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CONSTRUCTION OF STEINER TRIPLE SYSTEMS 
HAVING EXACTLY ONE TRIPLE IN COMMON 

CHARLES C. LINDNER 

1. Introduction. A Steiner triple system is a pair (Q, t) where Q is a set and 
t a collection of three element subsets of Q such that each pair of elements of Q 
belong to exactly one triple of /. The number |()| is called the order of the 
Steiner triple system (Q, /) . It is well-known that there is a Steiner triple system 
of order n if and only if n = 1 or 3 (mod 6). Therefore in saying that a certain 
property concerning Steiner triple systems is true for all n it is understood that 
n = 1 or 3 (mod 6). Two Steiner triple systems (Q, t\) and (Q, t2) are said to be 
disjoint provided that t\ C\ t2 = 0. Recently, Jean Doyen has shown the 
existence of a pair of disjoint Steiner triple systems of order n for every 
n ^ 7 [1]. In this same paper Doyen raises the question as to whether it is 
possible to construct a pair of Steiner triple systems of order n having exactly 
one triple in common for every n ^ 3. The purpose of this paper is to show that 
such a pair exists for every n è 3. 

2. Preliminaries. A Steiner quasigroup is a quasigroup satisfying the 
identities x2 = x, x(xy) = y, and (yx)x = y. It is well-known that a Steiner 
triple system is algebraically a Steiner quasigroup. We will say that the 
Steiner triple system (Q, t) and Steiner quasigroup (Q, o) are associated with 
each other provided that {x, y, z) £ t if and only if x o y = z. In much of what 
follows we will consider Steiner triple systems algebraically. Steiner quasi-
groups (Q, Oi) and (Ç, 02) are disjoint or intersect in exactly one triple provided 
that their associated triple systems (Q, h) and (Q, t2) have this property. There
fore the Steiner quasigroups (Q, Oi) and ((?, o2) are disjoint provided that 
x Oi y y£ x o2 y for all x 9^ y Ç Q and intersect in exactly one triple provided 
that for some three element subset T of Q that (T, Oi) is a subquasigroup of 
(Qy Oi)> (T, o2) is a subquasigroup of (Q, o2), x Oi y = x o2 y for all x, y Ç T, 
and x Oi y 9^ x o2 y, x 9^ y, if at least one of x, y G (?\7". In this case we will 
say that (Q, Oi) and (Q, o2) agree exactly on T. We will call a pair of Steiner 
quasigroups (Q, Oi) and (Q, o2) of order a a (q, 0) pair if they are disjoint and 
a (q, 1) pair if they interesct in exactly one triple. 

Most of the constructions in this paper are based on the following generalized 
singular direct product of quasigroups. (See [3; 4; 5; 6; 7].) We begin by de
fining the conjugate of a quasigroup (Q, ®). Let (Q, (x)) be any quasigroup and 
on the set Q define six binary operations (x)(l, 2, 3), (x)(l, 3, 2), (x)(2, 1, 3), 
®(2, 3, 1), ®(3, 1, 2), and ®(3, 2, 1) as follows: 
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a 0 b = c if and only if 

a 0 ( 1 , 2, 3)è = c, 

a 0 ( 1 , 3, 2)c = 6, 

b ® ( 2 , 1, 3)a = c, 

b ®(2 , 3, l ) c = a, 

c 0 ( 3 , 1, 2)a = b, 

c 0 ( 3 , 2, 1)6 = a. 

T h e six (not necessarily dist inct) quasigroups (Q, ® ( i , j , k)) are called the 
conjugates of (Q, 0 ) [8]. We will denote by (T, *) the Steiner quasigroup of 
order 3, where T = {1, 2, 3}. Let (V, o) be any Steiner quasigroup and (V, t) 
the associated Steiner triple system. Let t\, U, . . . ,tr be the triples in /. Then 
each (tu o) is a subquasigroup of (V, o) and is isomorphic to (T, *)• Let a* 
be a fixed isomorphism of (/z-, o ) onto (P , * ) . Let Q be a set and for each v 
in F let o(v) be a binary operation on Q so t h a t (Q, o(s;)) is a Steiner quasi
group. Fur the r suppose t h a t P C Q is such t h a t all of the operat ions agree on 
P and t h a t (P , O ( Ï / ) ) is a subquasigroup of (Q, o(v)). Let ( P = <2\P, 0 ) be 
any quasigroup. If p, q £ P and v T6 W £ F , by /> 0 (ZJ , w, Î;OW) g is mean t the 
element p ®(vau wau vat *woti) q of (Q, ®(vau wau vat *wat)), where 
{v, w, v Q w) = tt. On the set P U ( P X V) define the binary operation 0 as 
follows: 

(1) p © q = p o(v) q = p o(w) q, if p, q £ P_; 
(2) p © (g, v) = (p o(v) g, v), if p £ P , g G P , *; € F ; 
(3) (g, * ; ) © £ = (g, o(») p, v), if p Ç P , g G P , i; Ç F ; 
(4) (p, y) © (g, fl) = £ o(u) 5. if £ ° M g G P , and 

= (p o(v) g, w) if p o(v) q £ P; 
(5) (p, y) © (g, w) = (p 0 (A, w, v o w)q, v o w), v 7± w. 

T h e quasigroup so constructed is denoted by F ( o ) X Q(o(v),P,P 0 (u,v}w)). 
We remark here t h a t the operat ions o(v) are not necessarily related other 
than agreeing on P and t h a t al though ( F , o) and (Q, o(v)), all y G F, are 
Steiner quasigroups, the quasigroup (P , 0 ) is not necessarily Steiner. Finally, 
al though we have used the same quasigroup (P , 0 ) for every triple in / this 
is not necessary. Different quasigroups can be associated with each triple in t. 
In [6] the following theorem is proved. 

T H E O R E M 1. The singular direct product V(o) X Q(o(v), P, P ® (u, v, w)) 
defined above is a Steiner quasigroup of order v(q — p) + p, where \V\ = v, 
\Q\ = g, and \P\ = p. 

3. Bas ic c o n s t r u c t i o n s . In this section we give the basic construct ions to 
be used in constructing a pair of (g, 1) Steiner quasigroups for every g è 3. 

T H E O R E M 2. Let g > 3. If there is a pair of (g, 1) Steiner quasigroups, there is 
a pair of (v(q — 1) + 1, 1) Steiner quasigroups for all v = 1 or 3 (mod 6) . 
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Proof. Let (V, o) be any Steiner quasigroup based on 1, 2, . . . , v and (Q, o{) 
and (Ç, o2) a pair of (g, 1) Steiner quasigroups based on 1, 2, . . . , q agreeing 
exactly on the subset T = {1, 2, 3} of Q. Let (Ç, ôi) and (Q, 62) be a pair of 
(q, 0) Steiner quasigroups. Take P = {1} so that P is a subquasigroup of all 
of the above quasigroups. Finally, set P = Q\P and let (P, (x)i) and (P, ®2) 
be a pair of totally disjoint quasigroups; i.e., x ®i y ^ x (x)2 y for all x j f P . 
Now form the singular direct products (5, ©1) and (S, ©2) denned as follows: 

(1) (S, ©1) = 7(o) X Q(o(v), P,P ® («, 0, w)), where o( l ) = Oi, o(i) = 
ôi, i > 1, P = {1}, and (P, (g)i) is used to define (P, (x) (&, z>, w)). 

(2) (S, ©2) = 7(o) X Q(o(v), P,P (x) («, », w)), where o( l ) = o2, o(i) = 
62, 2 > 1, P = {1}, and (P, (x)2) is used to define (P, (x) (w, z/, w)). 
Set f = {1, (2, 1), (3, l ) j . Then both ®x and ©2 agree on P. We show that 
© 1 and © 2 agree exactly on P. We consider three cases. 

( l ) ^ j f P U ( P X {1}). Since {P \J (P X {1}), ©1) is a copy of 
(Ç, 01) and (P U (P X {1}), ©2) is a copy of (Q, o2) it follows that x®xy = 
x®2j if and only if both x and y are in P. 

(2) x 7* y £ P V (P X {v}), v 9* 1. Since (P U (P X {»}), ©1) is a copy 
of (Ç, ôi) and (P U (P X {v}), ©2) is a copy of (Q, o2) we must have x®iy ^ 
x©23'. 

(3) x — (p,v), y = (ç, w), z> ^ w. In this case we have 

(p, fl) ©1 (2, w>) = (p ®i (z/, w, v o w)g, z; o w) 

and 

(/>, fl) ©2 (q, w) = (/> ®2 (Vj w,vow)q,vo w). 

Since (P, (xh) and (P, (x)2) have the property that x(x)i3> ^ x®2y for all 
x, y Ç P it follows that their corresponding conjugates also have this property. 
Hence p (x)i (v, w, v o w)<Z ^ p (x)2 (P, w, v (x) w)g. 

Now combining cases (1), (2), and (3) shows that the singular direct pro
ducts (5, ©1) and (5, ©2) agree exactly on T completing the proof. 

THEOREM 3. Let q > 3. If there is a pair of (q, 1) Steiner quasi-groups, there is 
a pair of (v(q — 3) + 3, 1) Steiner quasigroups for all v = 1 or 3 (mod 6). 

Proof. Again let (F, o) be any Steiner quasigroup and (Q, 01) and (Q, o2) 
a pair of (q, 1) Steiner quasigroups agreeing exactly on the three element 
subset T of Q. Set P = Q\T and let (P, (x)i) and (P, (x)2) be a pair of com
pletely disjoint quasigroups; i.e., x®iy 7^ x(g)2y for all x, y G P . Form the 
singular direct products (5, ©1) and (S, ©2) defined below. 

(1) (S, ©1) = F(o) X Q(o(v), P , P (g) (u, v, w)), where o(v) = Oi, all 
z; £ F, P = P, and (P, (x)i) is used to define (P, (x) (u, v, w)). 

(2) (5, ©2) = F ( G ) X Q(o(v), P, P ® (u, v, w)), where o(v) = o2, all 
z; Ç V, P = T, and (P, (x)2) is used to define (P, (x) (u, v,w)). 
Clearly both of © 1 and © 2 agree on P. There are two cases to consider. 

(I) x ?±y £ PV (P X \v}),v £ V. Since (P \J (P X {v}), ©1) is a copy of 
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(<2, Oi) and ( P U (P X {v}), ©2) is a copy of (Q, o2) it follows t h a t x © ^ = 
#©23> if and only if x, y £ T. 

(2) x = (/>, v), y = (q,w),v 9e w. Th i s is identical to case (3) in the proof 
of Theorem 2. 

Combining cases (1) and (2) shows t h a t (S, ©1) and (S, © 2 ) are a pair of 
(v(q — 3) + 3, 1) Steiner quasigroups. 

T H E O R E M 4. / / v = 1 or 3 (mod 6) /Aere is a £a i r of (2v + 1, 1) Steiner 
quasigroups. 

Proof. Let ( F , o ) be a Steiner quasigroup based on 1, 2, . . . , v and let (Q, o) 
be the Steiner quasigroup of order 3 with Q = {1, 2, 3} . T a k e P = {1} as a 
subquasigroup of order 1. Set P = {2, 3} and define quasigroups (P , (gh) and 
(P , (g)2) by the following tables. 

<g>i 

2 

3 

2 3 (x)2 

2 3 2 
3 2 3 

3 2 
2 3 

OP, ®i ) ( P , (8)2) 

2 3 

Note t h a t (P , (gh) and (P , (x)2) are both total ly symmetr ic and therefore 
invar iant under conjugation. Also (P , (x)i) and (P , (x)2) are total ly disjoint; 
i.e., x®\y 7* x®2y for all x> y Ç P . Now form the following singular direct 
products . 

(1) (S, 0 i ) = F ( o ) _ X Q(o(v), P , P ® («, », w)) f where o(v) = o, all 
v € F , P = {1}, and (P , (gh) is used to define (P , ®(w, v, w)). 

(2) (5, © 2 ) = V(o) X (?(o(v), P, P ® (u, v, w)), where o(w) = o, all 
v Ç V, P = {1}, and (P , (x)2) is used to define (P , (x)(w, ?/, w) ) . 
Le t (5 , /1) and (5, t2) be the associated Steiner triple systems. I t is a rout ine 
ma t t e r to show t h a t (5, h) and (S, t2) have exactly the triples {1, (2, u), (3, u)}, 
all z; £ F , in common. Le t a be the permuta t ion on V defined by a = (2 3) (4 5) 
. . . (v — Iv) and denote by (5, t\a) the Steiner triple system obtained from 
(S, £1) by replacing all ordered pairs (2, v) by (2, va). Claim: (S, £i«) and (5, £2) 
intersect exactly in the triple {1, (2, 1), (3, 1)}. Since a fixes 1, the Steiner 
triple systems (S, ha) and (5, /2) have the triple {1, (2, 1), (3, 1)J in common. 
Now let t be any triple in txa other than {1, (2,1), (3, 1)} . There are two cases 
to consider. 

(i) 1 Ç /. Since each triple in t\ containing 1 is of the form {1, (2, v), (3, v)}, 
each triple in txa containing 1 is of the form {1, (2, va), (3, v)\. Since z i ^ l , 
va T£ v so t h a t / cannot belong to t2. 

(ii) 1 (? t. In /1 each triple not containing 1 is of the form {(p, v), (q, w), 
(p®iq, v Q w)}. Hence in ha each triple not containing 1 is of the form 

{ (p, va), (q, wa), (p®\q, va o wa)). 

This triple cannot belong to t2 because p®\q 9^ p®iq for all p, q £ P . Com-
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bining cases (i) and (ii) shows that (5, ha) and (5, h) intersect in exactly one 
triple completing the proof. 

THEOREM 5. If » = 1 or 3 (mod 6) there is a pair of (40» + 9, 1) Steiner 
quasigroups. 

Proof. We begin by constructing a certain pair of (49, 1) Steiner quasi-
groups. Let (V, o) be the Steiner quasigroup of order 7 based on 1, 2, 3, 4, 5, 6, 
7. We can assume that {1, 2, 3} belongs to the associated triple system. Let 
(Q, Oi) and (Q, o2) be a pair of (7, 1) Steiner quasigroups based on 1, 2, 3, 4, 5, 
6, 7 and agreeing exactly on T = {1, 2, 3}. Let (Ç, ôi) and (Q, 62) be a pair of 
(7, 0) Steiner quasigroups and (Ç, (x)i) and (Q, (x)2) a pair of totally disjoint 
quasigroups. Finally, let (Q, (g)i) and (Q, (g)2) be the quasigroups defined below. 

®1 1 2 3 4 5 6 7 

1 1 3 2 6 7 4 5 
2 3 2 1 5 4 7 6 
3 2 1 3 7 6 5 4 
4 6 5 7 4 2 1 3 
5 7 4 6 2 5 3 1 
6 4 7 5 1 3 6 2 
7 5 6 4 3 1 3 7 

02 

1 
2 
3 
4 
5 
6 
7 

1 2 3 4 5 6 7 

1 3 2 7 4 5 6 
3 2 1 6 5 4 7 
2 1 3 4 7 6 5 
7 6 4 5 3 2 1 
4 5 7 3 6 1 2 
5 4 6 2 1 7 3 
6 7 5 1 2 3 4 

(<2, ®i) (Q, ®2) 

Note that both (x)i and (x)2 agree on {1, 2, 3} while if at least one of x, y (? 
{1, 2, 3} then x®iy y* x(g)2y and this is true even if x = y. It also remains true 
for corresponding conjugates. Note also that ({1, 2, 3}, (gh) = ({1, 2, 3}, (x)2) 
is the Steiner quasigroup of order 3 so that while the quasigroups (Q, (x)i) and 
(Q> (8)2) are not necessarily invariant under conjugation the subquasigroups 
({1, 2, 3}, (x)i) and ({1, 2, 3}, (x)2) are. Now form the following singular direct 
products. 

(1) (S, © 0 = 7 ( G ) X G(o(iO, 0 , P ® («, », wO), where_o(l) = o(2) = 
o(3) = 01, o(4) = o(5) = 0(6) = o(7) = 01, P = 0 , (<2, ®i) is used to 
define (P, (x) (w, v, w)) for the triple {1, 2, 3}, and (Ç, ®i) is used to define 
(P, (x) (w, », w)) for the remaining triples. 

(2) (5, ©2) = V(e) X Q(o(v), 0 , P <g) («, », w))f where_o(l) = o(2) = 
o(3) = o2, o(4) = o ( 5 ) = 0(6) = o(7) = o2, P = 0 , ((?, (g)2) is used to 
define (P, ® {u, », w)) for the triple {1, 2, 3}, and (Ç, (x)2) is used to define 
(P, (x) (^, », w)) for the remaining triples. 
Clearly |5 | = 49. We show that (5, ©1) and (5, ©2) agree exactly on the 9 
element subquasigroup T = {(i, j)\i, j G {1, 2, 3}}. Let x, y G 5. There are 
two main cases to consider. 

(1) x = (£, »), y = (g, »), p 9* q. If v = 1, 2, or 3, since (<2 X {»}, ©1) is a 
copy of (<2, Oi) and (Ç X {»}, ©2) is a copy of (Q, o2) it follows that x@iy = 
x@2y if and only if x and y both belong to P. If » = 4, 5, 6 or 7, since (Q X {»}, 
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©i) is a copy of (Q, 61) and (Q X {v}, ©2) is a copy of (Q, ô2) it follows that 
x®iy 9^ x®2y. 

(2) x = (p, v)j y = (g, w), v ^ w. If p, w G {1, 2, 3}, since the quasigroups 
associated with this triple in (5, ©1) and (5, ©2) are (Ç, (gh) and (Q, (x)2) 
respectively, it follows that x © ^ = x©2^ if and only if p, q g {1, 2, 3} ; i.e., if 
and only if x, 3> G T. If at least one of v, w does not belong to {1, 2, 3}, then 
the quasigroups associated with the triple {v, w,vow} in (S, ©1) and (5, ©2) 
are (Q, ®i) and (Ç, (x)2) respectively and so x@iy ^ x@2y. Now combining 
cases (1) and (2) shows that (5, ©1) and (5, ©2) agree exactly on T. Now let 
(T, *i) and (P, *2) be a pair of (9, 1) Steiner quasigroups. Unplug the sub-
quasigroups (P, ©1) and (P, ©2) from (5, ©1) and (5, ©2) and replace them 
with the quasigroups (P, *i) and (P, *2). The result is a pair of (49, 1) Steiner 
quasigroups containing a pair of (9, 1) Steiner quasigroups. 

We are now in a position to prove the statement of the theorem. Let (V, o) 
be any Steiner quasigroup and (Q, Oi) and (Q, o2) a pair of (49, 1) Steiner 
quasigroups containing a pair of (9, 1) Steiner quasigroups (P, Oi) and (P, o2). 
Set P = Q\P and let (P, (g)i) and (P, (x)2) be a pair of totally disjoint quasi
groups. Now form the following singular direct products. 

(1) (5, © 0 = V(o) X Q(o(v), P, P ® (u, v, w)), where o(v) = 0 l , all 
v Ç V and (P, (x)i) is used to define (P, (x) (w, p, w)). 

(2) (5, ©2) = 7 (o ) X Q(o(v), P, P ® (u, v, w)), where o(v) = o2, all 
v £ V, and (P, (x)2) is used to define (P, (x) (11, v, w)). 
Clearly 5 has order v(49 - 9) + 9. The proof that (5, ©1) and (S, ©2) are a 
pair of (40ZJ + 9, 1) Steiner quasigroups is analogous to the proof of Theorem 3. 

4. Construction of a pair of (q, 1) Steiner quasigroups of every order. 
We begin by exhibiting pairs of Steiner triple systems intersecting in exactly 
one triple of orders 7, 9, and 13. 

(1) n = 7. s = {1, 2 , 3 , 4 , 5, 6, 7}, 

h = {{1, 2, 3 j , {2, 6, 7}, {6, 4, 1}, {4, 5, 2}, {5, 3, 6}, {3, 7, 4}, (7, 1, 5}}, 

and 

h = i{l, 2, 3}, {6, 2, 5}, {4, 3, 6}, {5, 3, 7}, {4, 5, 1}, {7, 4, 2}, {1, 7, 6}}. 

(2) n = 9. 5 = {1, 2, 3,4, 5, 6, 7 ,8 , 9}, 

/! = {{1, 2, 3}, {1, 4, 7}, {1, 5, 9}, {1, 6, 8}, {4, 5, 6}, {2, 5, 8}, 

{2, 6, 7,} {2, 4, 9}, {7, 8, 9}, {3, 6, 9}, {3, 4, 8}, {3, 5, 7}}, 
and 

h = {{1, 2, 3), {1, 5, 8}, {1, 6, 4}, {1, 7, 9}, {5, 6, 7}, {2, 6, 9}, 

{2, 7, 8}, {2, 5, 4}, {8, 9, 4}, {3, 7, 4}, {3, 5, 9}, {3, 6, 8}}. 

(3) * = 13. S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13}, 
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h = {{1, 2, 31, {2, 11, 12}, {11, 4, 13), {4, 5, 1}, {5, 6, 2}, {6, 7, 11}, 

{7, 8, 4}, {8, 9, 5}, {9, 10, 6}, {10, 3, 7}, {3, 12, 8}, {12, 13, 9}, 

{13, 1, 10}, {1, 11, 8}, {2, 4, 9}, {11, 5, 10}, {4, 6, 3}, {5, 7, 12}, 

{6, 8, 13}, {7, 9, 1}, {8, 10, 2}, {9, 11, 3}, {10, 12, 4}, {3, 13, 5}, 

{12,1,6}, {13,2,7}}, 
and 

h = {{1, 2, 3}, {11, 2, 6}, {4, 11, 7}, {3, 4 ,8}, {6, 3, 9}, {7, 6, 10}, {8, 7, 5}, 
{9, 8, 12}, {10, 9, 13}, {5, 10, 1}, {12, 5, 2}, {13, 12, 11}, {1, 13, 4}, 
{11, 1, 9}, {4, 2, 10}, {5, 3, 11}, {6, 4, 12}, {7, 3, 13}, {8, 6, 1}, 
{9, 7, 2}, {10, 8, 11}, {5, 9, 4}, {12, 10, 3}, {13, 5, 6}, {1, 12, 7}, 

{2,13,8}}. 
The following equalities are due to A. J. W. Hilton [2]. 

36/ + 1 = 3((12/ + 1) - 1) + 1, 

3 6 / + 3 = 2(18/ + 1) + 1, 

36/ + 7 = (6/ + 1)(7 - 1) + 1, 
36/ + 9 = (6/ + 1)(9 - 3) + 3, 
36/ + 13, see below, 

36/ + 15 = 2(18/ + 7) + 1 
36/ + 19 = (6/ + 3) (7 - 1) + 1 
36/ + 21 = (6/ + 3) (9 - 3) + 3 

3 6 / + 25 = 3((12/ + 9) - 1) + 1, 

36/ + 27 = 2(18/ + 13) + 1, 
36/ + 31 = 2 (18 /+ 15) + 1, 

36/ + 33 = 3(12/ + 13) - 3) + 3. 

In view of these equalities, Theorems 2, 3, 4 and 5, and the examples at the 
beginning of this section, a pair of (g, 1) Steiner quasigroups of every order 
can be constructed provided we can fill in the details when n = 36/ + 13. 
In [2], Hilton has shown that 36/ + 13 can always be expressed in one of the 
following forms. 

(6« + l)(k - 1) + 1, k = 1 or 3 (mod 6), 
(18» + 15) (s - 1) + 1, ^ = 1 or 3 (mod 6), 
u(13 - 3) + 3, u = 1 or 3 (mod 6), or 
ze>(49 - 9) + 9, w = 1 or 3 (mod 6). 

Theorem 5 is necessary for the use of the very last equality. Combining all of 
the results in this section gives the following theorem. 

THEOREM 6. There is a pair of Steiner triple systems of order n having exactly 
one triple in common for every n ^ 3. 
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