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Abstract

Extremal partitions of domains into configurations of certain topological form are studied. The extremal
value of the weighted sum of reduced moduli of circular domains and digons is obtained. These resuits
are applied to some problems about distortion under bounded conformal maps of the unit disk with two
preassigned values.
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1. Introduction

We start with the problem of extremal partition associated with certain quadratic
differentials in the unit disk. These differentials are allowed to have poles of second
order. The problem of finding the extremal value of a weighted sum of the reduced
moduli of simply connected domains of the partition is studied in Section 2. We also
are concerned with the reducedunoduli of digons. Then we apply these results to the
problems about distortion under bounded conformal maps of the unit disk with two
preassigned values. :

Denote by U(M) the disk {z : {z| < M} in the complex plane C, U(1) =: U. We
consider the class .# (w) of all univalent holomorphic maps f : U — U(M) (with
M > 1)normalized by conditions f (0) = Oand f () = w, where w € (0, 1). Among
complex analysts such a kind of normalization is known as the Montel normalization.
Denote by A (w) := A *(w). Krzyz, Zlotkiewicz and Libera contributed to the
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studies of these functions [4-7, 12]. In particular, Krzyz and Ziotkiewicz [7] have
found the Koebe set for the class .4 (w), that is ﬂf ewwy S (U). Krzyz [4-6] has
defined the set of values of f (z), for z fixed in U, by the variational method. This
study was continued by Reade and Zlotkiewicz [12]. The bounded Montel function
has been studied by Libera and Zlotkiewicz [10], and by the author and Pronin [14-17].
In {10] the sharp estimates of |f'(0)|, the upper bound of |f (z)|, and the non-sharp
boundary of the Koebe set was obtained. Then, we got the sharp form of the Koebe
set for this class [16], making use of the extremal length method.

We define two canonical functions that play the role of the Koebe function in the
class A M(w) .

K@) = Mk g (LE2 2k K@) = i (M (122 2k
l(z)_ 0 M+a)) O(Z) ’ Z(Z)'— .4 (M—a)) R(Z) )

where k, is the usual Koebe function k,(z) = z(1 + ze')2.
From [10] it follows that if f € .#™ (w), then

M2 (1 — w)? , M*(1 + w)?

T < O S e

M - w) M + w)

The equality sign is attained by the function K, for the right-hand inequality and by
the function K, for the left-hand inequality. It is not difficult to obtain the analogous
estimates for |f'(w)|:
M + w)(1 — < If ()] < M - o)1 +w)
M —w)(1+ )_ T (M4 o)l -w)’
with the same extremal functions. Thus, the range 91, of the system of functionals
(f"(0)], If "(w)}) lies within the rectangle defined by the inequalities (1) and (2). In
the class .# (w) this problem has been considered in [1]. Section 3, following the
preliminaries in Section 2, is devoted to description of the sharp boundary curve of
this range.

(H

()

2. Extremal partition by circular domains and digons

2.1. Let D be a hyperbolic simply connected domain and z, € D. Denote by
m(D, zp) the usual reduced modulus of the domain D with respect to the point z,.
The domain D with its fixed point z; is called a circular domain. If R(D, zy) is the
conformal radius of D with respect to z,, then m(D, 7o) = (1/2m)log R(D, zp) if
{20} < 00 and m(D, 00) = —(1/2m) log R(D, oo) otherwise. The reduced modulus
is changed under a conformal map f by the rule m(f (D), f (z0)) = m(D, zp) +
(1/2m) log |f "(z0)l when |f (20)] < 00. If f (2) = a_,/(z — 20) +as+a(z—20)+- - -,
then m(f (D), 00) = m(D, z5) — (1/2mr)logla_,|.
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2.2. We start with the problem of the extremal partition of the complex plane. Let
So = C\ {0, 1} be the punctured Riemann sphere. We consider on S, a pair (31, ¥2)
of curves, where y;, = {w : [w| = 1/¢} and y, = {w : |w| = €}. Here ¢ is sufficiently
small and such that 1 belongs to the doubly connected domain between y, and y; on C.
Let D be the set of all pairs (D, D,) consisting of circular domains of homotopy type
(1, v2). This means that the boundary 9 D; is freely homotopic to y; on S;. Then the
problem of extremal partition of S, reduces to the problem of finding the maximum
of the sum .

(3) alzm(Dl’oo)-‘—a%m(D%O)’

where (D, D'z) € D. Without loss of generality assume o, = 1, o, = a, a € [0, 00)
and denote by M (o) the maximum of the sum in (3). From [3, 8] it follows that there
is a unique pair (D}, D;) which is extremal for this problem. D} and D; are the
circular domains in the trajectory structure of the differential

(z — o)dz?

2z-1)"
Here A and ¢ are some functions with respect to . If @ = 1, then the lengths
of trajectories from D} and D are equal and ¢(1) = 1. In this case M(1) = 0,
Dl ={z:|z] > 1}and D} = U. If @ = 0 or @ — 00, then the domains D; and D}
respectively degenerate and in both cases M(0) = M(o0) = (1/2m)log4. In other
cases we have the following theorem.

Q)dz* = —-A > 0.

THEOREM 2.1. Let O < o < 00, @ # 1. Then

1. 41 —qa!
4 Dj,00) = > log ~—————+
® m(Dy, 00) 2 ¢ 1+ ajet!
. 1 4?1 — o V01
®) m(Dz. 0) = o log — g

Moreover, for the differential ()\(z)dzz, we calculate A = 1/4n? and ¢ = o*.

PROOF. We consider the conformal map u = u(z) whose inverse is

1 —cosu
+ 1
(l-—¢)—({1+4+c)cosu

(6) z=(c—1
Consequently, we obtain the representation of the differential ¢ in terms of the param-
eter u in regular points

Al D2c(1 + cos u)? )
(1 —-¢)— (1 +c)cosu)2cos?u

@) Q0(z)dz* = Q(w)du* =
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We study the trajectory structure of the above quadratic differential. The differential
Q) (u)du? has zeros of order 4 at the points 7 + 2k which are the images of ¢ under
the map u(z). Then, u(0) = 7 /2 + km and u(o0) = 6, = cos™!(1 — ¢)/(1 + c) are
the poles of the second order. The points u(1) = 2wk are regular for this differential.

Let us consider a fixed branch of the function u(z) which maps C \ [¢, 1] onto a
strip 0 < Reu < w. For @ < 1, the circular domain Df = u(Djy) is bounded by
a critical trajectory of Q,(u)du? that starts and ends at 7, so that /2 € D¥, and
0, € D3 (6, € (0, 7/2)). The circular domain D} = u(D}) is bounded by the same
trajectory and the straight lines Re u = 0, =. For o > 1, the boundary of the domain
DY is the critical trajectory of Q,(u)du? that starts and ends at 7, so that 8, € Dy,
0, € (7/2, ). The circular domain D) = u(Dj3) is bounded by the same trajectory
and the straight lines Reu = 0, 7.

Let & (u), j = 0, 1 be univalent conformal maps from domains Dy onto the unit
disk U such that £, (;r/2) = £,(6;) = O inthe case a < 1 or &,(m/2) = &£,(6;) = 0in
the case & > 1. These functions satisfy, in the domains Dy, the differential equations

®) 7 4z, (W) =2ny/-01(w)du, o =1, o, =a,
&i(u)
or in terms of the parameter z
dg; (u(2))\’
9 2 2—2 )} = —4n? dz>.
)] o (;j(u(z)) ) n°Q(z)dz

Taking a limit in (9) either as z — oo (if j = 1) oras z — 0 (if j = 2), we obtain
A =1/4n%and ¢ = o’

To calculate the reduced moduli we consider foremost the case « < 1. The part
[7/2 + 8, 7} of the orthogonal trajectory of the differential Q(u)du? for a sufficiently
small § has a preimage [, c] under the map u(z). From (6) we derive

l1-c¢
2c

The segment [/2 + &, 7] has an image [¢, 1] under the map ¢ = £,(u).
Let z = f2(5) = A\l + A2 + --- be a function from U onto D;. Then the
conformal radius of DJ can be calculated as R(Dj,0) = 1/|A,|. Using (7) we have

—— ii | tan(u/2) — tan(6,/2)
() —Qi0) = 3C27: du (tan(e, /2) log [i (tan(u/2) + tan(6, /2))]

+1]0 1 +sinu
2 gl—sinu ’

(10) 8= e + O(?).

where we choose after the logarithm (+) if (tan(u/2) — tan(6,/2))/(tan(u/2) +
tan(6,/2)) > 0 and (—) otherwise. Moreover, tan(6,/2) = /c = a. We fix a
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branch of the root in the left-hand side of (11) choosing (—) after the equality sign.
Integrating (8) along relevant segments (j = 2) we obtain

8=(tan(n/4+5/2)+a)‘/"<1—cosa)'”= 14+« '/"§+0(82)’
tan(mw/4 +4/2) — « 1 4+ cosé |l -« 2

and finally using (10) we have

A = 4c [(1—a\'®
"Til-c\U+a ’
As o < 1, the last equality is equivalent to (4) in the statement of the theorem.
Let us consider the case « > 1. For the segment [0, 7/2 — §] in a u-plane, there

is a preimage {¢,, 1] in a z-plane and, consequently, a preimage [, 1] in a Z-plane.
Integrating (8) along these segments we obtain

a—1\""8 )

a+1 2

and finally, since § = (¢ — 1)/2ce, + 0(812), we obtain

d4c [a+1\""
|A||= .
l—-c\a—-1

Since @ > 1, the last equality is equivalent to (4) in the statement of the theorem.

Now we prove (4). When a < 1 the segment [0, 8§, — §] in the domain D{ has a
preimage [1, 1/¢,] in a z-plane and, consequently, a preimage (e, 1] in a {-plane. Let
z=f1(¢) = B_;/{ + By + Bi{ + - -- be a function from U onto D}. From (6) one
can derive

1 -—
(12) § = o, + O(e2).
l+¢

Fixing the branch of the root imn12) with (4) after the equality sign and integrating
(8) along the chosen segments we have

l1+a\“14c¢
= 8+ 0(8?),
£ (1—0{) WG + 0(8%)

and finally using (12) we obtain

1 _ 4 (l—a i
IB_,| 1—a?\l4a/)

Since a < 1, the last equality is equivalent to (4) in the statement of the theorem.
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Fora > 1, the segment [0 + 48, ] in a u-plane has a preimage [1/¢,, ¢] in a z-plane,
and, consequently, a preimage [¢, 1]in a ¢-plane. Integrating (8) along these segments

we obtain
1 4 a—1\"
By a?=1\a+1/ "

This is equivalent to (4) in the statement of the theorem. This completes the proof. [

Similar calculation can also be found in [1].

Now we consider another modulus problem which is connected with the previous
one. Let So = C\ {0, ¢, 1} be a punctured Riemanmsphere, ¢ € (0, 1). We consider
a pair of curves (y;, y») on Sy, where y; = {w : |lw| = 1/¢} and y» = {w : |w| = &}.
Here ¢ is sufficiently small and such that ¢ and 1 belong to the doubly connected
domain between y, and y, on C. Let B be the set of all pairs (B, B,) consisting
of circular domains of homotopy type (¥, y2). Then the problem of the extremal
partition of S, reduces to the problem of finding the maximum of the sum

(13) a’m(B,, 00) + aim(B,, 0),

as (B, B;) € ‘B. Without loss of generality we assume again that o; = 1, o, = @,
a € [0,00). We denote by M(a, c¢) the maximum of the sum (13). For @ < ./c,
this problem is equivalent to the previous one and M (o, c) = M(a), @ < 1. For
a > 1/./c, this problem is also equivalent to the previous one with « > 1 and
M(a, c) = M(a)/ /<.

From [8] it follows that there is a unique pair (B}, B;) which is extremal for
this problem. B} and B; are the circular domains in the trajectory structure of the
differential ®(z) dz? = —A (z — b)*dz?/2*(z — 1)(z — o).

The following theorem is proved by analogy with the preceding one.

THEOREM 2.2, Let \/c < a < 1/+/c. Then

. 1A= o

(14) m(B , OO) = E]Og W’
_ (1/a)=1)
(15) (B2, 0) = —— log FU = VO

2T g a+ ﬁ)(l/a)+|
Moreover, for the differential ®(z)dz?, we calculate A = 1/4n? and b = a /.

23. LetU. = U\ {0, w}, w € (0, 1) be the punctured unit disk. We consider the
system of curves (y/, y5)on U, where yf = {z : [z —w| = e} and ] = {z : |z] = €}.
Here ¢ is sufficiently small and such that w+ ¢ < 1 and ¢ < w/2. Let D? be the set of
all pairs (D}, D;) consisting of simply connected domains of homotopy type (v}, v5).
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Then the problem of extremal partition of U, reduces to the problem of finding the
- maximum of the sum m(D%, 0) + o’m(D:, o) as (D3, D%) € ®*. This maximum is
denoted by M, (a, ). Under the transformation

w(l + 2)?

2@ =1= T

two extremal domains (D3*, D3*) in the problem for M,(a, w) are mapped onto
two extremal domains (B,", B,*) in the problem of finding M (¢, ¢), where ¢ =
(1 — w)*/(1 + w)?. Taking into account the change of reduced moduli under the
conformal map Z(z), we deduce that for (1 —w)/(1+w) <o < (1 +w)/(1 — w),

1 1
(16) m(D¥*,0) = — logw®, m(D¥, w) = — logw'*(1 — ).
2 2

Let U, = U(M)\ {0, w) be the punctured disk of radius M. We consider on U, the
system of curves (y)*, y,"), where ' = {w : |lw —w| =¢} and y* = {w : |w| = ¢}.
Here ¢ is sufficiently small. Let ©" be the set of all pairs (D}, D}’) consisting
of simply connected domains of homotopy type (v, ¥,°). Then the problem of
extremal partition of U, reduces to the problem of finding the maximum of the sum
m(DY, 0)+a*m(DY, w) as (DY, Dy) € D*. This maximum is denoted by M,, (¢, w).
Theorem 2.1 and Theorem 2.2 and suitable conformal maps imply that

—1—logM"“a)“, forM_w<a<M+w;
2 M+ow™ " M-w
e 1 Mo 401 —a)*! M-w
m(D}*,0) = Elog(M+w)2 1 Fo) i’ forOSa_<_M+w,
L og Mo Ha -1 fora > Mto
2 M —w)? (a+ 1)+’ M-’
1/a —
2—17r—10g;;|+a(M2—w2), forZ-FZSangZ;
1 oM + ) da?(1 — a) /! M-w
m(D¥*, w) = Elog ;/!-tw ) (1(+ a)l/)a+l , for0<ac=< Mto
1 oM — w) da?(a — 1)/ M+ow
—log , fora > .
21 M+ w (a + 1)V/etl M-w

Here (*) denotes extremality of a domain.

2.4. We are concerned with a notion which appeared rather recently in [2,9, 13]

and nowadays is used for extremal problems for conformal maps (see, for example,
[2,11,13,17]). It is called the reduced modulus of a digon. We define the reduced
moduli of digons following Emel’yanov [2], Kuz’mina [9], and Solynin [13].
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Let D be a hyperbolic simply connected domain from C with two finite fixed
boundary points a, b (maybe with the same support) on its boundary dD. We call
it a digon. Let S(a, €) be a connected component of D N {|z — a| < €}, such that
a € 3S5(a, €). We denote by D, the domain D \ {S(a, £,) U S(b, &,)} for sufficiently
small ¢;, j = 1,2. Let M(D,) be a modulus of the family of arcs in D, joining the
boundary arcs of S(a, £,) and S(b, &,) that lie in the circumferences |z — a| = ¢, and
|z — b] = &, (we choose a single arc in each circle so that both arcs can be connected
in D,). If the limit

m(D,a, b) = lim (

£)2—0

1 1
MDD + E log\el + E log 82) ,
exists, where ¢, = sup A, and ¢, = sup A, are the inner angles and A, and A, are the
Stolz angles inscribed in D at a or b respectively, then it is called the reduced modulus
of a digon D. The existence of the limit is the local characteristic [13, Theorem 1.2}
of the domain D. Suppose that there exists a conformal map f (z) from the domain
S(a, €,) C D onto a circular sector, so that there exists the angular limit f (a), which
is the vertex of this sector and with the angle ¢,. If the function f has the angular
finite non-zero derivative f'(a), we say that the domain D is conformal at the point
a. If the digon D is conformal at the points a, b, then the limit in the definition of
m(D, a, b) exists (see [13, Theorem 1.3]).

Suppose that there exists a conformal map f (z) of the digon D (which is conformal
at a, b) onto a digon D’, so that there exist the angular limits f (a), f (b) with the
inner angles ¥, and y, at the vertices f (a) and f (b) which are also thought of as
the supremum over all Stolz angles inscribed in D’ with the vertices w; = f (a) or
w, = f (b) respectively. If the function f has the angular finite non-zero derivatives
f'(a) and f'(b), then ¢, = Y., ¢» = Vs, and the reduced modulus exists and is
changed by the rule

m(f (D). £ @), 6) = m(D,a, ) + - Tog f (@) + - log |/ (B
If we suppose, moreover, that f has the expansion
f@Q=w+G@-a""(+az-a)+-)
about the point a, and the expansion
f@Q=w+@-t)""d+dz~a)+--)

about the point b, then the reduced modulus of D is changed by the rule

1 1
m(f (D), f (a), f (b)) = m(D, a, b) + I log || + ,'[ log |d, ],

a b
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where ¢, d; are some complex non-zero constants. Obviously, one can extend this
definition to the case of vertices with the infinite support.

Let us state now a problem about extremal partition of the disk U(M). Let 0, w
be punctures in U(M). We consider the family D of digons D in U with the vertices
0,0 € 8D. We suppose that the inner angles of D at these vertices are equal
to 2. The minimum minpep m(D, 0, w) is to be found. There is a unique digon
D} = UM)\ {(—M, 0] U [w, M)} that gives this minimum. Its reduced modulus is
calculated by means of a suitable conformal map of D* onto the digon C \ {0, c0) of
modulus zero with respect to its vertices 0, oo. Thus we have

. 1 M?@?
m(D ,O, Cl)) = é‘;log M—Z——a)_Z

3. Evaluation of the system of functionals (| f'(0){, | f'(w)]), f € #™(w)

In this section we study the mutual change of |f'(0)| and |f '(w)| over the class
f € AM(w). Denote by I'* the arc of y = max |f'(w)| as f € .#M(w) and
|f'(0)] = x, and by '~ the arc of y = min |f'(w)| as f € .#Y(w) and |[f'(0)| = x.
We determine here 91, by the moduli calculated in Section 2. Let us set the functions

82 =7 ue(-272]

—uz+27%’

_ 2
G(z,u):Mg-‘(M( l—uwto )g(z)).

and

M? — Muw + o?

THEOREM 3.1. The boundary curve I'™ of the range M, of the system of function-
als (If'(0)1, |f '(w)]) in the class MM (w) is given parameterically by (x (u), y(u)),
u € [-2, 2], where
M1 —uw+ o) _ (1=’ )YM? - Muw + o)

M - Muww+wt P T M- o) - uw+w?)
AN

x
as —2 < u < 2. The extremal function G(z, u) is unique for each u.

PROOF. Since
201 _ o2 201 _ 2 2 2
M1 — w) S|G'(0)|=M(1 uw+w)SM(1+a))
(M — w)? M? — Muw + o? (M + w)?

for u € [—2, 2], we choose for a function f € .#M(w) the unique

. M(1-x + w*(M? —x)
=M= MoM —x)

’
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so that x = |f'(0)| = G'(0). Let us consider the digon U; = U\ {(-1,0] U [w, 1)}
with two vertices 0, w. Its reduced modulus is given as

(1)2

m(U;,0, w) = —Iog .
1 —aw?

The digon f (U;) with the vertices at 0, w has the reduced modulus

w?
m(f(U) 0,w) = Llog

If (w)]x.
It is admissible in the problem of minimum of the rc\duced modulus over all digons
from the family . The extremal reduced modulus is

M*w?

1
m(D", O, Ll)) = E lOg m,

which is given by the digon obtained from U(M) \ {(-M, 0] U [w, M)}. Therefore,

If (@) = M1 — )
T (M? - w)x
The uniqueness of the extremal configuration G(U,) leads to the uniqueness of the
extremal map. )

We define now the curve I'*. For this we need the following technical lemma,
LEMMA 3.2, For (1 —w)/(1 + w) < a < (1 + w)/(1 — w), the function
x(a) = exp(2n(m(D}*, 0) — m(D;i*, 0)))
is continuous and strictly decreases in a
from M*(1 4+ w)? /(M 4+ w)? to M*(1 —w)*/(M — w)’.
Here the quantities of m(D}'*, 0) and m(D?*, 0) are defined in Section 2.4.

PROOF. For a € [(M —w)/(M+w), (M+w)/(M—w)}, the value of x (o) = M'~®
decreases in . Fora € [(1 —w)/(] + w), (M — w)/(M + w)], we have the deriva-
tive

x'(a) l -«
=log ——.
x(a) (I+o)w

This implies that x'(a) < 0. Thecase ¢ € [(M + w)/(M — w), (1 + 0)/(1 —w)]is
considered analogously. 0
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THEOREM 3.3.

(i) The upper boundary curve I'* of the range 9N, of the system
of functionals (|f '(0)|, |f ' (w)|) in the class MM (w) consists of points (x(a), y(a)),
ce[(l-w/(l+w), 1+w/(l—w)l where

@ M A etV 4 ) @21 - )
x(a) = Mt o)l d+a)p y(a) =

1 - M —w) (1+a)let’
Jora e[l -w)/(1+w), M —w)/(M+ w);

M2 _ wz
Ml+|/a(1 — wz)’
fora € (M — w)/(M + w), (M + w)/(M — w)];

x(@=M"" y@=

AM*w' (@ — 1)*! @ = 4"V (M ~ w) o (a — 1)1/e!
M=oy @+ TE T A DM ) @t
fora e (M +w)/M - o), (1+w)/(l—w)l

(ii) Each point (x(a), y(«)) of T'* is attained by the unique function F(z, «) satis-
fying the differential equation ¢(z) dz* = ¥ (w) dw?, where

x(o) =

, @=d@-d?
() dz" = 2 — o) —1/a) -,

such that |d| = 1 and d is one of conjugated solutions of the equation

|- w(l + dy?
Lo Ta
1 +o d(1 + w)?
, . (w=o)w—-M/c)
Yl = oy (W — M a)?

where ¢ = c(a) is the unique solution in (w, M) of the equation

i ) w(M + ¢)? f c l—w M—-—w

- —— or o , ;
c(M + w)? 140 M+4ow

¢ = c(a) is the unique solution\ in (—M, 0) of the equation

| , oM —c)?

s c M+ow 14w
= or a , ——
YT M=o M—o'l-w

2 (w - C)z(w - 1‘42/6)2 2
¥ (wydw” = w(w — W) (w — M?/w)? w

*

where ¢ = c(a) is such that |c| = M and c is one of the solutions of the equation

l—w_ w(M + ¢)? for a e M+w M+ow
4w c(M + w)? M—ow' M—ow]’
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The function F(z,a) maps the unit disk onto the disk U(M) minus a piecewise
analytic curve with two symmetric endpoints. The simply connected domain F (U, o)
has the reduced modulus x («) with respect to the origin.

PROOF. Let f € .#™(w) be a function with a fixed value of [f'(0)| = x. The
previous lemma asserts that there is a unique « such that x (o) = x. Let us consider
the functions f,(z) and f,(z) satisfying the equations

(dfl(z)>2 2 s (a'fz(w))2 ) 2
—— | =4rn'p()dz’, |———) =4’y (w)dw’,
f1(@ Sf2(w) .

where the differentials ¢(z) dz* and ¥ (w) dw? are defined in the statement of the
theorem and « is chosen. Theorem 2.1-Theorem 2.2, the transformation Z(z) and
a suitable map from the surface U, (see Section 2.3) yield that the superposition
£} o f1(z) maps conformally the domain D?* onto the domain D}"* and the form of
the differentials ¢ and  follows from that of the differentials Q and ¢. Continuing
this map analytically onto D3* we obtain the function F(z, «) that maps the unit disk
onto the domain which is admissible with respect to the differential ¥ (w)dw?. This
function satisfies the equality F'(0, ) = x () and meets all conditions of the theorem.
Since the pair (D}'*, Dy'*) is extremal in the family ©* we have the following chain
of inequalities

m(f (D?*), 0) + o’m(f (D5"), w)

2
= m(D**,0) + «*m(D*, w) + L log x () + X log |f ' (w)|
2 2T

<m(D}*,0) + o*m(D}*, )

1 2
= m(D%, 0) + &*m(D*, w) + — logx(@) + — log |F'(w, ).
2 2

Therefore, |f'(w)| < |F'(w, )] = y(a). The uniqueness of the extremal configura-
tion implies the uniqueness of the extremal function. a

REMARK. The range 90, of the system of functionals (|f'(0)|, |f'(w)|) is invariant
under the transformation

MX(1-o?) M- )

(x’y)"*(y M —o? M1 — o)

This can be seen changing ¢ — 1/« in Theorem 3.1 and Theorem 3.3.
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