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A NOTE ON THE RELATIVE TRACE FORMULA

JASON LEVY

ABSTRACT.  This paper deals with the relative trace formula in the case of base
change. Two truncations of the kernel are introduced, both based on the ideas of Arthur,
and their integrals are shown to be asymptotic to each other. We also consider products
of the kernel with automorphic forms, as these appear when comparing trace formulae

(see [5]).

0. Introduction. Let G be a reductive algebraic group defined over Q and let E
be a finite extension of Q. Given any algebraic group H defined over Q, write A for
the Weil restriction Resg/q H of H from E to Q, and H(A)! for the intersection of the
kernels in H(A) of the absolute values of all rational characters of H. In the Selberg-
Arthur trace formula for the group G one considers the regular representation R of G(A)
on L2(G(Q) \ G(A)! ), given by

(ROIP)X) = d(), x.y € GA)', ¢ € L*(G(@)\ GA)).

Given a function f € C?"(G(A)l) we can consider the operator

R() = JOIRY)dy.

GA)!

It is well known that the operator R(f) is an integral operator with kernel

K= 3 f67), xyeGA).
7€G(Q)
On can decompose this kernel in two ways: one, the “geometric side,” a sum over equiv-
alence classes o of conjugacy classes in G(Q), the other, the “spectral side,” a sum over
equivalence classes of equivalence classes x of cuspidal representations of Levi compo-
nents of parabolic subgroups of G. This gives an equality

0.1) > Koey) = 3 Ky(x,y),  xy € GA).
0€D X€EX

For the Selberg-Arthur trace formula, one considers only the case x = y. This gives an
equality of two functions on G(A)' that are left G(Q)-invariant. One then truncates both
sides of this equality, integrates over G(Q) \ G(A)', and then (see [1], [2], and many
more) adjusts the resulting equality into a more useful form.
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For the relative trace formula, one treats (0.1) as an equality of two functions on
GA)! x G(A)! C G(A)! x G(A)", truncates these functions, and integrates the result-
ing equality over (G(Q) \ G(/’\)l)z. This idea was first carried out in [4] for the group
GL,, quadratic extensions E of Q, and functions f satisfying certain local conditions.
The paper [5] extended this to a larger class of functions, and considered the integral
of the product of the truncated kernel and an automorphic form. The presence of this
automorphic form was necessitated by the fundamental lemma proven in [5].

In this paper we will present an integrated equality using the truncations of Arthur,
for arbitrary groups. We will also begin an investigation of the integral of the truncation
of the geometric side. The equivalence classes 0 C G(Q) will be different from those
considered in the Selberg-Arthur trace formula because we need the function

Ko(x,y) = 7Zejf(x“”iy), x,y € GA)'
0
to be left G(Q)-invariant in both variables. The spectral kernels K, that appear in [1] are
already bi-left G(Q)-invariant, and so do not need to be changed.

We note that although all statements in this paper treat an extension E/Q, they are
also true, and can be proved in exactly the same way, for arbitrary finite extensions E / F
of number fields.

I would like to thank Robert Kottwitz for helpful discussions and James Arthur for
suggesting that I examine the relative trace formula.

1. Preliminaries. Let G be areductive group defined over Q. Fix, for the remainder
of this paper, a minimal parabolic subgroup Py of G and a Levi component M, of Py, both
defined over Q. When we refer to a parabolic subgroup we mean a standard parabolic
subgroup. Given a parabolic subgroup P, write Mp for its Levi component containing
My, Np for its unipotent radical, and Ap for the split component of the centre of Mp. We
write Ap(R)° for the connected component of the identity in Ap(R). Choose a maximal
compact subgroup K of G(A) satisfying the properties on p. 917 of [1]. For P a parabolic
subgroup of G, write ® for the roots of (Mp, 4) and AP C A for the simple roots.

Given an algebraic group H de~ﬁned over Q, we d?ﬁned H to be the group Res; /o H,
also defined over Q. Recall that H(Q) = H(E) and H(E) is a product of [E : Q] copies
of H(E). There is a natural inclusion H C H of algebraic groups that on Q-points in the
inclusion H(Q) C H(E) and on E-points is given by the diagonal map. This lets us treat
H as an algebraic subgroup of A. The group P, is a minimal parabolic subgroup of G.
Furthermore, given a parabolic subgroup P of G, the group P is a (standard) parabolic
subgroup of G with Levi component Mp and unipotent radical N, as expected. The com-
ponent of the centre of Mp that is split over Q is Ap C Ap, and the corresponding root
system equals that of (Mp, Ap).

When P; occurs as a subscript or superscript of a symbol other than 7, we may write
i for the subscript instead of P;. When i = 0 a subscript of P; may be left out altogether.
The absence of an expected subscript of a parabolic subgroup indicates that the subscript
is actually Py.
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Let X(My)q denote the group of characters of M, defined over Q, and define the real
vector spaces

a = Hom(X(Mo)o,R), & = Hom(X(#o)q, R).

Recall that X(M))q is canonically isomorphic to X(4p)q, so that a is canonically iso-
morphic to HOm(X(A())Q, R). This gives a canonical isomorphism between a and d that
commutes with evaluation at roots, because roots are defined as characters on 4. We
will identify a and a under this isomorphism, its dimension is that of 4y. As usual there
are continuous homomorphisms H: G(A) — a, A: G(A) — @, such that

M) = X(m),  m € My(A), A € X(Mo)a
M) = \m), m € Mo(A), A € X(Mo)o.

Then for x in G(A)!, and « in A,
a(A(x)) = [E : Q)o(H(x)).

Therefore, with our identification of a and 4, the restriction of A to the set G(A) C G(A)
equals [E : Q]H.

We will adopt the notation of Arthur; in particular 7 = 7 is the characteristic function
of the thin Weyl chamber a™, 7 is the characteristic function of the thick Weyl chamber.
We pick a fixed point 77 € —a* and a fixed compact set w C Nop(A)My(A)! so the the
Siegel set

8°(T1,w) = {pak : p € w,a € 4R’ NG(A)', k € K, a(H(a)—T}) > 0 for all o € A"}

is a fundamental set for P(Q) \ G(A)' for each parabolic subgroup P of G. Given a
parabolic subgroup P of G, the truncated Siegel set 8°(T; T, w) is given by

8"(T; T,w) = {pak € 8"(T1,w) : w(H(a) — T) < 0 forall w € A"},

and the function FP(-,T) is the characteristic function of the the compact subset of
Mp(Q)Np(A)Ap(R)? \ G(A) obtained as the projection to Mp(Q)Np(A)4p(R)? \ G(A) of
P(Q)8"(T; T1,w). Given parabolic subgroups P; C P,, the function o012 on aj is the
characteristic function of the set of X € a; such that

(1) a(X) >0 forall « € A2,

(2) a(X) <Oforall « € A \ A%, and

(3) w(X) > 0 for all w € Ay; it is also given as an alternating sum over parabolic

subgroups on p. 938 of [1].

Lemma 6.4 of [Al], a restatement of reduction theory, implies that for g € G(Q),
the value of F(g, T), with respect to the Siegel domain 3°(T; T}, w) corresponding to
the point 7), equals the value of FP (g,[E:Q]T), with repsect to a Siegel domain
8P(T; Ty, ©) C G(A)! corresponding to the point [E : Q]T;, where &NNy(A)Mo(A)' = w.
This means that the truncation we use in the next section can be seen as a truncation with
respect to either the group G or the group G.
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We define equivalence classes of orbits in G(Q) under left and right multiplication
by G(Q) as in [6]: Two elements x,x’ of G(Q) are equivalent if their semisimple parts s,
s’ satisfy s’ € G(Q)sG(Q). Notice that if P = MN is a parabolic subgroup and o is an
equivalence class in G(Q), then

P@)N o = (Mp(Q) N 0)Np(Q).

Write £ for the collection of equivalence classes in G(Q).

2. Truncation of the kernel. We preserve the earlier notation. Let f be a function
in C°(G(A)"). The integral over (x,5) € (G(@) \ GA)')’ of
Kexy)= 3 f&")

Y€G(Q)

will not converge in general because K(x, y), although continuous, is not bounded. The
easiest truncation we can apply to K(x, y) is multiplication by the characteristic function
of a compact set. For points T, T" € a™, let

¢F" (x,9) = K, )FO(x, TYFO(y, ),

with FC the compactly-supported function mentioned in the previous section. Recall that
we have two expansions of the kernel K(x,y), one as a sum over equivalence classes
0ED,

K(x,}’) = ZKO(x’y)’ Ko(X,Y) = Zf(xﬁl’)ly)a

o€o €O

the other a sum over equivalence classes of representations,

K(x,y)= 3 Kx(x,y)
x€X

given in [1] (the set X corresponds to G). These lead to two expansions of ¢fT’T’.
Now let 8 be a slowly increasing function on G(Q) \ G(A)!, so that 4 is left G(Q)-
invariant and there are positive constants c, 7 > 0 such that

60| < cllyll”

with || - || 2 norm on G(A) defined as on p. 918 of [1]. We clearly have two expansions

of ¢7"7 (x, 1)0().
We must prove the absolute convergence of the integrals of these expansions of

¢}’Tl(x, y)0Q) over (G(@) \ GA)! )2. Let us deal with the geometric side first. It is well-
known that there is a continuous seminorm || - ||o on C2°(G(A)') such that for f €
C2(G(A)') andx,y € G(A)',

> e wl < Illollxll*,

YeG(Q)
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so since the norm || - || is bounded on the truncated Siegel set 3(T; T}, w),

67T (x,)|00) dx &
3 Joancnpel 2 @00 dsdy

> e WIFS e, TYFO(, DOG) dx dy

~ JG@\ew' , 50

converges.

Convergence for the spectral side is equally simple. Corollary 4.6 of [1] implies that
there exists a continuous seminorm || - || on C‘c"’(G(P\)l) and a positive integer N such
that for x,y € G(A)! and f € C°(G(A)'),

> 1K @) < A=Y
x€X

This clearly implies that

,T’
x%;/ Q\GA)! )2 ¢r; O 0)|0() dx dy

B Z/ G@\GA)'? |Kx e, )| FE x, TR, THO) dx dy

xex’(
converges.
For equivalence classes o and x, write
LT (f) = T,T
50 (G(Q)\G(A))? ¢ ,0 (x,y)0(y) dx dy
Ji’ﬂ(f) = ¢fT,,)Z"'(x,y)0(y)dx dy

(G\GA)')?
The following is therefore true.

LEMMA 2.1. Letf € C‘C’°(G(/\)). Then for each T,T' € a*,

50 = £ AT

0€D xX€EX

Having produced these distributions J7 T J)f T s0 directly, we must put a lot of effort
into determining their behaviour with respect to 7, 7" sufficiently regular in a*. For the
remainder of this paper, we consider only the “geometric” distributions J7', o € ©.

One aspect of the behaviour of the distribution J7: T as T, T vary is easy to prove. It
follows from the following lemma.

LEMMA 2.2. Let G be a reductive group defined over Q. Suppose that f is a bounded
function on G(A)! of compact support. Then
(i) There exists a compact set C C G(A)! such that

> [y =0

Y€G(Q)
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ifx,y € G(Q) \ G(A) with x not in the set yC.
(ii) The function
e D 50 fava)
7€G(Q)
is bounded on G(A)' x {a € AR’ N G(A)' : T(H(a) — Th) = 1}.

PROOF. (i) is clear because f has compact support. (ii) follows from (i) and
Lemma 3.2 of [2]. [

We will apply this lemma on the group G. Suppose that K, (x, y) is nonzero for some
x,y in G(Q) \ G(A)! and some o € . Then by the above lemma, there exists a compact
set C C G(A)! such that x € yC. This implies that there is a point T; € a such that for
every T € a*and ' € T+ Ty +a*, FO(y, T) = 1 implies that FS(x, T") = 1. Therefore
we have the following.

LEMMA 2.3. Letf € C?(G(A)‘ ) o € . Then there exists a point Ty such that for
T'eT+T;+a*,

Ko, )FO(x, TYFO(y, T) = Ko(x, ))FC (3, T).
In particular, JOT (f) is independent of T' € T + Ty +a®.

Let us call this number J(f). It is the integral over (G(Q) \ G(A)! )2 of the product of
the function ¢f,, defined by
o) = LS WFCR, D), xy € G@Q)\ GA)
)
and the function 6.

3. The geometric side. Letf € C‘C’°(G(A)1) and let o be an equivalence class in
G(Q) as described in Section 1. In this section we show that J7(f) approximates another
function whose behaviour is more explicit.

It is easy to see that if E = Q then the integral over (G(Q) \ G(/‘\)‘)2 of K(x,)0(»)
converges, and equals

fcm)'f (x) dx G(Q)\G(A)! 60) dy.

In this case there is only one double class, so © = {G(Q)}. The numberJ(T;(Q) approaches
the above expressionas T becomes increasingly regular. This case is not very interesting,
so we will assume in the future that [E : Q] > 2.

Define k7, a function on (G(Q) \ G(A)!)’ by

kp(ny) = 3 (- 1imde/a
PCG 55'€P(Q)\G(Q)

7 \—1 .
Leon%,,(o) /I;IP(A)f ((5 x) ’Yn(ﬁy)) dn:lTp( H(oy) — T).

This is essentially the truncated kernel used in [6] and is based on the truncation in [1].
For T € a*, write d(T) = minaeA(oz(T)). This function measures the distance from T
to the walls of the Weyl chamber. The following is the main result of this paper.
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THEOREM 3.1. Suppose that [E : Q] > 2. Let ¢,k > 0. There exists a continuous
seminorm || - || on C° (G(A)‘) such that for all sufficiently regular T € a* with d(T) >
e||T||, the expression

T T
G.1) 2 Jancmy K569 — a0 dr dy

is bounded by ||f||e T\ In particular, the integral of kI converges absolutely.

PROOF. In the following, a fixed constant is one independent of both T and f. A fixed
compact set will be independent of T, and its dependence on f will be clear from context.

As on pp. 942-943 of [1], the expression (3.1) equals the sum over equivalence classes
0 of the integral over (G(@) \ G(A)')” of

| ¥ ey Dea(HE) - T)
PSP, 6€P1(Q)\G(Q)

( Y (a3 ) F(@%) " n(sy)) dn)|.

{P:PiCPCPy) 5 €P@N\G(@) vertp@yo * VPN

We can therefore clearly bound (3.1) by the sum over equivalence classes and over
parabolic subgroups P P, of the integral over (x,y) € G(Q) \ G(A)! x P1(Q) \ G(A)!

of the product of

(3.2) F\(y, No12(HY) — T)6()

and

3.3) l I OGN SIRD DR N (O u ) dn|.
{P:P\CPCP,} SEP(Q\G(Q) Y EMp(Q)No

Notice that to bound this integral, it would not be sufficient simply to show that x belongs
to the product of the projection of y to G(Q) \ G(A)! and a fixed compact set.

We now fix representatives for both x and §. For each parabolic subgroup P D P
pick a set S of representatives in P1(Q) \ G(A)' of P(Q) \ G(A)' contained in P(Q) \
P1(Q)3°(T},w). Given x € SY, write (P \ G), for the set of § € P;(Q) \ G(Q) such that 6x
is in S”; (P \ G) is a set of representatives in P;(Q) \ G(Q) of P(Q) \ G(Q) that depends
onx.

We therefore replace the integral over x in G(Q) \ G(A)! with the integral over S¢ C
G(A)! and replace the sum of § in (3.3) with the sum over (P \ G),, so that x lies in
SP. Assume that (3.2) is nonzero. Choose a representative of 6x in 8°(T,w) and of y in
8!(T,w). These representatives can be decomposedas njn” m'bk’ and npn” mak, respec-
tively, with np, n}, € Np(A), n¥,n"’ € NP(A), m,m’ € M(A)" all in fixed compact subsets
of their respective domains, with a,b € AR)° N G(A)!, k,k’ € K and

(.4 m(H@)—Ty) =" (H®)— Th) = 1.
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As on p. 944 of [1] we can show that
(3.5 a(H@)—T) >0 foralla € A\ A' D A"\ A,

and so a~'n’ma, b='n"'m'b lie in fixed compact sets in N°(A)M(A). Now, since 7 is
in MP(Q) and the contributions of both np and N can be absorbed in the integral over
Np(A), we have

S ((6x)‘1’)’ny) dn = /

v (A)f (¥ o P m' by b Yna(a ma)k) dn.
P!

Np(A)

For this to be nonzero, we must have that 5~1YNp(A)a intersects a fixed compact set
in G(A) (depending on the support of f) and hence b~'a lies in a fixed compact set in
Mp(A)'. This will imply conditions on both v and b.

Let Y = 7¥,wsY,Y» be the Bruhat decomposition of 7y, with ¥,,7,, in N(A), w; the
representative in Mp(Q) of an element s of the Weyl group of (Mp, 4) and Y, is in My(Q).
The element s is uniquely determined by Y. We know that

bya = b~V wyY,Vaa
= (b_l’yﬁ,b)ws(’ya(w,bws‘l)“a)(a_l’Y,,a)

is the Bruhat decomposition of 5~!va € P(A), and so the element Y,(w;bw; ') ~'a must
be contained in a fixed compact set. Notice that

H(Vo(wbw; ") 'a) = H(a) — sH(b) = [E : Q)(H(a) — sH()).

Now if ¥ € Mp(Q) did not lie in P;(Q) then by Lemmas 10.2.B and 10.2.C of [3], there
would exist a positive root a € ®° \ ®! such that —sa is a positive root 8 in ®°. Then
a(H(a) — sH(b)) = a(H(a)) — sa(H(b))

= ofH(a)) + B(H®"))

> a(H(@)) +B(T1)
has a fixed upper bound. This would imply that a(H(a)) has a fixed upper bound, con-
tradicting (3.5). Therefore Y must lie in P;(Q), and by Lemma 10.2.B of [3], s permutes

the positive roots in ®? \ ®!. Since H(a) — sH(b) lies in a fixed compact set, there are
fixed positive numbers c,, @ € A? \ A so that

a(H(b)) > s‘la(H(a)) — Ca-

Write % for the representative in 8°(T},w) C G(A)' that we have chosen for §x. Then for
eacha € A%\ A,

a( HE) — T2) = a(H(b)) — o(Ty) > s~ a( H(a)) — ca — o(T2)
> s 'o(T) — a(T3) — ca >0,
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where T, is a fixed sufficiently regular point in a* and T is chosen to be sufficiently
regular.

We have shown that our representative ¥ € 3°(7},w) of 6x actually lies in 3%(T},w)
and that for each a € A? \ A, o(HF) — T3) > 0, with T, a fixed sufficiently regular
point in a*. Because G(A)! = P,(A)3%(T},w), some left multiple of éx by an element of
P1(Q) \ P»(Q) lies in $?> C S'; by reduction theory this element is the trivial class P;(Q),
and so 6x lies in 2. Therefore only § in (P2 \ G), give a nontrivial contribution to (3.3).

Therefore, if (3.2) is nonzero, the integral over x in G(Q) \ G(A)! of (3.3) equals the
integral over x in SC of

I (1 )dim(AP/ 2 3
5€(P2\G)x {P:P1CPCP;} YEP(QNMp(Q) o

f ((5x)_"7ny) dn'

Np(A)
< X 2 > (—1)dmr/2) > | f ((6x)_1’71/ny) dnl
5€(P2\G)x YeM Q)0 {P:P1CPCP,} veN?(Q) Np(A)
=2X (~1)im4e/D 5 [ f((E) T re@y) v, Q)
6 1{PP1CPCP2} cenP(o)/ 1(A) ( dX‘

=22

6

>

CGﬁZ(Q)' fij(A)

< DET [, 0 (@ reC0p) 0t 0 ),

£ (@) eCy)pex, O ax|

where fi is the Lie algebra of N, e is the exponential map on fi, (-, -) is an inner product
on i as in [1], p. 945, and 7i3(Q)’ is the set of ¢ € fi3(Q) not in any i£(Q) for a parabolic
subgroup P with P; C P& P;. The first equality follows from Poisson summation and the
second follows from the binomial theorem (Proposition 1.1 of [1]). It follows, absorbing
the sum over § in the integral over x, that (3.1) is bounded by the sum over parabolic
subgroups Py & P; of the integral over (x,y) € $* x P1(Q) \ G(A)' of (3.2) times

(3.6) T [ b G e, dx].

TEM (Q) CER(QY

Now change variables, replacing y with a representative in 3!(7},w). It can be written
in the form nyn’mak, with ny,n?, and m in fixed compact subsets of N»(A), N*(A), and
M(A)!, respectively, k € K, and a € A(R)° N G(A)'. If we assume that (3.2) is nonzero,
then a satisfies

a(H@)—Ti) >0 foralla € A,
3.7 w(H@)—T) <0 forallweA',
o12(H(@)—T) = 1.

This change of variables introduces a Jacobian of e 2”@ _Notice that because of stan-
dard properties of || - ||,

60)| < cllyll” < elman’ml|llally” < c'llall” < 'e*
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for some positive constant ¢’ and some weight ) (the highest weight of the representation
leading to || - ||). We have bounded (3.2) by a function depending only on a.
Notice that n, can be absorbed into X without changing (X, ¢) for € 7i3(Q). We can
rewrite
x e(X)n2amk = x‘l’Yae(Ad(a'l)X)(a"1n2ma)k,

and (3.7) implies that a—'n’mack lies in a fixed compact set C C G(A)!. Therefore the
integral overy € P1(Q)\ G(A)' of the product of (3.2) and (3.6) is bounded by a constant
multiple of the integral over a € A(R)° N G(A)! satisfying (3.7) of the sum over Y and ¢
of

o (¥ ae(Ad@ )y it O dxfe
= HEUn(H@) sup| /n ® S(x"vaeXy)v(X, Ad(ax) d)(’e’ AH@)

yeC

yeC

Next we change variables for x. Choose a representative for x € S C Py(Q) \ G(A)!
of the form n2n1 m'bk’, with n), and nl in fixed compact subsets of N»(A) and N3(A),
respectively, m’ in some predetermined set of representatives for M;(Q) \ M;(A)!, b; €
A1(R’NG(A)', and k € K. This introduces a Jacobian of e~ 21(H(b1) — ¢=20H(?1)) Now,
n}, can be absorbed into the integral over X, and we can rewrite

(' m'bik) yae(X)y = K (b7 'n3 by) (b7 ar )’ v Ye(Xy,

where a = a;a' with a; € 4,(R)°NG(A)!, a' € A'(R)° N G(A)'. Notice that &’ and y lie
in fixed compact sets, and b7 'n?'b; lies in N2(A), by 'a; lies in 4;(R)° NG(A)!, m'™'va'
lies in M;(A), and e(X) lies in Nj(A). Since f is compactly supported, its value at the
above expression is zero unless b; 'a; is in a fixed compact set. By (3.7), this implies
that for each a € A2, a(H(bl)) > 0, so that #'(b; 'n2'b;)~! remains in a fixed compact
set C'.

Because f is compactly supported and C,C’' are compact, there exist non-negative
functions fi,/, and f; with fi € CP(4(R)° N GA)'), o € CX(M(A)'), and f; a
Schwartz function on fi3(A), such that

10 i)t 0 ax|

i (A)
y’eC’

<A@AEHEQ), & € AR NGA), g € M(A), ¢ € AA).
(These functions can be chosen to vary continuously with f.) Then (3.1) is bounded by

a fixed constant multiple of the sum over P; &P, of the integral over a € A(R)° N G(A)!
satisfying (3.7) of the product of the three terms

AH(a)) L2([E:Q]-1)p1 (H(a)) —2p(H(b1)) £, (p,~1
(3.8) N H@) o pncn © fi(b7'ar) by,
—2p' (H(a)) =1, 1 ’
(3.9) e > fo(m' ™ va')dm,
M@\MIAY ) )
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and

(3.10) > fA(Ad@x).

G HO
The expression (3.8) equals

A 2AE:Q)-2)p1)(H(a))

times the integral over 4;(R)° N G(A)! of e2##®)f,(b,), a continuous seminorm of f.
By Lemma 2.2 and the finiteness of the volume of M;(Q) \ M;(A)!, the expression (3.9)
converges and is another continuous seminorm of f.

We will bound (3.10) and conclude our estimates as on p. 1248 of [2]. Let N(f3) be the
smallest positive integer such that the support of f; in i3(Q) is contained in i (N(f3 )~! Z).
Because of (3.7), if n is an arbitrarily large number, then for T sufficiently regular (3.10)
is bounded by

> [l Ad@] ™.
CeRI N D)
As on p. 1248 of [2] we find that for n sufficiently large this is bounded by a constant
multiple of
N@Y' T e ot

acA?

with each k, non-negative, and for a € A? \ Al, k, is a fixed quotient of n. Choose n so
large that

rA+2(E: Q1 —2)p1 +(2k/e) Y B— Y kacr,
BeA? a€eA?
when written as a linear combination of simple roots, has all coefficients corresponding
to € A? \ A! negative, where k and ¢ are the fixed positive numbers in the statement
of the theorem.
Write H(a) as
(Z tgw\‘!"'H*) — (Z r55v) +T,
Ben? seA)

with H* in a,. Because of (3.7), we know that the numbers 3 and 75 are nonnegative, and
H* belongs to a compact subset of —a3 whose volume can be bounded by a polynomial
TIgeaz P(13) in the numbers 75. Then an elementary calculation shows that

TAT2EQI-2)p)(H(a)) H e faalH(a) <c H e—(Zk/ e)tg+B(T))
a€EA? BeA?

for some fixed constant ¢ depending only on 7. The integral over all a satisfying (3.7)
of this is the product of the volume of

ey |eed® now o«(H@~Ti)>0 forallx € A' }

w(H(@)—T) <0 forallw € Al

https://doi.org/10.4153/CMB-1995-066-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-066-x

ON THE RELATIVE TRACE FORMULA 461

and

I (e—(Zk/E)ﬂ(T) /0"" p(,ﬂ)e—(zk/e)tp) < (lemCHOAT) < Jo=2HIT]
Bea?

where ¢’ is some fixed fixed constant and the second inequality follows from our restric-
tions on T. The volume of the set (3.11) is bounded by a polynomial in || T}|, so that the
integral of the product of (3.2) times (3.6) is bounded by the product of three continu-
ous seminorms of f with a constant multiple of e ~*I7!l. Then we have proven our results,
with ||f]| the sum over P &P, of this constant multiple of the product of these three
seminorms. (]

REFERENCES

1. J. Arthur, 4 trace formula for reductive groups I: terms associated to classes in G(Q), Duke Math J.
45(1978), 911-952.

2. A measure on the unipotent variety, Canad. J. Math 37(1985), 1237-1274.

3. J. E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in Math. 9,
Springer-Verlag 1972.

4. H. Jacquet and K. F. Lai, 4 Relative Trace Formula, Compositio Math. 54(1985), 243-301.

5. Hervé Jacquet, King F. Lai, and Stephen Rallis, 4 trace formula for symmetric spaces, Duke Math J. 2,
305372

6.K.F. Lai, On Arthur s Class Expansion of the Relative Trace Formula, Duke Math J. (1) 64(1991), 111-117.

School of Mathematics

University of Chicago

Chicago, lllinois 60637

US.A.

e-mail: jason@math.uchicago.edu

Current address:

School of Mathematics
Institute for Advanced Study
Olden Lane

Princeton, New Jersey 08540
USA.

https://doi.org/10.4153/CMB-1995-066-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-066-x

