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Automorphic compactifications and

the fixed point lattice of a

totally-ordered set

Gary Davis

When a totally-ordered set £2 has no points fixed by all auto-

morphisms we equip £2 with the support topology which has fixed-

sets of automorphisms as basic closed sets. There is a mapping

from £2 into the set of prime dual ideals of the lattice $(£2)

of basic closed sets and this allows us to classify the points of

£2 as excellent, isolated, static, or extraordinary. There is an

action of the group of automorphisms of £! on the lattice $(£2)

and this allows us to see that automorphisms of £2 preserve the

prime dual ideal classification of points of £2 . When the empty

set is a basic closed subset of £2 the dual spectrum of $(£2)

is a compact 2" space (Hausdorff when all points of £2 are

excellent) containing £2 as a dense subspace and allowing an

extension of each automorphism of £2 t;o a homeomorphism of the

dual spectrum.

Introduction

When £2 is a totally-ordered set we denote by 4(£2) the lattice-

ordered group of order-preserving permutations of £2 . If £2 is equipped

with its order topology then there is always a compact Hausdorff space X

containing £2 as a dense subspace, having the following property:

(•) every ir € A (£2) extends to a homeomorphism of X .
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Namely, we can take for X the latt ice completion of the Dedekind
completion of ft , equipped with i t s order topology, and then every
TT € J4(£2) extends uniquely to an order-preserving permutation, and
therefore homeomorphism, of X according to

TT(X) = \Jhia) : a € ft, a < x) ;

see C2].

We say that a compact TQ space that contains ft , with some

specified topology, as a dense subspace, and satisfies (*), is an auto-
morphic compactification of ft . In [?] an automorphic compactification of
ft , with i t s order topology, was constructed in a different way for the
special case that ft is a totally-ordered field. That construction fails
in general, and i t is the object of this paper to see how this situation
can be repaired.

The prime dual idea l c l a s s i f i c a t i o n of po ints of ft

We assume throughout that £2 is a totally-ordered set. For
ir € A (ft) = {IT € 4(ft) : TT(X) 2 x for a l l x € ft} we define the support of
•n to be the set supp(ir) = {x i ft : TT(X) > x} , and we define
fix(ir) = ft\supp(ir) = {x € ft : TT(X) = x} . The set $(£2) of all fix(ir) ,
TT € A (ft) , is a la t t ice of subsets of ft , when i t is ordered by
inclusion, with

^ ) n fix(ir2) =

and

f ix^) u fix(ir2) =

for a l l v , TT € 4+(fi) . We call $(ft) the fixed-point lattice of ft ,
and denote by X(ft) the set of prime fi l ters of $(ft) with the hull-
kernel topology, which has the sets £/(TT) = {£ € K(il) : fixdr) £ £,} as
basic open sets.

We observe that for each x € £2 the set £(x) = {fix(Tr) : ir(x) = x}
is a prime dual ideal of $(ft) , and then make the following definitions:
a point x € ft is

(l) an excellent point if £(x) is a maximal f i l te r ,
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(2) an isolated point if £(x) is a minimal-prime f i l te r ,

(3) an extraordinary point if £(x) is a non-maximal and non-

minimal-prime f i l te r ,

(h) a static point if £(x) = $(fi) .

We also say that ft is spectral if the map x •+ £(x) is injective.

LEMMA 1. The sete supp(ir) , IT € A (ft) , are basic open sets for a

topology on SI if and only if ft has no static points.

Proof. supp(ir ) n supp(ir) = supp(n vir ) for a l l ir , ir (.A (ft) ,

so we only need ft = U{supp(ir) : ir € A (ft)} , and this i s the case

precisely when ft contains no points x satisfying ir(x) = x for a l l

ir € A (ft) ; that i s , no s ta t ic points.

When ft has no s ta t ic points we cal l the topology of Lemma 1 the

support topology on ft .

PROPOSITION 2. If ft has no static points then the following

statementB are equivalent:

(1) ft is T for the support topology;

(2) ft is spectral;

(3) the map x •* £(x) is a homeomorphism from ft into K(U) .

Proof. Suppose that ft is a T space and that £(x) = £(y) . Then

{fix(ir) : ir(x) = x} = {fix(ir) : ir(y) = y} so that x, y cannot he T -

separated and therefore x - y . Now suppose that the map x •*• £(x) is

injective. If y(ir) is a basic open set in X(ft) then

{x € ft : 5(x) € y(ir)} = {x € ft : fix(ir) $ £(x)} =

= {x € ft : x £ fix(ir)} = supp(ir)

which is a basic open set in ft . Conversely if supp(ir) is a basic open

set in ft then

{£(*) : x € supp(TT)} = U(x) : fix(ir) ̂  E,(x)} = UM n {?(x) : x € ft} ,

which is a basic open subset of (£(x) : x € ft} . Finally, if we assume

that x •+• C(x) is a homeomorphism then ft is a TQ space since X(ft) is

a TQ space; (cf. [4 ] ) .
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An important aspect of the lattice $(ft) is that the group 4 (ft)
acts as a group of la t t ice automorphisms of $(fi) . Namely, we can define
a homeomorphism a from i4(ft) into the automorphism group of $(fi) by

c((Tr)fix(ir') = fix(im 'TT1) .

PROPOSITION 3. kera is a normal sublattice subgroup of 4 (ft) , and
as a lattice-ordered group, kera is representable.

Proof. We have to see that kera is a sublattice of A(Q) . Suppose
that IT , T\ € kera and TT € A (ft) . If x € fix(ir) then

TT(IT VJT )(x) = TT v IT (a;) so that a(?r VJT ) fix(iT) <= fix(ir) . We then

replace TT, , TT by IT. , TT~ and see similarly that

aU^ATr"1 fix(TT) c fix(iT) . Then a M ^ ^ ) " 1 fix(Tr) c fix(Tr) so

fix(Tr) c a(ir VTT )fix(Tr) , and kera is a sublattice. If TT , IT € A (ft)

and TT A TT = 1 then fixfir^ u fix (IT ) = ft . so that, for TT € kera ,

f ix TT^TT"1 U fix (IT ) = i r f ix^) u fix(Tr ) = fix (IT ) u fix(TT ) = ft ,

which gives irrr TT A TT = 1 . In particular, with TT , TT € kera this

says that kera is representable as a lattice-ordered group.

We now see that this action of 4(ft) on $(fi) allows us to say that
moving a point around by A(ft) preserves the prime dual ideal
classification of that point.

PROPOSITION 4. If x € ft has a given prime dual ideal
classification (that is, excellent, isolated, extraordinary, static) then
all points in the orbit of A(U) that contains x have the same
classification.

Proof. Since TTfix(Tr') = fix^ir'Tr"1) for a l l TT' € A+(il) ,

IT € A(U) , we see that £[n(x)) = TT£(:C) = (TTfix(Tr') : ir'(x) = x} . Since
the elements of A{il) act as automorphisms of the latt ice $(ft) they send
maximal f i l ters onto maximal f i l ters , minimal-prime filters onto minimal-
prime f i l t e r s , prime f i l ters that are neither onto prime filters of the
same type, and $(ft) onto $(ft) .
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COROLLARY 5. Suppose that A(il) is transitive. Then all points of

ft are excellent (isolated, extraordinary) if and only if ft has an

excellent (isolated, extraordinary) point.

We say that ft is excellent if all points of ft are excellent.

THEOREM 6. If SI is TQ for the support topology then the follow-

ing conditions on ft are equivalent:

(1) ft is T± ;

(2) ft is Hausdorff;

(3) for each x € ft there is a IT Z A (ft) with fix(ir) = {x} ;

(U) ft i s excellent.

Furthermore when any one of ( l ) - (U) holds, ft -is completely regular.

Proof. Suppose that x, j / € ft are ^ - separa ted by supp(ir),

supp(Tr.) respectively. Then, with IT' = IT (IT AIT )~ and

•n' = IT foAir ) ~ , we have IT ' A IT ' = 1 and supp(ir'), supp(ir') Hausdorff

separate x, y . Thus ( l ) and (2) are equivalent. Now suppose that ft i s

Hausdorff for the support topology and x € ft . For each y / x there i s

a TT € A (ft) with y € supp(ir ) and x € fix (IT ) , so we can cover
y y y

ft\{x} with a collection {supp(ir^)} of disjoint basic open sets none of

which contain x . Since .A(ft) is laterally complete, the join

w- V *•> exists and since the s tab i l i ze r subgroup
X X

{TT' € 4(ft) : TT'(X) = x} i s closed, [ 3 ] , we have TT(X) = x but TT(J/) > y

for y t x . Thus (2) implies (3) . Now suppose that (3) holds and £ is

a f i l t e r of *(ft) containing £(x) . If fix(ir) € E, then

fix(Tr) n fix(Tr') f D for a l l fix(ir ') i £(x) . I n par t icu la r , with

fix(Tr') = {x} , we have TT(X) = X , SO C = C(*) • Thus (3) implies (k).

Finally, i f ft i s excellent the map x •* E,(x) i s a homeomorphism from ft

into the subspace of X(ft) consisting of the maximal f i l t e r s of $(ft) ,

and th is i s a Hausdorff space. When ft i s Hausdorff an argument as in

finding air with TT(X) = x shows that ft i s completely regular.

We say that ft i s isolated i f every point of ft i s isolated.
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COROLLARY 7. If ft is isolated then ft is not T for the support

topology.

Funct ional p roper t ies of the f i x e d - p o i n t l a t t i c e

The object of t h i s section is to describe a category of t o t a l l y -

ordered sets for which the map ft •*• $(ft) i s the object map of a contra-

var iant functor into a category of d is t r ibut ive l a t t i c e s .

We describe the category A as follows: the objects of Â  are

t o t a l l y ordered sets and the arrows <j> : ft' -*• ft are the order-preserving

inject ions for which <t>(Q') i s a fixed block of ft ; that i s ,

PROPOSITION 8. The map a-*• A(Q) is the object map of a contra-

variant functor from Â  into a category of ordered permutation groups.

Proof. Suppose that <t> : fl' •* ft i s an arrow in A_ . Then for each

ir € A (ft) we can find a unique IT ' 6 A(Q') making the following diagram

commute:

a'---•>• ft'

If ir' exis ts then i t must be unique since (Jnr'(x) = ir<j>(x) for a l l

x € ft' . This equation for TT'(X) serves to define ir' as a mapping from

ft' t o ft' since <t>(ft') i s a fixed block of ft . Then it' i s a

b i jec t ion with inverse (ir~ ) • since

and iji i s an in jec t ion . Further i f x 5 y then <(>(x) 5 <()(i/) and

<Jm'(x) = tr<()(x) s 7T<f>(j/) = ir'(!/) ,so that TT'(X) 5 TT(I/) , since ft' i s

to ta l ly-ordered. We denote the map TT -»- ir' from A (ft1) into A (ft) by

A(<J>) . Then calculations as above show that /!(<(>) i s a lat t ice-group

homomorphism (in general not inject ive, although 4(<t>) i s , of course, an

isomorphism onto /I(ft) when A(ft) is t r a n s i t i v e ) , and i t i s s t ra igh t -

forward to check tha t t h i s provides us with a (contravariant) functor from

A onto the category of ordered permutation groups of objects of A and
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lattice-group homomorphisms.

COROLLARY 9. The nap ft •* $(ft) is the object map of a contravariant

functor from A_ into a category of distributive lattices.

Proof. We only have to check that i f <f> : ft' -»• ft i s an arrow of A

and f i x ^ ) = fix(ir2) for i ^ , ir2 € A+(Q) then fix(ir^) = fix(ir2) . If

IT'(a) = x then (f)ir'(x) = <j>(x) , so that n t$>(x) = <f>(x) ,-which gives

IT <]>(x) = (|>(x) and so <J>TT'(X) = <)>(x) • Since <f> i s injective we have

•n^(x) = x .

The category A_ is somewhat unsatisfactory because of the terminal

position in which i t places those ft with 4(ft) transitive and because

al l arrows in Â  are monic. It would be far better to obtain a category

of totally-ordered sets for which ft •*• $(ft) could be shown to be

functorial without first going into a category of ordered permutation

groups.

Automorphic compactifications

In this section we see that, under suitable but general restrictions,

K((l) is an automorphic compactification of ft , and when ft is excellent

the Wai I man compactification [5] of ft is a Hausdorff automorphic

compactification of ft .

THEOREM 10. If ft is spectral and the subset

T(ft) = {IT € i4(ft) : ir(x) > x for all x € ft}

of A (ft) is not empty then K(fi) is an automorphic compactification of

ft . If ft is excellent then the Wai I man compactification of ft is a

Hausdorff automorphic compactification.

Proof. Since ft has no static points the support topology is

defined. Further $(ft) has the empty subset D of ft as a least element

so K{il) is a compact T space containing (a homeomorphic copy of) ft ,

since ft is spectral. If 5 * K(Q) and i/(ir) is a basic open neighbour-

hood of £ not meeting ft then fix(Tr) € C(x) for a l l x € ft ,so that

fix(ir) = ft , and this contradicts fix(ir) £ £ . That i s , ft is dense in

K(il) . If TT € A(ft) and £ € X(ft) then we define
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i?(£) = {trfix(Tr') : fix(ir') € £} = {fix(mr'TT"1) : fix(ir') € £} .

This provides us with a map from K(Sl) to K(Q) , since the elements of

A(Q) act as automorphisms of $(fi) . Further, i is a bijection with

inverse vr~ . If ^(7r
1) is a basic open set of K(Q) then

Hu[-n^) = Uhnr IT , so that i is an open map. The same thing applies to

TT so that i is a homeomorphism of K((l) , which is an extension of IT

since

^(£(«)) = {fix(inr'Tr~ ) : TT'(X) = x} = {fix(ir') : ir'ir(x) = ir(x)} = £(TT(X)) .

The Wai I man compactification of fi is just the set of maximal filters

of $(ft) with the topology induced from K{Q) , and this is a Hausdorff

space which is also an automorphic compactification of fi .

REMARK. The assumption that T(Q) ?t D ensures that D is the least

element of $(fi) and so K(Q) hae a least element. It is not true that

^(n) always has the set of static points of Q as a least element for

if there were no static points then • would always be the least element

of <b(Q) , and the following example, due to Ash, shows that this is not

the case: let J2 be a totally ordered set obtained by replacing the

f i rs t countable ordinal by the real interval (0, l ) , and replacing the

remaining countable ordinals by [0, l ) . Then Q has the following

properties:

(a) ft is Dedekind complete;

(b) every countable subset of fi has a supremum in fl ;

(c) A(il) is transitive;

(d) ft has no static points;

(e) T(il) = D .
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