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Summary

A mathematical theory is developed which enables the wind-tunnel correc-
tions to the lift and moment forces acting on an aerofoil in subsonic two-
dimensional flow to be calculated. The usual ‘‘averaged”” boundary condi-
tion for slotted walls is assumed and the corrections obtained by successive
approximation from the open-jet tunnel.

1. Introduction

Woods [11] has recently revived the problem of determining the blockage
interference at an aerofoil symmetrically placed between the slotted walls
of a wind-tunnel. Discussions due to Baldwin, Turner and Knechtel [1],
Maeder and Wood [5] and others are also available. The results obtained
show that the blockage interference may be made to vanish for a particular
slot configuration. However, it is still to be expected that the wall inter-
ference effects on the lift and moment forces may exist and these should be
evaluated if the wind-tunnel measurements are to be corrected in order to
predict free air conditions.

These corrections will be considered in this paper. Apparently, little
theoretical work has been done on these corrections. The only discussion
available to the writer is that of Maeder and Wood [5] who determine the
angle of incidence correction in terms of the lift coefficient. However, their
work does not attempt the problem of determining the lift and moment
corrections as defined in § 5.

Consider the subsonic flow of an inviscid fluid past a thin aerofoil placed
at a small incidence « midway between the slotted walls (Figure 1). The
incidence is measured relative to the direction of the undisturbed stream,
which is assumed parallel to the walls. At the slotted walls, the actual
boundary condition pertaining is replaced by an ‘‘averaged” boundary
condition (see, for example, [11])
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where ¢ is the (perturbation) potential of the flow in the tunnel; z is the
direction of the walls; » is the outward normal to the walls and 4 is a con-
stant related to the slot geometry. The special cases of A being zero and
tending to infinity correspond to the open jet and the solid wall tunnel
respectively.

The changes in the aerofoil’s lift and moment coefficients, due to the
imposition on the boundaries of the stream of the condition expressed in
equation (1), are considered. A method of calculation based on a known
solution of Laplace’s equation in a given region and the successive approxi-
mations solution to a Fredholm type integral equation, is outlined. This
method allows the calculation of the coefficients for given values of three
variables. These variables are the incidence «; the ratio ¢/28% where ¢ is the
aerofoil chord, 24 is the tunnel height and g is related to the Mach number
of the flow (see § 2); and the ratio A/h.

2. The boundary value problem

Let (g, 6) be the polar components of the velocity vector of the stream
flow. At infinity upstream (i.e. # = — o) we assume this velocity has
components (U, 0).

Fig. 1

Consider the complex function f defined by

(2) f=90+140,
where
, ‘dg .
0=—g| Z;
@ B .7
@ pr=1—n

and M is the Mach number of the flow at infinity upstream. For thin aero-
foils at small incidences, the ratio (U—g¢)/U is a small first-order quantity
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everywhere except in the neighbourhoods of the two stagnation points of
the aerofoil. Therefore, throughout the strip —c0o 2= 0, b=y =h
with the exception of the stagnation points,

- U—g
(5) ‘Q'T‘ T

and f is an analytic function of Z, where
(6) Z=x+iy

(see, for example, Robinson and Laurmann, [6], p. 333). Further, the
above assumptions allow the imposition of the flow direction at the aerofoil
surface on the interval — ¢/2 < @ < ¢/2, y = 0. That is.

() 6 = 0(z) —ggxgi, y = 0.

On the tunnel walls, we have, from equation (1),

052

Q+A4A—=0 —nsr=< o, y=h,
oy
(8) 20
.Q——A—a—y=0 —0 =< 0o, y= —h

The Z-plane can be mapped into a suitable singly-connected region,
namely a rectangle in the {(= y -+ iz)-plane (see figure 2), by means of a
con.ormal transformation involving Jacobian elliptic functions. The trans-
formation (Woods [8]) is

' z
) cn (& k) = — % sinh (;”—ﬂ}-‘)

where the modulii of the elliptic functions, % and %’, are given by

10 - e
(10) E tanh4ﬂh

In the ¢-plane, the aerofoil surface — ¢/2 < x < ¢/2, y = 0 maps into the
line — 2K <y < 2K, 5 = 0; the upper and lower walls — 0© <z = ,
y=h and y= — h become 0 <y <2K, =K' and —2K =<y =0,
n = K’ respectively. Corresponding points in figures (1) and (2) are marked
accordingly. The numbers K and K’ are the real and imaginary quarter
periods of the elliptic functions of modulus k. Because of the conformal
nature of the transformation (9), f will be an analytic function of { within
and on the rectangle — 2K < y < 2K, 0 < < K’ except at the points
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corresponding to singularities in the Z-plane. Such singular points, in the
{-plane, will thus be confined to the line — 2K <y < 2K, 5 = 0.

The form assumed by the boundary conditions (equations (7) and (8))
in the {-plane will now be considered. Equation (7), which states that the
flow direction on the aerofoil surface is a known function, becomes

(11) 6=0(y) —2K=<y=<2K, n=0.

By differentiation of (9), using the addition properties of the hyperbolic
and elliptic functions,

(12) iz = %}ﬁa sn {dl.

But, on the tunnel walls { = y + ¢K’, so that the equations (8) become,
with the aid of (12),

A o0
9(?’)‘*‘%}75“7’-6—-:0 0 <y < 2K, =K'
o A
7.
Q ot "o = —_ < < = ’.
(») 2 7 % 0 2K <y<0, n=K

Moreover, from figures 1 and 2 it is clear that f must satisfy the relation

(14) lim f{(—2K + ¢, ) = lim f(2K — ¢, 1) e>0, 0=9=<K.
€0

£-0

Therefore, the boundary value problem is to determine an analytic func-
tion f({) which satisfies equations (11), (13) and (14).

3. The solution of the boundary value problem

The function f({) which satisfies equation (14) and the conditions that
(i) 6 is known on — 2K <y < 2K, = 0 and
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(i) 2is known on — 2K £y < 2K, n =K/,
is given by [8]

15) 0= ][00 (255) +iopr+ixy T (E5EE ) ape

sn 2

where sn’/sn(#) denotes d/du(logsn#). The following identities [9] are

useful;

sn’ d 9
(18) po (#) = ds 2u 4 cs 2u
and

(17) (snu—snv)(ds(u —v) + cs (¢ —v)) =dnucnv + cnudnv.

The equations (13) may be written
!2+ ]sny] o9 =0 —2K<y=2K, ¢n=K.
That is, on using the Cauchy—Rxemann relations for an analytic function,
(18) .Q———]sny[ % =0 —-2K=sy=2K, x=K.

Therefore, from equations (15), (16) and (18), we find on integrating by
parts
1 2K
10 =5 {e(y*xds(y* — &) + sl — 0)
(19) K

+ 20 0% 4 i) —[|sny*|(dn<y _8) + kenpr— 1)) @y

This last equation gives, providing 6(y 4 iK’) is known, the function f({).
Unfortunately, 8(y + ¢K’) is not known explicitly. However, on substitut-
ing { =y + 4K’ in (19), it is possible to obtain a Fredholm type integral
equation for this function, namely,

0(y + iK’) ——f { y*)(dn(y* —y) + ken(y*—v))
(20)

%
+ 270(7' +iK) 55 [lsn y*I(ds(y* —) +cs(y* —7) )]}dY‘-
Thus, equations (20) and (19) may be regarded as successive steps in the
determination of the function f({). The first step, then, is the solution of

(20) for given 6(y). This solution may be obtained by the method of succes-
sive approximations. It can be shown that [3] these approximations will
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converge for all values of A/A in the range

4 %
gy ° :

h (k*(K?— E?)— (K — E)?)

where E is the complete elliptic integral of tfie second kind.

(21)

4. The flow direction on the aerofoil surface

Ignoring the aerofoil thickness and assuming Joukowski’s condition that
the rear stagnation point remains fixed in position at the trailing edge, the
direction of flow on the aerofoil surface is given by [4]

(22) 6(y) = —a + ndd(y)

where « is the angle of incidence of the aerofoil (measured from the negative
z-axis), 4 is a number initially unknown and due to the small movement of
the front stagnation point away from its mean position y = 0 and é(y) is
the delta function.

The value of 1 is fixed by the condition that the incidence of the aerofoil
has no effect on the flow direction at infinity upstream. It is assumed in § 2

that 6 = 0 at x = — 0. But, in the {-plane, the point z = — oo maps into
the point ¢ = ¢K’. Therefore,
(23) 6(:K') = 0.

Equation (23) fixes the value of 4 in terms of «.

5. The lift and moment coefficients

The lift coefficient, Cz, and the moment coefficient about the chord
midpoint, C,, are given by [10]

ahk K
(24) Com =" 20)smyay
e _2K
and
h\? (2K _
(25) Car = 8k (—) Q@) snylog| Y —Fn 4,
e/ J ok k

respectively. The value of 2(y) to be inserted in these expressions is the
right-hand side of (19) with { = y. This function, in turn, depends on the
value 6(y + 7K') obtained from equation (20).

The first approximation to 6(y + iK’), 6,(y + ¢K') say, is, from (20),

) 1 (2K
Uy + &) = o [ 002) (@l = 5) + kenly® — 1)
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Using equation (22) this becomes
irrs A
(26) bi(y +iK') = — o (dny + keny) — .
Substitution of (22) and (26) for 6(y) and 8(y -+ ¢K’) respectively in the

right-hand side of (20) gives the second approximation to 6(y + ¢K’),
0,(y + ¢K') say. This is,

. A
O2(y +1K') = — (; (dny+kcny)+oc)
4 (% (1

—_ — %
(27) 7).\ (dny*+Ekcny )+at)

0
P (lsny*I[ds(y* — ) +-cs (y*—y)])dy*.

Substitution of (22) and (27) for 6(y) and 6(y + ¢K’), respectively, in the
right-hand side of (20) gives the third approximation to 6(y + 7K’} and
SO on.

From equation (19), using (22) and {27), we have to second order in A/k,

A
20) = — @ y+es)
A (2K
+Elf_2x (dny* +kcny*)
2
P (lsny*|[dn (y* —p) +ken (y* —p)]) dp*
A\2 (2B K
+(:17z) f_mfzx(dny'—}—kcny’)

)
P (Isny|[ds (' —y*) +cs (' —y*)])d

(28)

P
57 (15?1 (dn (* =)+ hen (7* —y)])dy'dy*} :

Using the results obtained in the appendix together with the results that 2]

'

1—-%

K 1
J‘ Snydy:zlog

0

H

stnsd—l(1+k21 il k)'
o T =g (1R log g —k)

and
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K 1 K K
f sn“ydy:——(3(1—}-k2)f snsydy—Zf snydy),
2k? 0 °

0

we find, from (24) and (28), after some elementary integration

CLzﬁ{l—}- ! (é) (k-—(l—k2‘)log ¥ )

2k \h 1—k
(29) 1 [A\2 4 k'3(1 4 3k%) R
—_ (= sy
8k(h) (k 2k logl_k—{— 3 [logl__k] )}
Similarly, from (25) and (28), we have

_ 4BA [k o 14 \ \ %
Co = _(C) {log(l—-k)+§l—e(;)((l—k)log(1 #) log —

kl
+ 3% log (1—42) + 4k% log 1 —k)

(30)

1 (A\2 2k 1 __4R2
+s_kz(i) (ka[logl_k] [(3+k3)logk 4k]

b2 2 ’
1_k(7 k2 -+ 3k logk)}.

— 2k log ' log

Equation (23) gives, using (27) and the result in part (i) of the appendix,

4 3
31 20 = Al 14 {(1—k)2 —E\.
o) o« = 20+8) (14 2 (0 —Brtog 1 —#))
Elimination of 1 from equations (29), (30) and (31) gives the lift and mo-
ment coefficients experienced by an aerofoil at incidence « in a slotted wind-
tunnel.

6. The wind-tunnel corrections

For practical purposes it is convenient to eliminate % in favour of the ratio
¢/6h as this ratio is generally kept as small as possible. To do this we use
the following expansions applicable for small values of %;

k2 Rt
32 ,=-———-—_
(52) logh' = — = — =+ 0(k¥)
and
(33) 1 ’ —-k—}-k3 O(kS
Ogl—k— §+ (%®).

Moreover, for small values of k, we have [2]
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9] The lifting two-dimensional aerofoil between slotted walls 215

7 k2
K=2 (1+Z) +O(kY
and

E= -’25(1_?;) +O().

Therefore, from (21), the successive approximations solution will converge
for A/h < 4/nk.
Equations (31), (32) and (33) give, to second order in %2 and A4/,

o0 amsfieafued) (o ()

Also, from (29), (32) and (33) we find

4hkA kA REJAN?
#3) =55 30
and
) #{03) - 6))
oo =2 el g) -5
From (10) we have, to third order in c/8k,
1 -a )
(37) e=1% {1 48(,% .

Therefore, from (34), (35), (36) and (37) we have, in terms of c/dh,

o eum a0 D) vl e )

and
(39) Cp= 2ﬂ{1—41;};( ~ )+192(Z;) (2_4%_*_(%)2)}.

In an infinite stream % > oo so that (38) and (39) yield

ch___?ﬁ‘f
B
and
_ﬂtl
M, = 25»

the classical results for an infinite (free) stream. Therefore, from (38) and
(39)

https://doi.org/10.1017/51446788700027956 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027956

216 A. H. Low [10]

o EmreiG) oDl ko)

and
o ool (-3l (- )

respectively, These last two equations give the corrections to be applied
to slotted wind-tunnel measurements of the lift and moment coefficients
in order to predict free air conditions.

In particular, it is known that a value of A/h = 1.2 is required for zero
blockage in a slotted tunnel (see, for example, [1]). Substituting this value
of A/h in (40) and (41) we find

CL e 4 (ﬁ 2
Co. +1°(2ﬂh) 75 2ﬂh)

Cu L [ 7 17 (7 \?
Cu. 4o (5g5) — 4 (377) -

If we choose, for illustrative purposes, ¢/282 = 1/10 these last two equations
give for the lift and moment corrections

Cp =1.0262Cp_

and

and
Cy = 10176 Cyy_.

Appendix

In the determination of equations (29), (30) and (31) from equations
(24), (25), (27) and (28) we require, amongst others, the following integrals;

2K /]
I (v) =f (dnuw4+%cn u) — (lsn w|[dn(x —v) +kcn (u—v)])du
(@) i a
—f dnu—}—kcnu)a (Isn «|[dn(¥ —v) —dn(u+v)
+kcn(u—v) —ken(u+v)])du
That is, on integrating by parts and using the addition theorems for the
elliptic functions,

2K

I, = 2k%*sn f 3u(d
1 sn v . sndu{dnu+kcn u) Ty

dnudnv+kcnucny
au

As cn « is an odd function about # = K we find
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I, = 4k sn vjxsns u (dn v 4 % en v) — k2 sn2u(dn v +cn v) e
° 1— k% sn%wu sn?y

which, after some algebra, becomes

K d K

f sn3udu+cnvznv(cnv+dnv)f snudu

0 snév 0
cnvdnv{cnv+dn -u)J‘K sn % du }

sn?v

I = Ll {k”(dnv—l—cn )
snv

o 1—A%sn%u sn?y
Using the results [2]

kl
V1—2—VE—a?

J‘K sn % du 1

o 1—asntu  v/(1_o) (B—o?) IOg}

»

stnudu—— 1l ——k’ ;
. =% %1

and

J.K Budu = ! {(1—{—122 lo il k}
o T2 Vg 1% ~

we find that

cnyv+dnv ! cnyvdnv k'
=92-—— (1 2 —
4 kRsny {( +k)10gl-k k+2 sn?v logl—k
2 1 k' }
" sn?y g dnv—Ekcno|l’

A useful result may be obtained by letting v = y -+ ¢K’. This is,

2K
f (dnu—i—kcnu)i(]snu][cs(u—y)+ds(u—y)])du
Y u

’ ’

—k—2kdnycnylogi————]:c

}.

2
— 5 (@ny+keny) (1447 log

1%
kK sny

— 2k%sn?y log

cny—dny
@) [ snu(dn (W —u)+ken (0 —u))du
= i_'.j':‘ snu(cs (v—u)+ds (v—u))du
where v = ' 4- 4K’. Using equation (17) we write
f_:xx snu(cs(v—u)+ds(v—wu))du = snv f_zfx (cs(w—u)+ds(v—u))du

— f-fx {(cn v dn %+ cn  dn v)du.
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Thus, from (16),

2K v—u 2K
f snu(cs(v—u)+ds(v—u))du=—2(snv[logsn 2] +ncnv)

—2K —-2K
= 2ni(sn v —1 cn v).

Therefore, on substituting v = «’ 4 ¢K’ in this last result, we have

K dnle’ 5 , i _ 2(1—dnw)
f_msnu( n(uw —u)+ken (W —u))du = ~ow

4

2K
(iii) f sn #(dn(uw’ —u)+kcn(u’ —u)) log dnw—Fkenu du

-2K

?

— | du
dnu—kcnu

2K
= 1f sn #(cs(v—u) +ds(v —u)) log
—2K

= I,, say,

where v = %’ + {K', From (17), we have

2K ’
=1 - J— —|d
I, z(snv J _w(cnvdnu—{—cnudnv)log P — u)
where
K 1%
J= _M(cs (v—u)+ds (v—u)) log e —

Using (16) we may write

4

L v—u
J J_mau(]ogsn 2 ) o8 dnu—Fkcnu
. ’ 2K v—#
= —2n¢log — 2k sn 4 log sn du
1— e 2
on integrating by parts. That is,

aoJ K

—=—Fk sn w(cs(v —u) +ds(v—u))du

v -2k

= — 2nk(cnv + isnv)
on using the result in part (ii) above. Consequently,

dnv—%
J=2n (sin—l(k sn )+ log n—"-—cnl’-)

1—k
as, when v = 0, J has an odd function for its integrand and vanishes. But,

sin—lw = —ilog (iw+ V1 —w?),
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so that, we have

(1—k)(dn v 4-7& sn v)
dnv—kcnvw

J = —2nilog

Using the results [8] that

2K dnu—*%
f cn u log ——“—,i’f du = Elog (1—£2)
—2K k k
and
2K —k
dnulog |SRETRenu Lo
2K k
we, then, have
2n E(l—cnu) , , 4
I, = ksnu (10 dn«' —cn +enw'log K —log l—k)'
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