequence of level m:
Ei] = ijA*QfLXm = Hng(A/S)

We know that, for all 7, Qi‘m = p*Awam. Since the sheaves wfgm are locally
free, the projection formula tells us that

RIpasQy = RIpacOa ®og Wi
and we get the spectral sequence
EY = Rips.O4 ®05 H (whyn) = Higm(A/S).
COROLLARY 4.13. The sequence
0 — wamo — HlliRm(A/S) — Rpa,O4
is (left) exact.
Proof. Just note that wamo = H'(w?,,)-

Remark 4.14. When S is smooth, using some results from [13], we can
show that we actually get a short exact sequence. We hope to be able to
prove this in general in a forthcoming article.

85. Crystalline extension groups

In this section, we generalize to higher level the first results of the second
chapter of [3]. The point is to describe the “mod p filtration on crystalline
Dieudonné modules of level m” (Proposition 5.14). The situation is way
more complicated than in the classical m = 0 case because the filtration has
more than one step and not all invariant forms are closed.

DEFINITIONS 5.1. A category [ is said very small if Ob(I) is countable
and for each «, f € Ob(I), Hom(c, ) is finite. A decoration on a very small
category I is a pair comprising a degree map d : Ob(I) — Z with finite fibers
and a sign map € : Arr(I) — {£}.

NOTATIONS 5.2. If Y is any object in a topos 7, we will denote by
Z(Y) the free abelian group on Y in 7.

https://doi.org/10.1017/50027763000025915 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025915

THE FILTERED POINCARE LEMMA IN HIGHER LEVEL 103

Let (I,d,€) be a decorated category and Y, := (Y, f)) a diagram in-
dexed by I in 7. We set

Cn(Ye) := @ VASCY

d(a)=n
and let 6, : C;, — C,,_1 be given by

> €W 20 — z0%)
A:a—f

whenever deg(a) = n and deg(5) =n — 1.

DEFINITION 5.3. A diagram Y, indexed by a decorated category
(I,d,€) is nice if C(Y,) is a complex.

Remark 5.4. P. Deligne has shown that any abelian group G in a topos
7 has a canonical left resolution C(G) that fits in the above setting. More
precisely, there exists a decorated category I and a nice diagram A(G), :=
(G™, fy) indexed by I in the subcategory of 7 generated by the powers of
G, the projections and the group law such that Ce(G) = Ce(A(G)).

To the best of our knowledge, this result of Deligne is unpublished,
and we can offer no better reference than what is said in the remark at
the end of 2.1.5 of [3]. We have taken the option of using this Deligne
construction because we think it is the most elegant and natural way to
state Theorem 5.12. For readers who fill uncomfortable using unpublished
results, we should mention that our main application (Proposition 5.14) can
be deduced from a weaker version of the theorem (Remark 5.13.1) that relies
only on a truncated resolution as in [3], Chapter 2, Section 1. The point
is that Proposition 5.14 involves only the first three terms of the Deligne
resolution that we now describe.

The diagram has only one object GG in degree 0. In degree 1, there is
also a unique object G? and the morphisms G?> — G are

G — G sign
(91,92) — @ -
(91,92) — g1+ 92 +
(91,92) — 92 -
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In degree 2, there are two objects, namely G? and G®. The morphisms
from degree 2 to degree 1 are given by

G? — G? sign
(91,92) — (91,92) +
(917 92) — (927 gl) -

and by
a3 — G? sign
(91,92,93) — (92, 93) -
(91,92,93) — (91 +g2,93) +
(91,92,93) — (91,92 +g3) —
(91,92,93) —  (91,92) +
Thus we get

7(G) g 7(G) __, 7(GY) __, 7(G)
and the maps are given by
[91, 92] — —[g1] + [91 + g2] — [92]

from degree 1 to degree 0 and

l91,92] +— [91,92] — [92, 91]
(91, 92,93] — —[92, 93] + [91 + 92, 93] — 91,92 + 93] + [91, 92]

from degree 2 to degree 1.

LEMMA 5.5. Let Y, be a nice diagram indexed by a decorated category
(I,d,€) in some topos T and E an abelian sheaf in T. Then, there is a
spectral sequence

B = @ Rjvdy!E = €™(C(Y), B).
d(a)=r

Proof. If Y is any object of 7, we have
Homeg(ZY), E) = Hom(Y, E) = Jy«dy E.

It follows that the complex Homg,(Ce(Ys), E) is canonically isomorphic
to a complex whose terms are all of the form @deg o JYax j;alE Since
pulling back by localization is exact and preserves injective sheaves, we get
the spectral sequence by applying this remark to an injective resolution of
E.
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Let (S, a,b) be an m-PD-scheme with p locally nilpotent and p € a.
Let X be an S-scheme to which the m-PD-structure of S extends.

We denote by Sch’/X the category of X-schemes to which the m-PD-
structure of S extends. The Zariski topology on this category is coarser
than the canonical topology and we obtain an embedding of Sch’/X into
the corresponding topos Xzar/. We will now use the big crystalline topos
of level m, (X /S)g%s that was introduced in [7] (but considering only
schemes to which the m-PD structure extends). Composing the embedding
Sch'/ x < Xzagr’ With the canonical map

Ux/Sx 1 XzAR — (X/9)emns
from Section 1.10 of [7] gives a functor

Sch)x — (X/8)emrs
Y +— Y

Remark 5.6. Note that if Y € Sch/ /X with structural morphism fy :
Y — X then the canonical morphism

fY/X : (Y/S)g%s (X/S)CRIS

factors as an isomorphism (Y/S )CRIS ~ (X/S )CRIS y followed by the local-
ization map

(X/S)CRIS|Y (X/S)CRIS

PROPOSITION 5.7. Let Y, be a nice diagram in Sch’/X indezed by a

decorated category (I,d,€). If E is an abelian sheaf on CRIS(™ (X/S), there
is a spectral sequence

B = @B BfvopxdylixE = ™ (C(L), ).
d(a)=r

Proof. Taking into account the previous remark, this immediately fol-
lows from Lemma 5.5.

Remarks 5.8. Just as in Chapter III, Section 4 of [1], if Y &€ Sch'y,
there is a morphism of topoi

Y/ — (X/9) i
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whose inverse image functor F — FEy might be called restriction. For
any sheaf E on CRIS("(X/S) and any morphism ¢ : Y/ — Y, there is
a canonical transition map ¢~ 'Ey — Fys and these data unlcéuely deter-
mine E. An m-crystal on the big site can be defined as an OX /8
FE such that all Ey are m-crystals and the transition maps induce isomor-

-module

phisms ¢*Fy ~ FEys. In particular, the functor £ — FEx is an equiva-
lence of categories between m-crystals on CRIS!™ (X/S) and m-crystals

on Cris'™(X/S). Finally, note that any filtered (resp. transversal) Og?})s

module (E,Fil®) on CRIS™)(X/S) restricts for each Y to a filtered (resp.

transversal) O&, /;—module (Ey,Fil®* Ey) on Cris(™ (Y/S).

For future reference, note also that, as for level 0, in which case this is
proved in 1.1.16.4 of [3], we have for any abelian sheaf on CRIS(™ (Y/S),

(Rfy/x«E)wry = Rfuxyv/reBuxxy-

DEFINITION 5.9. A big transversal m-crystal on X/S is a crystal E on
CRIS"™(X/S), endowed with a filtration Fil® such that for each Y € Sch’ X
the filtered m-crystal (Ey,Fil® Ey) is a transversal m-crystal.

LEMMA 5.10. Let Y € Schy and (U — T) € CRIS"™(X/S). Let
1:U xXx Y — Z be a closed immersion into a smooth Z in Sch'/T. If £ is
a big transversal m-crystal on X/S, we have a canonical isomorphism

(Rsz/X*f;/IX Fil* E)(U,T) = RSfZ* Fﬂk[(icris *EUXXY)Z X Q.Z/Tm]
Proof. First of all, Corollary 3.10 tells us that
Fllk i*RUY*EUXXY =~ Fﬂk[(icris *EUXXY)Z & Q.Z/Tm]

Actually, since we work with filtered derived categories and i, is exact, we
have
Fil® i, Ruy.Eyx vy = ixRuys Fil* Eyy oy

and therefore
ixRuy. FIl* Eys oy = Fil*[(icris s Bux v) 7 © Q% -
Since i, is exact, applying Rfz. gives

Rfysxyyrs Fil* Buxyy = Rz Fil¥[(icris « Bux xv) 2 © Q5 )
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and, taking cohomology, we obtain

R’ fu s v /T Fil* Eyy oy =~ R®f24 Fil*|(icris» EUx yv) 7 ® Q% rm)-

Finally, Remark 5.8 tells us that

(RSfY/X*f;/lX Fil* E) 1) = R® frx vy Fil* By v

PROPOSITION 5.11.  Let Y, be a nice diagram in Sch’/X and (U —T) €

CRIS(™)(X/S). Let Z, be a nice diagram in Sch’/T with all Zy smooth and
le : U Xx Yo — Zq4 a compatible family of closed immersions. If E is a big
transversal m-crystal on X/S, we have a canonical spectral sequence

E{’S = @ R f 7, Filk[(iacris*EUXXYa)Za ® Q.Za/Tm]
d(a)=r
= Eat"(O(Y.), Fil* B) 7).

Proof. Since taking value on some object (U,T) is an exact functor,
we know from Proposition 5.7 that there is a spectral sequence

EY' = @ (R fvajxofy)x FIF E)ur) = Eat™*(C(Y,), FiI* E) ).
d(a)=r

It is therefore sufficient to prove that for each «, we have
(Rsza/X*f;al/X Fil* E)(U,T) = RSfZa* Fﬂk[(la cris *EUXXYQ)ZQ ® Q.Za/Tm]

and this follows from the lemma.

Applying this to the nice diagram A(G)e of Remark 5.4, that gives rise
to Deligne resolution, we immediately get

THEOREM 5.12. Let G be an abelian group scheme in Sch’/X and (U —

T) € CRIS!™)(X/S). Let H be a smooth abelian group scheme on T and
i : Gy — Hy an immersion of groups. If E is a big transversal m-crystal
on X/S, we have a canonical spectral sequence

E’I’S = @ Rsana* Fllk[(za cris *EGZO‘ )H"a ® Q;Ino‘ /Tm]
d(a)=r
= Eat"* (G, Fil* B) ).
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Remarks 5.13.

1. If we use the truncated complex, we obtain a spectral sequence

EP" = @B B frmo. Fil* (i cris« Bgpe ) Hre @ Q3 jpm] = H'
d(a)=r

with
H' = &t (G, FI* E) ) fori < 1.
2. If E is any m-crystal on X/S, then the trivial transversal filtration
I}{(k} FE turns it into a big transversal m-crystal and both Proposi-

/S
tion 5.11 and Theorem 5.12 apply. Also, the theorem is still valid if

we replace G with a complex of abelian groups.

3. When H is affine, if we denote by [K**|sng the simple complex as-
sociated to a bicomplex K*®, we have, as in Theorem 2.1.8 of [3], an
isomorphism in the derived category

Fllk[ @ fH"a*[(ia Cris*EG’[}a)H"a & Q;—I“a /Tm]sing]
d(a)=e
~ RHom (G, Fil* E) y.1).
The proof goes exactly as in [3].

PROPOSITION 5.14.  Let G be a smooth abelian group scheme in Sch’/X
and U € Sch’/X. If k > 0, we have

Hom(G, I;{f/}g)(U,U) = 0

gxtl(Q,I}{g%)(U,U) = Fil* weym.o

where wa,m,o denotes, as in 4.10, the sheaf of closed invariant forms of level
m on Gy. In particular,

Ext' (G, Ixs)w,u) = WGym,o-

Proof. We consider the spectral sequence of Theorem 5.12 (see also
Remark 5.13.1)

r,8 s . ° k
B = @ R fapen Pl Qo 1y, = EtPH (G IYN) -
d(a)=r
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Note first that E7® = 0 for r < 0 or s < 0. Actually, since k > 0, we have
Fil® Ogre = 0 and it follows that E7® =0 for s = 0 also. Therefore

Hom(G, I}{(l;];q)(U,U) =0

and

et (G, IV wuy = By =kerd)' : EYY — B}

Recall that if K*® is any complex with K? = 0 for i < s and f a left exact
functor, then

R°f.K®* = R°f. ker d°|—s| = f. kerd® = ker f.d°.

Thus, here, we have for all «,
1 1k Oe®
R fGZa* Fll QGZO‘/UWL
) ak Ol ak 02

= ker[d N fGZa* Fl]. QGZQ /Um — fGZa* Fl]. QGZQ /Um]

Since filtration commutes with kernel and direct image, we have
1 ak O ak i 1 2
R fapos Fil* Qgna 7y, = Fil*ker[d : fene Qma i = fapesQama jom-

It follows from the description of the first terms of the Deligne resolution
that

E?’l = Fil* ker|[d : fGU*Qé‘U/Um - fGU*Qé‘U/Um]’

Ll _ ok i 1 2
E;" =Fil"ker[d : fG%*QG%/Um — fG%]*QG?J/Um]
and that
0 >k * >k
" = —pi+ " —py =6
with the notations of Proposition 4.9. Hence, we obtain
0,1 _ itk ) 1 2
Ey” =Fil"ker[d : fo,« Q¢ jum — fGU*QG/UUm]

Nkerld : fauQ6, jum = foz, *Q};IQJ JUm)

which is exactly Fz’lkaUmo.
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