
A CLASS OF PERMUTATION GROUPS 
OF PRIME DEGREE 

K. D. F R Y E R 

1. Introduction. In (1), using the theory of group representations, Brauer 
studied groups © of finite order g containing elements A of prime period p 
which commute only with their own powers A\ If $ is a ^-Sylow subgroup of 
@, the normalizer 91 = 51 ($) of $ can be generated by A and another element 
B such that 

1.1 A* = 1, Ba = 1, B~lAB = Ayt, 

where 7 is a primitive root (mod p), and / and q are positive integers such 
that 
1.2 tq = p - 1. 

For A, B satisfying 1.1, the group {A,B} is of order pq. Carmichael (3) 
points out that if t = 1, the group {A, B\ is the so-called metacyclic group 
of order p{p — 1), simply isomorphic with a doubly transitive group of degree 
p. Such a group contains a dihedral subgroup and is complete. 

The permutations 
A = (0 1 . . . 6), B = (12 4)(3 6 5) 

in GF(7) satisfy 1.1 with p = 7, g = 3, t = 2, 7 = 3, and generate a group of 
order 21. If now a third permutation d = (2 4) (5 6) is added, the group 
{A,B, Ci} generated is the linear fractional group LF(2,7) of order 168. 
If, instead of Ci, we add C2 = (2 4) (3 5), the group {A, B, C2} is the alternat
ing group 2I7, while for C3 = (1 6)(2 3)(4 5), {A,B, C3} is the symmetric 
group ©7. 

The elements Ci, C2, C3 stand in the same relation to B as does B to A; that 
is, they satisfy the relations 

1.3 Bq = 1, C = 1, ( T ^ C = £ 5 ' . 

where ô is a primitive root (mod q), and where 5 and r are positive integers 
such that 
1.4 sr = q — 1. 

For these elements, g = 3, r = 2, s = 1,5 = 2. 
The permutations 

4 = (0 1 2 . . . 10), B = (1 4 5 9 3)(2 8 10 7 6) 

in a F ( l l ) satisfy 1.1 with p = 11, q = 5, / = 2, 7 = 2. 
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The additional permutations 

d = (2 8)(6 10)(3 4)(5 9), C2 = (2 7)(8 10)(3 4)(5 9), 
C3 = (1 10)(2 5)(3 7) (4 8) (6 9), C4 = (2 10 8 6) (3 9 4 5) 

yield respectively the following groups {A.B, C}\ 

LF{2, 11), Sin, © H , 2Kn. 

The permutations d satisfy relations 1.3. For Ci, C2, Cz, we have q = 5, 
r = 2, 5 = 2, 5 = 2; for C4, g = 5, r = 4, Ô = 2, 5 = 1. 

Finally, for p = 23, q — 11, / = 2, 7 = 5, the permutations 

il = (0 1 2 . . .22), 
£ = (1 2 4 8 16 9 18 13 3 6 12)(5 10 20 17 11 22 21 19 15 7 14) 

in GF (23) satisfy 1.1, and the additional permutations 

Ci = (2 16 9 6 8) (4 3 12 13 18) (7 17 10 11 22) (14 19 21 20 15), 
C2 = (2 12) (4 6)(8 3) (16 13) (9 18) (7 19) (14 21) (5 22) (10 11) (17 20), 
C3 = (1 22) (2 11) (3 15) (4 17) (5 9) (6 19) (7 13) (8 20) (10 16) (12 21) (14 18) 

yield1 in turn 9#23, H23, ©23. For G, q = 11, r = 5, 5 = 2, ô = 2; for C2 and C3, 
q = H , r = 2, s = 5, <5 = 2. 

We have thus been led to a study of groups Q = {A, B, C) whose generators 
satisfy the following abstract relations: 

1.5 A* = B« = Cr = 1, B~lAB = 4 ' , C - ^ C = B\ 

where p and q are primes, p = 2q + 1, r is an arbitrary divisor of g — 1, 
q = sr + 1, j belongs to g modulo p, and / belongs to r modulo q. 

We prove the following 

THEOREM. The groups {A, B, C} described above fall into two classes: groups 
consisting entirely of even permutations {case I), and groups of even and odd 
permutations (case II). The groups in case II are the symmetric groups @p. 
The groups in case I with r even and /3 = q are the alternating groups 2lp. 
(The explanation of the symbol (3 is given in §2). 

It is demonstrated by tables in the author's thesis, to be found in the library 
at the University of Toronto, that for p < 59, the groups § = {A,B, C) 
in case I are the alternating groups 3lp with the exception of the four groups 
mentioned above; that is, LF(2, 7), LF(2, 11), 9Kn and §D?23. The same result 
also holds for p = 83. 

We prove that the groups in case I are all simple. If it could be proved that 
there is an infinite number of prime pairs p, q with p = 2q + 1, we would 

^armichael (3, p. 288) indicates that the groups $D?n and SDÎ23 are generated by permutations 
similar to the A and C specifically mentioned above. I t can be shown that the corresponding 
B in each case is expressible in terms of A and C. For further information on these groups, 
see (6). 
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have here an infinite class of simple groups containing in particular the two 
Mathieu groups SD?n and 3ft23. 

2. The permutation representation of the generators. We proceed first 
to develop permutation representations for the generators A, B, C which 
satisfy the relations 1.5. It must be stressed that in the following we have 
p = 2q + 1 for p and q primes, and there exists a natural mapping of the 
integers mod q on the quadratic residues ^ 0 mod p and on the quadratic 
non-residues mod p. This fact enables us to prove 

THEOREM 2.1. The group generators A, B, and C of §1 may be represented by 
the following permutations in GF(p): 

J\. \ X == X ~\~ 1 , 

2.1 B: xf = g2x, 
C: x' = | ( 1 + e) g«^xl + 1(1 - €) g*(i-0*i 

where e — ± 1 according as x is a quadratic residue or non-residue mod py 

g is that primitive root mod p for which g2 = j , and a and ft are arbitrary fixed 
even and odd numbers, respectively. 

Our procedure is briefly as follows: we notice that A and B generate the 
metacyclic group {A,B}, and obtain representations on p symbols for A 
a n d £ : 
2.2 A: x'=f{x), B: xf = g(x), x = 0, 1, . . . / > - 1. 

B and C generate another metacyclic group, {B, C}, and we obtain representa
tions on q symbols for B and C: 

2.3 B: yf = g'{y), C: y' = V{y\ y = 0, 1, . . . , q - 1. 

We then combine the representations 2.2 and 2.3, identifying the two repres
entations for Bt and obtain a representation for A, B, and C on p symbols: 

2.4 A: x' = / ( * ) , £ : *' = g(x), C: *' = h(x) x = 0, 1, . . . , p - 1. 

Consider the relations involving 4 and 5 , namely 

4* = J3« = l, B~lAB = Aj. 

These imply 
B~lA*B = A*' 

and 
B~VA*BV = 4*'*. 

Hence ^ i J 1 ' = BvAxj', and the £g elements AXBV correspond to the pq 
elements 

BVA*, z = xf, 

in some order. For as x ranges from 0 to p — 1, x —> s = x/*' is a permutation 
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of the numbers 0, 1, . . . , p — 1, for a fixed value of y. So the elements A 
and B generate the metacyclic group of order pq, the so-called Cauchy group 
(2). 

Let A be represented as the cycle (0 1 2 . . . p — 1), that is, the trans
formation %' = x + 1 in GF{p). Let B be the permutation x' = g{x). Since 
AB = j&4>, we have 

g(x + 1) = g(x) +j. 

Since B is of period q, it leaves one element fixed. We may set g(0) = 0, 
and the above recurrence relation then takes the simple form g(x) = xj. 

Then, corresponding to 2.2, we have the representation 

2.5 A: x' = x + 1, B: x' = jx, x = 0, 1, . . . , p — 1. 

Further, letting g be that primitive root modulo p for which g2 = j , B has the 
representation x' — g2x and, explicitly, our representations are 

2.6 A = (0 1 2 . . . p - 1), 5 = (1 g 2 g 4 . . . iT 3 ) (gg 3 • • • gp~2). 

The two cycles of B contain, respectively, quadratic residues and non-residues 
mod p. 

It can be readily verified that the same group is generated no matter 
which primitive root g (that is, which number j) is considered. 

Now we see from 1.5 that C stands in the same relation to B as does B to 
A. So B and C generate the metacyclic group {B, C) of order qr. On q symbols, 
B and C can be represented as 

2.7 B: y' = y + 1, C: y' = m8y, y = 0, 1, . . . q - 1, 

or, explicitly, 

2.8 B = (0 1 2 . . . j - 1), 
C = (1 ms m2 5 . . .) (m m s + 1 . . . ) . . . (ms_1 m 2 s _ 1 . . .), 

where q = sr + 1 and m is that primitive root mod q for which ms = I. 
We now see that the representations 2.5 and 2.7 can be combined. For in 

2.5, B has the representation 

(lg2g*..-gp-z)(ggd---gp-2)-

Let a be an arbitrary even integer. Then the cycle 

is the same as (1 g2 g4 . . . gf~3), so that, for every a, we may set up a corres
pondence between 0 and g", 1 and g0^2, . . . , q — 1 and gp-z+a ; that is, 

In other words, the representation for B in 2.7 can be mapped on the first 
cycle of the representation for B in 2.5. 
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Then, in the representation for C in 2.7, in which yf = rnsy, we have 

y > m y 

Y 

x = ga+2y hg***"'9 = ( * g ~ T V = ga{l-m,)xm\ 

Now, let jS be an arbitrary odd integer, and proceed as above with the 
second cycle of B = (1 g2. . . gp~*)(g gz . . . gp~2)> We may again set up, for 
every 0, a correspondence 

which maps the representation for B in 2.7 on the second cycle of the repre
sentation for B in 2.5. Then, under the permutation C, yf = rnsy, we have 

0(1—w») m8 

X —> g X . 

Now, for the first cycle of B in 2.5, that consisting of residues mod p, we 
set s —> g«+2* and see that under C the same elements map as follows: 

x —» g x . 

For the second cycle of B, that consisting of non-residues mod p, we set 
z —» g0+2* and find that under C the elements follow the mapping 

0(1—m«) ra« 
X —» g X . 

In other words, we demand that residues map on residues, non-residues 
on non-residues, and obtain the following representation on p symbols for 
r-
2 9 x = g x , € - + 1 , 

x' = gm-M,)Xm\ € = - 1. 

It is easily shown that the choice of / among those numbers belonging 
to r mod q is an arbitrary one, and further that the same permutation C is 
obtained, with possibly a different order in the cycles, from different choices 
of pairs a and 0. We may fix a, and then there will be q choices for 0. So we 
obtain q permutations C. Indeed we might fix a at zero and have 

2.10 C: x' = i ( l + «) xl + i ( l - «) ^ ( 1 " V . 

C consists of 25 cycles of length r, and so is an even permutation. The 
elements 0, 1, and g& remain fixed under C. A and B are even permutations, 
so the group {A, B, C\ consists entirely of even permutations. 

In the above development of the permutation C, we required that residues 
mod p map on residues, non-residues on non-residues. This is not necessary ; 
we might have obtained a representation for C by mapping residues on non-
residues. C then takes the form 

2.11 C: x' = | ( 1 + e) gW + 1(1 - e) g'^xK 
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Since C consists of 25 cycles of length r, along with the transposition (1 g&), 
it is an odd permutation. Summarizing, we have 

LEMMA 2.1. The groups {A, B, C) fall into two classes: those groups consisting 
entirely of even permutations generated with 

x' — x\ e = + 1; 
C: 

x' = g*d-V, e = - 1; 

and those groups consisting of even and odd permutations generated with 

x' = g$x\ e = + 1; 
C: 

x' — g~$lx\ e = — 1. 

We refer to these two classes as case I and case II, respectively, of our 
problem. 

3. Certain relations among the groups [A, B, C}. For fixed p, g, and r, 
a set of \(p + 1) groups is obtained depending on the choice of 0 used in the 
permutation C. These groups are not all distinct up to isomorphism. The 
following lemma applies to these sets of groups. 

LEMMA 3.1. (i) In case I, for fixed p, the groups {A, B, C) with r = (q — \)/ks 
are respectively subgroups of the groups with r = (q—l)/s. 

(ii) In case II, for fixed p, if the period of C is an odd multiple of the period 
of C, the groups {A, B, C'} are respectively subgroups of the groups {A, B, C). 

(iii) In case II, for fixed p, the groups with r = 2x7r, where X > 1 and w is a 
product of powers of odd primes, contain as subgroups the corresponding groups 
from case I, r = 2. 

Consider part (i). This says that for r = (q—l)/ks we have a set of \{p + 1) 
groups, and for r — (q—l)/s we have a second set of \{p + 1) groups. There 
is a one-to-one correspondence between the two sets such that each group 
of the first set is a subgroup of one of the groups of the second set. An expression 
can be found relating these two sets, but this is not necessary for our applica
tion of the lemma. Similar statements apply to parts (ii) and (iii). 

Part (i) follows by taking the &th power of the permutation C of period 
r = (g- l )A, , _ »*. _ , , 

C*: 
X = g X , € = — 1 , 

and pointing out that this is the permutation C obtained for r = (q—l)/ks. 
In case II, r must necessarily be even if C, of order r, is to be odd. C is given 

x = gpx, € = + 1, 
C: 

X' = g-$lx\ € = — 1, 
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x' *3* 
C2k: 

x' ; 8(1-1^)^^ 

f 8 i»* + * 
X !̂  gx , s^U+1. 

t _fl j»fc + i ja* + 

X = g x 

and is of order (q —1)/5. Taking powers of C we obtain 

6 = + 1 , 

€ = - 1, 

and 

e = + 1, 

€ = ~ 1. 

Obviously, only odd powers of C yield another odd permutation. Since C2Jc+1 

is simply the permutation C obtained with r = (q — l)/(2& + l)s, we see 
that part (ii) of our lemma follows. 

Finally, consider case II with r = 2x7r, X > 1, 7r a product of powers of odd 
primes. C is now given by 

x' = gtx\ c = + 1, 
C: 

Xf = g~^lx\ € = — 1, 
implying 

C \r. 
X = X € = + 1, 

X — Q X , € = — 1. 

where / r = 1 mod g, and hence l*T = q — 1 mod q. Then 

0(1 - /*') = 0(2 - q) modq. 

As 0 runs over the odd numbers from 1 to p — 2, 0(2 — g) mod £ — 1 does 
also. Hence the permutation C^r will be the same permutation C as in case I 
for r = 2, viz., 

C: 
*' = g%«-l, € = - 1, 

and part (iii) of the lemma is demonstrated. 

4. Certain properties of the groups {A, B, C}. 

THEOREM 4.1. In case I, § = {A, B, C] is a simple group. In case II , § 
contains a simple subgroup of index two. 

THEOREM 4.2. The order of {A, B, C] is h = 8pq{\ + np), where b = 1 
in case I and 8 = 2 in case II . 

It is known (1; 4) that if a permutation group of prime degree p contains 
an element A of period p, such that the only elements commuting with A are 
its own powers, then the order of the group is p(p — 1)(1 + np)/t, where p 
is the period of A, t the number of conjugate classes in {A}, and 1 + np the 
number of Sylow subgroups of order p. 
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Now certainly in a group on p symbols, any cycle of length p commutes 
only with its own powers. Hence the order of {A, B, C] has the above form. 

LEMMA 4.1. There are at most two conjugate sets in {A}. 

For B^AB = Aj and hence A ~ . . . ~ A^'1 ~ Ajq = A, A0 ~ A°J ~ 

LEMMA 4.2. In case I, there are exactly two conjugate sets in {A}. 

If X~lAX = A°, then, using the same procedure as in §2, X can be shown to 
have the form 

X = (0 u u + gu u + gu + g2u . . .) ; 

that is, X is a cycle of order p — 1. Such a cycle is odd and not possible in 
case I. 

Thus in case I, / = 2, and h = pq(l + np). 

LEMMA 4.3. The orders of the first and second commutator groups § ' and §" 
contain the factor p. 

A~lB~lAB = Aj~l, so § ' contains a power, and hence all powers, of A. 
Also B-xC-lBC = B1-1 and so § ' contains B. Thus $ ' > {A,B}, and pq 
divides h'. Similarly Jp" > {A}, and the order of the second commutator 
subgroup, h", is divisible by p. 

LEMMA 4.4. In case I, the commutator subgroup § ' is equal to § . 
According to Brauer we have three possibilities: 
(1) £> has a normal subgroup of order 1 + np\ t = p — 1. This is impos

sible, since in case I, / = 2 and in case II, t < 2. 
(2) ^ has a normal subgroup of order 1 + np; t < p — 1 and § ' ^ § " , 

§ " has order 1 + np, &' has order p(l -f- np). This possibility is ruled out 
since, by the preceding lemma, p\h". 

We have then the third possibility holding, viz., 
(3) § does not contain a normal subgroup of order 1 + np, and § ' has 

order 

h^Ptjr1(l+np), 
where t\tf, t'\p - 1, and t < /' < p - 1. Further, § ' = § " , and the group 
§ / § ' is cyclic. Here t' denotes the number of classes of conjugate elements in 
H' which contain elements of order p. 

Now in case I, t — 2; so /' is even, and, since p — 1 = 2q, with t' < p — 1, 
we have t' = 2. Thus h' = h and £ = £'• 

LEMMA 4.5. / ^ case II, ^£re is only one conjugate set in {A}. 

In case II, the commutator subgroup is a normal subgroup, proper or im
proper, of § . But it consists entirely of even permutations, and so & is properly 
contained in $ . Now t 9e 2, since otherwise & = £>'. So in case II, / = 1, 
and h = 2pq(l + np), completing the proof of Theorem 4.2. 
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LEMMA 4.6. In case II the commutator subgroup & consists of all the even 
permutations in $£ and has index two in § . 

For, the commutator subgroup has order 

h' =p^r±(l+np). 

We proved pq\h'. Also t\t'\p - 1, t < tf < p - 1. The only possibilities for /' 
are 1, 2, g. But /' ^ 1, as hf < h. And t' ^ g, since B~lAB = Aj in § ' and so 
/' < 2. Thus t' = 2 and § ' is the subgroup of index 2 consisting of all even 
permutations. 

Brauer has shown in the same paper that ^p' is a simple group. But in case 
I» €>' = §> a n d so § is a simple group. In case II, § " is a simple group and § 
is like the symmetric group in that it contains a simple subgroup of index 2. 
Thus Theorem 4.1 is proved. 

5. Case I, r even, (3 = g. 

THEOREM 5.1. The groups generated for r = 2, /3 = g, iw case I are ^ e alter
nating groups Sip. 

Here we have 

and for /3 = g, r = 2, / = g — 1 

C: a' = x25-1 = 1/x 

(x ^ 0). C leaves 0, 1 and —1 invariant. 
Under the permutation A~lCA CA~lC, x —» — x for x ^ 0, 1, and 

0 -> - 1, - 1 - > 1 , l - * 0 . 

This permutation, therefore, contains the cycle (0 —1 1), and the remaining 
elements form transpositions, since A~lCA CA~lC is of period 2. Since p = 
(p — 3) + 3 = 2m + 3, all elements are involved, and 

A~lCA CA~lC = (0 — 1 1) (product of transpositions). 

Squaring this permutation leaves the cycle (0 1 —1). Applying Netto's 
Theorem (5), "If a transitive group of degree n contains a circular permutation 
of prime order q <\n, then the group is either non-primitive, or it contains 
the alternating group,'' we see that § = 2IP, since § is primitive. (In this case, 
the presence of the cycle (0 1 2 . . . £ — 1) and the triplet (0 1 £ — 1) is 
sufficient for the proof that § = 3lp.) 

Now since the groups generated for even values of r with P = q contain 
the groups generated for r = 2, fi = g, from Lemma 3.1, part (i), we have at 
once 

COROLLARY 5.1. The groups generated for even values of r, /3 = g, case I are 
the alternating groups §IP. 
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6. The groups {A, B, C}, case II. For fixed p, q is fixed, and we consider 
the possibilities for r. We have seen that in case II, r must be even. Then 
r = 2, an odd multiple of 2, or an even multiple of 2. 

THEOREM 6.1. If r = 2 in case II, the groups {A, B, C] are the symmetric 
groups ©p. 

For in case II we may write 

C: x' = i(gf> + g-*1) xi + J(g* - gH») *n-.; 

and for r = 2, / = q — 1, g_/3* = g-^ff_1> == — g0; hence we have 

C: *' = gW-K 

For x F̂  0, this can be written x' = gfi/x. 
Consider the permutation 

R = A-'CA^CA'1: x' = - 1/x, x ^ 0, 1. 

Under this permutation, 0 —> — 1, — 1—•> 1, 1 —* 0, and in standard 
form R = ( 0 — 1 1 ) - (product of transpositions). Then R2 = (01—1), 
4 - 1 i?2.4 = (0 1 2) ; this permutation and A = (0 1 2 . . . £ - 1) generate 
2ÏP. Since C itself is an odd permutation, {A, J3, C] = ©p. 

COROLLARY. If r is an odd multiple of 2 in case II the groups {A, B, C} are 
the symmetric groups ©p. 

This follows immediately from Lemma 3.1, part (ii), and Theorem 6.1. 

THEOREM 6.2. If r = 2x7r, X > 1, T odd, in case II, the groups {A, B, C] are 
the symmetric groups ©p. 

It follows from Lemma 3.1, part (iii), that for fixed p, and for C with 
r = 2x7r, the permutations C*r are the same as those obtained in case I with 
r = 2, viz., 

X' = XQ-\ € = + 1, 

X' = gtx9-1, € = — 1. 

Then if ft = g, {4, 5 , C} must contain 2IP, from Theorem 5.1; hence {A, B> C] 
is ©p. 

In the following we will assume (3 ^ g. In Lemma 4.5 we proved that in 
case II, there is only one conjugate set in {A}. Then § must contain an 
element 5 such that 5 _ 1 AS = A0. Such an S must be of the form 

S: x' = u + gx, w fixed, 

and under SA~u B^{a~l)
y x —> — x. That is, in case II, § contains the permuta

tion 
T: xf = — x. 
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The permutation C*r leaves 0 fixed and, for ^ ^ 0 , may be written 

x' = 1/x, e = + 1, 

x' = — gp/x, c = — 1. 
Then 

xr = — 1/x, € == + 1, 
C*rT: 

Xf = g^ /^ , € = — 1, 

maps quadratic residues mod p on quadratic non-residues, quadratic non-
residues on quadratic residues, and leaves 0 fixed. Squaring this permutation 
we obtain 

x' = g*+%, e = + 1, 
(C*rr)2: 

# ' = gC~%, € = — 1, 

(x ^ 0). (Note here that if /5 = q, this permutation is the identity.) Finally, 

X' = g2%, 6 = + 1, 

(C*rT)2 B*iQ+p) : 

is a cyclic permutation of period g, viz., 
Q ^2/3 g4/3 # # g20(ff-l)) 

and applying Netto's theorem we obtain § = ©p. 

7. Conclusion. It had been hoped that groups other than %, possibly 
multiply transitive groups such as the Mathieu groups 9)?ii and SDÎ23, might 
appear in case I, but investigations have so far failed to produce any such 
groups. 
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