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ABSTRACT. Crystal-orientation fabric (COF) has a large influence on ice-sheet flow. Earlier radar
studies have shown that COF-based birefringence occurs within ice sheets. Radio-wave scattering in
polar ice results from changing physical properties of permittivity and conductivity that arise from
differing values of density, acidity and COF. We present an improved mathematical model that can
handle all these phenomena together. We use this matrix-based model to study the two-way propagation
of depolarized radio waves that scatter at both isotropic and anisotropic boundaries. Based on
numerical simulations, we demonstrate how COF affects the radar signals in terms of radar polarization
and frequency. We then compare the simulated features with VHF radar data obtained at two
contrasting inland sites in East Antarctica, where COF is known from ice-core studies. These two sites
are Dome Fuji, located near a dome summit, and Mizuho, located in a converging ice-flow region. Data
at Dome Fuji are dominated by typical features resulting from birefringence. In contrast, both
birefringence and anisotropic scattering affect the radar data at Mizuho. We argue that radar methods
can be used to determine principal axes and strength of birefringence in the ice sheets.

1. INTRODUCTION
Understanding the physical and chemical characteristics of
polar ice sheets is important for determining how such huge
ice masses have responded to past climate change and how
they will respond to present and future climatic changes.
Studies with radar over the past few decades using a wide
range of frequencies have shown that radar is a powerful tool
for investigating the internal structure of large ice masses
(e.g. Robin and others, 1969; Bogorodsky and others, 1985;
Gogineni and others, 1998; Matsuoka and others, 2003).
Among ice characteristics, the crystal-orientation fabric
(COF) has a large influence on the flow of ice sheets. This is
because ice flow generates various types of COF, which in
turn affect the ice viscosity, and thus ice flow, in various
ways (e.g. Budd and Jacka, 1989; Azuma, 1994). Our
current understanding of COF is based on a limited number
of ice cores, which altogether amount to a tiny volume in
comparison to the vast ice sheets. Furthermore, COF data
usually come from selected depth segments, as highresolution continuous measurements are extremely timeconsuming. Detailed study of spatial variability of COF is not
available from ice cores. If radar-sounding methods can
detect information related to COF, it should be a viable way
to investigate the spatial distribution and changes in COF
within the vast ice sheets. Testing this suggestion is the topic
of this paper.
Single crystals of ice have dielectric permittivity tensor,
e 0p , in the principal coordinate,
0 0
1
"? 0 0
ð1Þ
e 0p ¼ @ 0 "0? 0 A,
0 0 "0k
where "0? and "0k are the dielectric permittivity of ice when
the electrical field vector is perpendicular and parallel to the

c axis, respectively. In other words, the dielectric permittivity of ice has uniaxial symmetry. In frequency ranges used for
radar sounding, "0? and "0k increase from about 3.15 to 3.19
and from about 3.12 to 3.16, respectively, as ice temperature
increases from –608C to 08C (e.g. Fujita and others, 2000).
Dielectric permittivity is, in principle, a complex number
but here we utilize only the real part, "0 . We will later
discuss how to handle the imaginary part. The dielectric
anisotropy D"0 is given by
"0 ¼ "0?  "0k :

ð2Þ

Matsuoka and others (1997) gave precise values of dielectric
anisotropy at 30–39 GHz as a function of temperature in the
range 194–253K as


"0 ðT Þ ¼ 0:0256ð0:00137Þ þ 3:57  105 6:0  106 T ,
ð3Þ
where T is the absolute temperature.
Because D"0 is more than 1% of the ice permittivity, the ice
is birefringent for vertically propagated radio waves, as long
as the COF is neither a perfect vertical single pole nor
perfectly random. Radio waves can propagate within the
birefringent ice only with an electrical field along the two
principal axes of the dielectric permittivity tensor. Using this
physical principle, some algorithms of radar soundings have
been suggested to determine the principal axes of the COF
and the degree of anisotropy (e.g. Hargreaves, 1977; Doake,
1981). However, there are many other conditions that can be
studied to extract COF information from radar-sounding data.
The earlier theories and algorithms for the radio-wave
birefringence are from solutions of Maxwell’s equation. As
an ice sheet is composed of layers of differing permittivity
and birefringence, which can be approximately described as
a layered medium, practical formulas need to be both easily
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Fig. 1. Topographic maps of East Antarctica. Surface elevation data
are from the ERS-1 (European Remote-sensing Satellite-1) highresolution map of Antarctica compiled by Rémy and others (1999).
(a) The solid thick line is the path of a 1150 km long traverse route
from the summit region of Dome Fuji, through Mizuho station, to
Syowa station (Fujita and others, 1999). The gray thick lines are
traverse routes by Matsuoka and others (2003). The map covers
about 2500  2500 km including east Dronning Maud Land. The
dotted squares around Dome Fuji and Mizuho are enlarged in (b)
and (c). (b) Enlarged map around Dome Fuji (DF). The cross lines at
the station mark the principal axes of COF deduced from this study.
(c) Enlarged map at Mizuho. The gray thick lines and a dashed line
are traverse routes by Matsuoka and others (2003) and Fujita and
others (1999, 2002), respectively.

expandable and flexible to a layering structure. For this
reason, we adopt a matrix-based approach, as known for
instance from geometrical optics, to implement radiopropagation properties into our model. As for earlier

radargram studies, modeling algorithms employed several
approaches, based on simple convolution of a source
wavelet with medium properties (Moore, 1988; Miners
and others, 1997; Kohler and others, 2003) or numerical
expression of Maxwell’s equations (Kanagaratnam and
others, 2001; Miners and others, 2002; Eisen and others;
2003; Arcone and others, 2005). None of these approaches
incorporated the anisotropic physical properties of ice.
In addition, modern knowledge of the radio-wave
backscatter from within ice needs to be included in the
theory. To receive a radar echo, the signal must be
backscattered. Sudden or gradual changes of dielectric
permittivity and conductivity between ice layers can cause
scattering. Layers of differing permittivity arising from
differences of density and COF, and changes of conductivity
caused by changes of acidity, hereafter PD, PCOF and CA,
respectively, are used as the major causes of scattering
within ice. This interpretation means that the return signal
depends on the scattering mechanism. For example, if COF
patterns are anisotropic in the horizontal plane, radio-wave
scattering can be anisotropic. Another example is that,
depending on types of scattering, both amplitude and phase
delay are highly different at the scattering boundary (e.g.
Fujita and others, 2000). These phenomena significantly
affect the return signal interpretation. Thus, investigation of
the polarization state of radio waves requires examination
not only of birefringence but also of the nature of scattering.
PCOF-based anisotropic scattering can occur where lateral
ice strain is significant (Fujita and others, 2003; Matsuoka
and others, 2003, 2004); but the other two scattering
mechanisms are normally interpreted as being isotropic.
Since the primary source of scattering can differ in polar ice
depending on depth and physical condition (e.g. Fujita and
others, 1999; Matsuoka and others, 2003), we need a
model that incorporates such scattering mechanisms,
anisotropy in particular.
In this paper, we first present a matrix-based radio-wave
propagation model to study the two-way travel of depolarized radio waves within birefringent ice. The model can
treat multiple anisotropic and isotropic scattering interfaces,
and it can easily incorporate permittivity and conductivity
profiles along ice cores into a synthesized radargram. We
apply the model to a few ideal cases and demonstrate how
both birefringence and COF-based anisotropic scattering
can affect the propagation of radio waves in real ice sheets.
We also examine how several radar frequencies can be
used to fully exploit the potential of the method for
extracting COF information from an ice sheet and to
distinguish permittivity-based reflections from conductivitybased reflections.
Second, we apply this method to a recent field experiment. We test the theory using data from a polarized, twofrequency radar system at two different inland sites in
Antarctica. The COF has already been measured from ice
cores at these two sites so they provide the opportunity
to examine how radar echoes are related to COF in real
ice sheets. One site is Dome Fuji (778190 S, 398400 E;
3810 m a.s.l., ice thickness 3028  15 m) located near a
dome summit. The other is Mizuho (708420 S, 448170 E;
2250 m a.s.l.; ice thickness 1950  15 m), located in a zone
of convergent ice flow (Fig. 1). The radar measurements
were carried out between 1995 and 1997 as a series of
experiments previously described by Fujita and others
(1999, 2002, 2003).
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Fig. 2. Top views of antenna arrangements for (a) co-polarization
and (b) cross-polarization measurements. For both arrangements,
the transmitting (Tx) and receiving (Rx) antennae are at opposite
sides of the snow vehicle (shown as a rectangle). The centers of the
three-element Yagi antennae are 3.2 m above the ice-sheet surface.

In this paper, we find that data at Dome Fuji are
dominated by typical features resulting from birefringence.
We verify that the observed radio-wave propagation patterns
are explained by orientation and structure of the COF and
we determine both strength and orientation of birefringence
at Dome Fuji. In contrast, the radar data at Mizuho are
affected by both birefringence and anisotropic scattering.
We argue that radar methods can be used to determine
principal axes and strength of birefringence of the ice
sheets. The example at Mizuho shows that in some
conditions the radar method applies to the determination
of principal axes and strength of anisotropic scattering
caused by COF, but not to the strength of birefringence. We
then discuss the ability of the radar method to detect
dynamic ice-sheet conditions.

2. A MATRIX-BASED RADIO-WAVE PROPAGATION
MODEL
2.1. Description of the model
Radar polarimetry uses matrix-based formulas to describe
transmission and scattering processes (e.g. Ulaby and Elachi,
1990; Stutzman, 1992). The use of a matrix approach has
two advantages. First, transmission through each layer and
scattering at each layer boundary are described with a
matrix that can be determined from ice cores. Second, the
computations can handle an arbitrary number of layers,
each layer with its own principal axes.
We model the propagation of radio waves traveling along
the near-vertical. The modeled processes include transmission at the ice-sheet surface, scattering within the ice and
the returning transmission within the ice. We assume that
the ice sheet is comprised of a number of layers, N, each
labeled i, with deeper layers having larger i values. Each
layer has a transmission matrix Ti to describe the transmission in layer i, and a scattering matrix Si to describe the
backscattering at the boundary between layer i and layer
(i þ 1). These matrices are described below.
We refer to the backscattering process of radio waves in
the ice sheet using the term ‘scattering’. In general,
scattering refers to any re-emission of waves. However, it
is commonly thought that, for ice sheets, scattering sources
of radio waves are distributed as if from stacked layers in the
ice sheet. We could have used the term ‘reflection’ instead
of ‘scattering’, as we describe the macroscopic properties
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Fig. 3. Coordinate systems used in the theory. The polarization of
the transmitting antenna is along the line shown. The principal axes
of birefringence at layer i are along xi and yi, which are the same as
the principal axes of the scattering surface Si–x and Si–y, whereas the
measurement frame is x 0 and y 0 . The receiving antenna orientation
(not shown) is either parallel to the transmitting antenna, for the copolarized measurements, or perpendicular to the transmitting
antenna, for the cross-polarized measurements. Results of simulations are obtained for the case where the principal axes of
birefringence and the scattering boundary are consistent with each
other at any given depth.

and neglect microscopic properties such as surface roughness or individual scatterers. Despite our simplifications, we
keep the term ‘scattering’ for consistency with our implementation of a scattering matrix.

Polarimetric radar measurements
We model two radar configurations, each using linearly
polarized antennae for transmitting and receiving. A ‘copolarized’ configuration is one in which the transmitting
antenna is parallel to the receiving antenna, while a ‘crosspolarized’ configuration is one in which the antennae are
perpendicular. Figure 2 shows how we measure the orthogonal components of the macroscopic electrical field vector
parallel and orthogonal to the transmitting antenna. In the
field, the transmitter and receiver antenna are set up parallel
to and orthogonal to each other for the two different
configurations.
Figure 3 shows the coordinate systems for the radar
antennae and for the principal axes in ice. The orthogonal
coordinate system (x 0 , y 0 , z 0 ) is set so that the z 0 axis is
vertical (positive downward), but the horizontal axes x 0 and
y 0 can be defined arbitrarily. For example, they can be
defined by an observer in the field to be along the flowline,
transverse line or in some geographical direction. When we
rotate antennae in the horizontal plane, 0 is the angle of the
transmitting antenna counterclockwise from x 0 . Within ice,
the transmission matrix Ti and scattering matrix Si have
common principal axes within each layer because in
principle COF produces both depolarization and anisotropic
scattering. We define the axes xi and yi as the common
principal axes of matrices Ti and Si at the i th layer and i as
the angle of the transmitting antenna counterclockwise from
one of the common principal axes, xi. Therefore, we simplify
the model by assuming that the PCOF mechanism dominates
the anisotropy and the PD and CA mechanisms cause only
isotropic scattering.
The model calculates the orthogonal components of the
macroscopic electrical field vector parallel (P) to and
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where "0 is the dielectric permittivity in a vacuum and ! is
the angular frequency. We express ice properties using only
the real part of the relative permittivity, "0 , and electrical
conductivity, .
The elements in Ti and Si depend on the dielectric
permittivity tensor of the layer. When the COF is symmetric
around the vertical, as is typical of inland ice sheets (e.g.
Fig. 4), the dielectric permittivity of ice has two principal
axes in the horizontal plane, thus:
0

"0ix
0
@
0
ei ¼
0

Fig. 4. Schmidt diagrams show typical COFs in inland ice cores (e.g.
Fujita and others, 1987; Lipenkov and others, 1989; Azuma and
others, 2000). The vertical direction is normal to the plane of the
paper and at the center of the diagram. The relative magnitudes of
dielectric permittivity tensor elements ("0x and "0y ) in the horizontal
plane are given at the right of each diagram. (a) A perfect circular
single-pole COF. If the cluster of the c axes does not have any
deviations, the dielectric permittivity tensor elements in all
orientations in the horizontal are the same and no birefringence
can occur. (b) An elongated single-pole COF. There is significant
birefringence in the horizontal plane, but inhomogeneity of the
dielectric permittivity components is much smaller than the
dielectric anisotropy of single crystals D"0 = 0.034 (Matsuoka and
others, 1997). (c) Vertical girdle-type COF. The dielectric anisotropy
can be much larger than in (b). Thus birefringence should have a
strong effect.

orthogonal (O) to the transmitting antenna. They are written
as follows:


EPT
: transmitted electrical field at the antenna
EOT
(EPT  EOT)
 
EP
:
electrical field incident to the scattering boundEO i
aries at the i th layer
 0 
EP
:
electrical field scattered from scattering boundEO0 i

 aries at the i th layer
EPR
: electrical field received at the antenna
EOR
Here, the macroscopic field means the field averaged over a
volume that is much larger than each ice crystal (mm) but
significantly smaller than the radar wavelength (m or
longer).

Dielectric permittivity tensor and electrical
conductivity tensor
The relative complex dielectric permittivity is generally
expressed as:

pﬃﬃﬃﬃﬃﬃﬃ
" ¼ "0  j"00
j ¼ 1 ,
where "0 and "00 are the real and imaginary parts, respectively. Electrical conductivity is related to the imaginary part
of the permittivity as:
 ¼ !"0 "00 ,

1
0
0 A,

0

"0iy
0

"0iz

ð4Þ

where "0ix and "0iy are in the horizontal plane and "0iz is
along the vertical. The subscript i denotes the i th layer and
all three components are real numbers. However, the
orientation of the two principal axes in the horizontal plane
can vary with both location and depth. We also use the
electrical conductivity to determine absorption of the radar
waves. Like the permittivity, absorption is written as a
diagonal matrix, but with elements i–x, i–y and i–z. Each
component of the tensors e 0i or i is an average over the i th
layer. The dielectric permittivity tensor can be obtained
either by direct measurements of the anisotropic permittivity of the ice core (e.g. Matsuoka and others, 1998) or by
calculations from ice-core COF data (see Appendix). The
electrical conductivity can be determined from ice cores by
ECM (electrical conductivity method) or DEP (dielectric
profiling). Matsuoka and others (1997) and Fujita and others
(2000) found that the electrical conductivity in pure single
crystals of ice has uniaxial symmetry at radar wavelengths.
However, the electrical conductivity in acidic polar ice is
much larger than that of pure single crystals. In Antarctica,
electrical conductivity is typically of the order of 10–5 S m–1.
Measurements have so far found no significant anisotropy of
electrical conductivity in the typically acidic, polycrystalline ice of the polar regions. Therefore, we assume ix is
approximately as large as iy . Moreover, electrical
conductivity is independent of frequency at frequencies
below about 600 MHz, within the temperature range of the
polar ice sheets (e.g. Moore and Fujita, 1993; Fujita and
others, 2000).

Transmission and scattering matrices
The transmission matrix, Ti , describes the transmission of
radio waves through birefringent ice. In the reference frame
of the principal orientations, Ti is defined as:

Ti ¼

Tix
0

0
Tiy


:

ð5Þ

Ti describes changes of both phase and amplitude of the
waves along these two orientations, compared with the same
waves propagating in a vacuum. The two components are
Tix ¼ exp ðjk0 zi þ jkix zi Þ,


Tiy ¼ exp jk0 zi þ jkiy zi ,

ð6aÞ
ð6bÞ

where k0 ¼ 2/0 (rad m–1) is the wavenumber in a vacuum,
with 0 the wavelength in a vacuum, ki–x and ki–y are the
propagation constants along the two principal axes for the
i th layer and Dzi is the thickness of the i th layer. Both ki–x
and ki–y can be expressed as functions of dielectric
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Table 1. Characteristics of three major radar scattering mechanisms within ice sheets

Electrical property that causes scattering
Physical cause of scattering
Type of scattering
Dependence on frequency
Effect of temperature

PD

PCOF

CA

permittivity
density fluctuation
isotropic{
independent
weak

permittivity
crystal-orientation fabrics
anisotropic
independent
weak

conductivity
strong acids*
isotropic{
inversely proportional
strong

*

Strong acids that cause conductivity changes are from volcanic aerosols. Volcanic dust layers typically do not form highly acidic layers in the Antarctic ice sheet.
Possible exceptions are discussed in the text.

{

permittivity and electrical conductivity. Maxwell’s equations
give

0:5
kix ¼ "0 0 "0ix !2 þ j0 ix ! ,
ð7aÞ

0:5
kiy ¼ "0 0 "0iy !2 þ j0 iy !
,
ð7bÞ

where R(i) is the rotation matrix that accounts for the
azimuthal shift of principal axes measured from the
transmitting antenna (Fig. 2)


cos i sin i
Rði Þ ¼
:
ð10Þ
sin i cos i

where 0 is the magnetic permeability in a vacuum.
The scattering matrix Si has two principal components:


0
Six
:
ð8Þ
Si ¼
0
Siy

Equation (9) expresses the propagation through all layers to
the N th layer. The equation is composed of (i) free space
propagation, (ii) summation of changes of both phase and
amplitude of the waves as compared with the same waves
propagating in a vacuum and (iii) incident field. The
expression allows one to calculate any depth sequence of
azimuthal orientations of the principal axes. In the simplest
case in which the principal axes have the same azimuthal
angle over the full ice thickness, the principal axes of Ti are
the same at all depths, which simplifies the calculation.
Scattering at a boundary between the i th and (i + 1)th layer
is described through
 0 
 
EP
EP
ð
ÞS
ð
Þ
¼
R

R

:
ð11Þ
i i
i
EO0 i
EO i

Like the transmission matrix, Si is determined from the
dielectric permittivity and electrical conductivity of the ice
layer. When the scattering is isotropic, Si–x ¼ Si–y. When the
scattering is anisotropic, one of these two components is
significantly larger than the other. The elements of the
complex scattering matrix are known as ‘complex scattering
amplitudes’ (Ulaby and Elachi, 1990). When the scattering
at layer interfaces is approximated by reflection, the components of Si are the complex amplitude reflection
coefficients described, for example, in Ackley and Keliher
(1979), Moore (1988) and Fujita and others (2000).
Each of the three major scattering mechanisms (PD, CA
and PCOF), has its own distinctive properties. The dominance
of one mechanism over the others depends on conditions
such as the depth range of the ice, position along the ice
flowline, strain history, temperature, depositional environment and radar frequency. These conditions and properties
are summarized in Table 1. If one of these three mechanisms
is particularly strong, then that mechanism can be inferred
from the radar data. However, when the dominant scattering
mechanism is PCOF but the other scattering mechanisms
have only slightly weaker scattering amplitudes the data can
be difficult to interpret. This is because the effect of PCOF
appears in one orientation but the effects of the other
mechanisms can appear in the orthogonal orientation. In
such cases, the handling of both amplitude and phase is
complicated due to the waves along two principal axes
scattering by different mechanisms. Although this matrixbased model can handle such complicated cases, we
assume here that one scattering cause is dominant for all
radar polarizations.

Electrical field along the propagation path
The propagation of radio waves from the transmission
antenna towards the scattering boundary at depth z can be
represented by
 


N
exp ðjk0 z Þ Y
EP
E
½Rði ÞTi Rði Þ PT ,
ð9Þ
¼
EO N
EOT
4z
i¼1

Radar echoes for pulse-modulated radars are the sum of
scattering events within the depth range defined as that
depth in which the radio wave travels for a half of the pulse
width. The upward propagation of the scattered radio wave
is opposite to the downward propagation described by
Equation (9). In particular,


EPR
EOR
¼

 0 
N
E
expðjk0 z Þ Y
½RðNþ1i ÞTNþ1i RðNþ1i Þ 0P : ð12Þ
4z
E
O N
i¼1

These equations are consistent with the radar equations
(e.g. Ulaby and others, 1981), but do not include radar
system characteristics such as antenna gain and the effective
area of scattering.
If we consider the complex dielectric permittivity tensor
of each layer in the ice sheet and synthesize the primary
reflection components from each boundary, we can calculate synthetic radargrams. For such a calculation, one needs
ice-core data, and the sampling rate of the data in ice needs
to be much finer than the wavelength in ice. We do not
consider multiple scattering because it is negligible. This is
consistent with estimates based on the dielectric properties
of ice; in particular, the scattering coefficients are below
about –40 dB for shallow ice with the PD mechanism and
below about –60 dB for deeper ice with the PD, CA and PCOF
mechanisms (Fujita and others, 2000). This is consistent with
the radargram simulations of Miners and others (2002) in
which effects from the secondary and further reflections
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were negligibly small. Also, we note that there are several
factors that may exist in reality but are not considered in the
present matrix modeling. They are, for example, (i) spatial
lateral variation of the COF, (ii) non-planar reflection
surfaces and (iii) side lobe effects of the radar system. In
both the real ice sheet and specification of the radar system
these are significantly different from the idealized situations
considered in our model; these factors may contribute to the
model results.

2.2. Model results
To test the model, we simulated three cases. The first
assumes the birefringence effect only, the second assumes
only anisotropic scattering and the third assumes a combination of birefringence and anisotropic scattering. These
three cases are idealized, but they represent common
features in Antarctica (Matsuoka and others, 2003). To
focus on the polarimetric features, we do not consider
isotropic effects including geometrical spreading, dielectric
absorption due to electrical conductivity or effective area for
scattering, though they do not add any difficulty to the
theory. We examine variations in the echo in terms of radar
frequency and polarization. To extract effects of birefringence and anisotropic scattering boundaries, we focus on
both phase and amplitude anisotropy in the electric field
from Equations (9–12).

Isotropic scattering with birefringence
Figure 5a shows how birefringence affects the received
power profiles. In the calculation, we set "0ix ¼
"0iy  0:1"0 , and assume isotropic reflection (i.e. Si–x ¼
Si–y). We assume scattering occurs everywhere and that the
same mechanism causes reflections in both components Si–x
and Si–y. We set a discrete number of layers, 600, in the
model. Here, ‘the same mechanism’ means that the mechanism can be either PD, PCOF or CA. Whatever the mechanism is, as long as a single mechanism works, it does not
change the results of the simulations. We do not consider
cases where two or more mechanisms are mixed in a single
ice column. For the two-way travel to a point z1, phase
difference between waves along the two principal axes
occurs. Phase difference, , is
4f
¼
c
Fig. 5. Received power intensity from an echo sounding in ice
relative to that of a wave within an isotropic medium and scattered
off isotropic boundaries. The co-polarized case is on the left and the
cross-polarized case is on the right of each panel. Results are shown
as a function of ice depth (left axis) or phase difference between
waves along two principal axes at the receiving antenna (, right
axis), and the antenna orientation measured from x (, bottom axis;
 ¼ 0 is parallel to the principal axes). Abscissa values from  to 2
are the same as those from 0 to . The radar frequency is 179 MHz.
(a) Birefringent ice sheet with isotropic scattering boundaries. The
anisotropy in the dielectric permittivity tensor is 0.1D"0 or 0.0034.
(b) Ice sheet without birefringence but with 10 dB anisotropic
scattering boundaries. ( is not shown for this case because there is
no birefringence.) (c) Birefringent ice sheet as in (a) with 10 dB
anisotropic scattering boundaries.

Z

0

z1

pﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃ


"0x  "0y dz þ x  y ,

ð13Þ

where f is the frequency used for radar sounding and c is the
speed of light in a vacuum. The square root of the dielectric
permittivity is equivalent to the refractive index of ice. The
second term is the phase shift at the scattering boundary
at z1. In our simulations, we assume x ¼ y . All
simulations are carried out at a single frequency of
179 MHz, the same frequency as used in our radar
experiments in the field. But differences in frequency affect
the relation between  and z in Equation (13). In terms of the
results of the modeling, effects from  are important.
Features of the simulated results are as follows. For the
co-polarized simulation (left panel of Fig. 5a), the echo
intensity decreases at two antenna azimuths ( ¼ /4 and
3/4) when the phase difference, , between waves along
two principal axes becomes an odd multiple of . Hereafter,
we call this feature a ‘co-polarization node’. For the crosspolarized simulation (right panel of Fig. 5a), extinction of the
signal appears at every /2 of the antenna rotation angle, .
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Here,  is the angle from one of the two principal axes, that
is, i is the same for all i. Such an extinction of the signal is
known in optical measurements of thin ice sections between
crossed polarizers. Hereafter, we call this feature ‘crosspolarization extinction’. We also note, for the crosspolarized simulation, a decrease of the signal level appears
at every 2 of  at the antenna azimuths,  ¼ /4 and 3/4.
Hereafter we call this feature the ‘cross-polarization node’.

Anisotropic scattering with no birefringence
Figure 5b shows a simulated result for anisotropic scattering
boundaries, but with no birefringence. Here, we assume
Si–x ¼ 10Si–y In real ice sheets anisotropic scattering boundaries are caused by anisotropic COF. Thus, anisotropic
scattering boundaries typically occur with some amount of
birefringence. Cases like Figure 5b occur when the
birefringence is very weak compared with the effect of
anisotropic scattering. We note that there are no observed
examples of anisotropic scattering boundaries caused by PD
or CA in the literature. In the simulation, we again assume
that the same mechanism causes reflections in both components Si–x and Si–y, so that no relative phase difference
occurs between the two components at the scattering
boundary, x ¼ y in Equation (13). One can see that
for the co-polarization antenna configuration, the received
power depends only on , with a periodicity of . For the
cross-polarization configuration, cross-polarization extinction occurs just as it did in the case of birefringent ice. Thus,
this cross-polarization extinction is common to both the
birefringent case and anisotropic scattering.

Anisotropic scattering with birefringence
Figure 5c shows the simulated results for a birefringent ice
sheet containing anisotropic boundaries. We merge the
above cases "0ix ¼ "0iy  0:1"0 (Fig. 5a) and Si–x ¼ 10Si–y
(Fig. 5b). We assume that the same mechanism causes
reflections in both components Si–x and Si–y, so no relative
phase difference occurs between the two components at the
scattering boundary. We further assume that both birefringence and anisotropic boundaries have the same principal
axes. Such a situation can occur (i) when the cluster strength
of the elongated vertical single-pole COF changes with
depth, (ii) when the cluster strength of the vertical girdletype fabric changes with depth (e.g. Fujita and others, 2003)
and (iii) when vertical single-pole COF layers are intermingled with vertical girdle-type fabric layers (e.g. Lipenkov
and others, 1998; Fujita and others, 2003; Matsuoka and
others, 2003, 2004). Features of the signal patterns are
summarized as follows. The co-polarization signal node
shifted closer to the weaker axis ( ¼ /2) of the scattering.
This is because we biased the amplitude, by 10 dB, of the
wave on one principal axis over the other, in order to
simulate the effect of anisotropic boundaries. For the same
reason, in the cross-polarized configuration, even with 
around /4 and 3/4 and with  around 2n (n ¼ 1,2,. . .)
waves along the two principal axes do not cancel each other
out. This effect makes the cross-polarization node weaker
than that in the pure birefringence case (Fig. 5a). For the
cross-polarization case, extinction occurs at the same
azimuths as those in Figure 5a and b. We note here that
the spreading of the radar beam will not affect the results
because the beam from the nadir is the strongest.
In summary, Figure 5a shows a previously studied
birefringent effect (e.g. Hargreaves, 1977), but we have

Fig. 6. Depths at which the shallowest co-polarized node ( ¼ )
occurs are shown in terms of the radar frequency and the COF
dielectric anisotropy. D"0 is the dielectric anisotropy of pure-ice
single crystals. The vertical line at 179 MHz indicates the radar
frequency used in our simulations and in observations.

reproduced it using matrix-based modeling. Figure 5b and c
show new cases that could not be shown from earlier studies
of the isotropic scattering mechanisms, PD and CA (Fujita
and others, 2000, 2003; Matsuoka and others, 2003). The
results in Figure 5b and c require PCOF to be one of the
dominant scattering mechanisms in the ice sheet. In
addition, in the light of the present knowledge of D"0 , we
derive quantitative relationships between depth, phase
difference, radar frequency and COF features.

2.3. Implications for radar surveys
Depth of the shallowest co-polarized node
The simulated results in Figure 5 indicate that the birefringent effect will usually appear as a node in experimental conditions in which the radar return has a  value
that is close to an integer multiple of . As this is a point that
should be readily detectable, we focus on these nodes. By
setting  ¼  in Equation (13) we find the resulting depth
values for various frequencies, f, and COF anisotropies.
Figure 6 shows how  reaches  as a function of the strength
of the COF anisotropy and the radar frequency. In the graph,
the abscissa is the frequency range used for radar sounding
and the ordinate is the depth range of polar ice sheets. The
lines in Figure 6 show the depths for the shallowest copolarized node ( ¼ ) in terms of dielectric anisotropy of
the ice-sheet ice. Values of dielectric anisotropy below
about 0.3D"0 can occur in ice sheets when the COF is a
vertical girdle pattern (e.g. fig. 4 in Fujita and Mae, 1993).
Also, values below about 0.1"0 are expected when the
COF is an elongated vertical single pole. Thus, Figure 6
suggests that the co-polarized nodes should be observable in
a radar sounding. When the radar frequency is higher or the
COF anisotropy is stronger, the signal nodes appear at
shallower depths. A higher-frequency radar makes it possible to detect co-polarized nodes caused by the weaker icecrystal anisotropy.
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Fig. 8. Relative intensity of the returned radar signal along phase
difference  ¼ (2n – 1)/2 for ice with birefringence and anisotropic scattering level, based on the co-polarized data cross-section
in Figure 5c. The magnitudes of anisotropy are: 0 dB, solid line;
–10 dB, dotted line; –20 dB, dashed line.

Fig. 7. Relative intensity of the returned radar signal along
orientation  ¼ ð2n  1Þ/4, based on Figure 5a. Both co-polarized
and cross-polarized cases are shown.

Extracting anisotropy in COF
The above results for the co-polarization configuration
suggest that we can extract COF information from the
radar-sounding data. The same analysis can be applied to
the cross-polarization node and extinction. The most distinct
features include the co-polarization nodes, the cross-polarization extinction and the cross-polarization node, as we
saw in Figure 5. By finding these features in field data, one
can determine the COF anisotropy, the orientation for the
COF anisotropy and the depths where  ¼ n.
An example of this approach is shown in Figure 7 in
which the received power is shown to vary with . The
feature of interest here is the cusps in the signal. Using such
a plot and Equation (13)
can determine the depthpﬃﬃﬃﬃone
ﬃ pﬃﬃﬃﬃﬃ 
averaged magnitude of  "0x  "0y  between depths of the
cusps. This has been done for two sites in Antarctica and is
presented below. In addition, because  is proportional to
the radar frequency, use of a multi-frequency
radar system
pﬃﬃﬃﬃ
ﬃ pﬃﬃﬃﬃﬃ 
allows us to determine the magnitude of  "0x  "0y  at
many depth ranges. The higher the frequency, the larger the
number of features or the shorter the depth interval between
the features. Both the magnitude of the birefringence and the
directions of the principal axes are useful for understanding
the strain history within ice over a wide area.

Effects from anisotropic scattering
When both anisotropic scattering and birefringence affect
the signal significantly, the model shows that the antenna
azimuth of the co-polarization nodes moves from /4 toward
the azimuth  ¼ /2 at which the weakest scattering occurs
as the scattering anisotropy gets larger. Figure 8 shows how
the co-polarization node shifts at a fixed depth when the
anisotropy changes from 0 to –20 dB. At the same time, the
signal near  ¼ /2 gets weaker. This shift of the azimuthal
angle of the node is nearly proportional to the anisotropy in
decibels. We fit the relation to 0.024 rad dB–1 (1.48 dB–1).
The cross-polarization nodes at  ¼ /4 and 3/4 are also
weakened by anisotropic scattering. Figure 9 demonstrates
how this feature varies in terms of . When the scattering
anisotropy is –10 or –20 dB, the range of signal variations
is only about 5 and 2 dB, respectively. Thus, for both the

co-polarized and the cross-polarized measurements, the
nodes at  ¼ n become less distinct when affected by
anisotropic scattering. These results suggest that combinations of birefringence and anisotropic scattering make it more
difficult to detect co-polarization and cross-polarization
nodes than when there is only a birefringent effect.
Table 2 gives a summary of conditions for appearance of
co-polarization and cross-polarization signal features. This
table is useful when we extract COF information from the
radar-sounding data.

Advantages of using several radar frequencies
The amplitude reflection coefficient due to permittivitybased reflections is independent of frequency, whereas the
amplitude reflection coefficient due to conductivity-based
reflections is inversely proportional to frequency (Table 1).
Hence, we can use two frequencies, say f1 and f2, to
distinguish between the conductivity-based reflections and
the permittivity-based reflections. For the co-polarized data,
the magnitude of this difference is 20 log10(f2/f1) dB (Fujita
and others, 1999). This has been used in several studies
taking f1 ¼ 179 MHz and f2 ¼ 60 MHz, resulting in a
difference of about 10 dB (Fujita and others, 1999, 2002;
Matsuoka and others, 2003).
Doake and others (2002) pointed out a possible case in
which the distinctions between permittivity-based reflections (PD and PCOF) and conductivity-based reflections (CA)
are masked by birefringence when the multi-frequency
method is used. That is, they claimed that possible
fluctuations of the received power due to birefringence
could be larger than the 20 log10(f2/f1) dB. The results in
Figure 5 suggest an answer to this point. The answer is yes,
but the method is still valuable. The reasons are as follows.
First, if one knows (i) the principal axes (by scanning ),
(ii) the depths of the co-polarization nodes and (iii) the
depths of the cross-polarization nodes, then one can
distinguish between effects from birefringence (signal nodes)
and effects from the frequency-dependent number, 20
log10(f2/f1) dB. Thus, the polarimetric multi-frequency measurement can distinguish these two effects and provide
valuable information on the characteristics within ice sheets.
Second, if neither the principal axes nor the depths of the
co-polarization nodes are known, it is more problematic.
Our ability to distinguish between permittivity-based reflections and conductivity-based reflections is weakened. Such
a situation arises if we use only one arbitrarily selected
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antenna orientation at a site. However, our simulation
suggests the data will still be sufficient to distinguish the
scattering mechanisms. In the – diagrams in Figure 5a, the
probability of occurrence of signal nodes of 3, 5 and 10 dB
are 20%, 12% and 3%, respectively. This probability is
defined as the area surrounded by the contour lines relative
to the total area of the – diagrams. This means that, when
we do not know the principal axes and strength of
birefringence at all, the average probability that it will be
accidentally affected by birefringence by 10 dB is 3%.
However, in ground-based surveys antennae are often set
along lines related to ice flow, say parallel or perpendicular
to the ice flow direction. Such orientations tend to contain
the principal axes of the strain, and thus they would be free
from co-polarization nodes. This means that the probability
of the two-frequency method being affected accidentally by
the co-polarization nodes in a typical ground survey is much
smaller than the values given above. But this is only the case
for ground-based surveys. Airborne surveys are typically laid
out as a grid over larger distances, so co-polarization nodes
are more likely to occur.
Finally, the effect is weaker when the radar data are
averaged over all . In a two-frequency experiment, Fujita
and others (1999) and Matsuoka and others (2003) identified
the dominant scattering mechanisms at many sites from
inland to the coast. They averaged the echo intensity at a
given depth over the radar data collected at /16 rad or
/8 rad intervals in the azimuth. Averaging over the azimuth
made the node weaker. For example, the effect of the copolarization node will not exceed 5 dB even in extreme
cases.
In summary, our analysis suggests that the best radarsounding method will include polarimetric radar sounding
to distinguish between the effects of birefringence (signal
nodes) and effects of frequency. Even if we do not know the
directions of the principal axes and the depths of signal
nodes, we can distinguish between conductivity-based and
permittivity-based reflections. However, the frequencies
should not be too close; the value of 20 log10(f2/f1) should
be 10 dB or more, which means that the higher frequency
should be at least three times the lower frequency.

Possible effects of pulse width
Radar echoes for pulse-modulated radars are the sum of
reflections within the depth range, defined as that in which
the radio wave travels the half-distance of the pulse width.
The simulated results in Figure 5 do not include effects of
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Fig. 9. Relative intensity of the returned radar signal along
orientation  ¼ ð2n  1Þ/4 for ice with birefringence and anisotropic scattering level, based on the cross-polarized data crosssection in Figure 5c. The magnitudes of anisotropy are: 0 dB, solid
line; –10 dB, dotted line; –20 dB, dashed line.

pulse width. Rather, Figure 5 shows the radar echo from very
short pulses scattered from various depths. For pulse widths
between 60 and 1000 ns, which are typically used in ice
soundings (e.g. Nixdorf and others 1999; Matsuoka and
others, 2003), the depth range is 5–85 m.
This interference does not alter the simulated results, as
long as the same interference pattern occurs in the waves
along both principal axes. Two complex cases can arise in
an ice sheet. First, at the scattering boundaries, the ratio
between two components Si–x and Si–y fluctuates from one
depth to another. In this case, the interference pattern in
waves along the two principal axes is different. Differences
get larger as the pulse gets wider. Second, at the scattering
boundaries, a relative phase difference can occur between
Si–x and Si–y, as we described in section 2.1. If one or both
cases occur in an ice sheet, the co-polarization node, the
cross-polarization node and the cross-polarization extinction may not appear. It would then be difficult to determine
the specific complications which do occur. In the next
section we use the results obtained with our matrix model to
analyze the presence of birefringence and anisotropic
scattering in field radar data.

Table 2. Conditions for appearance of co-polarization nodes, cross-polarization nodes and cross-polarization extinction

Birefringence
Anisotropic scattering{
Combination of birefringence
and anisotropic scattering

Co-polarization nodes

Cross-polarization nodes

Cross-polarization extinction

 ¼ (2n – 1)/4
 ¼ (2n – 1)*
No appearance
 ¼ (4n – 3)=4 þ 0:024a{
 ¼ (2n – 1)
and
 ¼ (4n – 1)/4 – 0.024a
 ¼ (2n – 1)

 ¼ (2n – 1)/4
 ¼ 2n
No appearance
 ¼ (2n – 1)/4
 ¼ 2n

 ¼ n/2

n is a positive integer.  is phase difference between two waves.  is the angle from one of the two principal axes.
Signal periodicity along  is /2, in contrast to the birefringence case where it is /4.
{
a is the magnitude of the anisotropic scattering expressed in decibels.
*

{

 ¼ n/2
 ¼ n/2
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Azuma and others (2000) reported that the mean c-axis
direction was always within 2  28 from the ice-core axis,
which is near vertical down to 2000 m depth. The ice core
has no geographical azimuth control, so azimuth of the
elongation is not known. We tentatively assume the elongation orientation does not change dramatically with increasing depth. Later we verify this assumption by radar sounding.

Mizuho

Fig. 10. Depth profiles of horizontal anisotropy in (a) refractive
pﬃﬃﬃﬃ
index ( "0 ) and (b) radar phase. Each point in (a) represents a set of
COF data from a section of ice from ice cores. Open circles
indicate the Dome Fuji ice, and solid diamonds indicate the
Mizuho ice. Solid lines are fitted curves. (b) The calculated total
phase shift, , during the two-way traveled wave back to the
receiving antenna between the components along x and y axes,
based on ice-core data according to Equation (13). Depths are given
when  is integer multiples of .

3. RADAR EXPERIMENT
3.1. Location and characteristics of study sites
Dome Fuji
Dome Fuji is the second highest dome summit in East
Antarctica (Fig. 1a and b). A Japanese station at Dome Fuji
was built for deep ice coring. The dome summit is a wide,
flat area. Based on an ERS-1 (European Remote-sensing
Satellite-1) high-resolution map of Antarctica compiled by
Rémy and others (1999), we estimate that the highest point
on the dome plateau is 12 km west-northwest of the station;
however, the elevation of the station is within 1 m of the
highest point. The maximum surface slope around the
station faces east-northeast. In 1996, S. Fujita and members
of the Japanese Antarctic Research Expedition verified the
surface slope at many sites in a 60  60 km area around
Dome Fuji by ground survey. Surface ice movement rate is
less than several centimeters per year at Dome Fuji
(Motoyama and others, 1995). At the station, a 2503 m long
ice core was drilled between 1994 and 1997 (Watanabe and
others, 1999). The radar survey was carried out within 50 m
of the drillhole at Dome Fuji station.
Azuma and others (1999, 2000) reported that the COF of
the Dome Fuji core is a vertical single-pole pattern with
cluster strength increasing with depth. However, the c-axis
distributions do not indicate a perfect circular single maximum, but are elongated horizontally. Because of this elongation, the ice should be birefringent at radio frequencies.

Mizuho station is at a flank site of the Shirase Glacier
drainage basin, which includes part of the inland plateau,
with Dome Fuji as the highest region. The ice thickness is
1950 m. The ice converges toward fast flow at Shirase
Glacier (Fig. 1a and c). The flow vector of the ice sheet is
22.2 m a–1 in the direction 2978 from true north (Motoyama
and others, 1995). The principal strain was derived as tensile
in the longitudinal direction and compression in the
transverse direction (Naruse and Shimizu, 1978).
At Mizuho, a 700 m long core was drilled between 1983
and 1985 (Higashi and others, 1988). COF measurements at
12 depths showed that the c axes concentrated gradually on
a vertical girdle with increasing depth (Narita and others,
1986; Fujita and others, 1987). The azimuth of this ice core
was determined from the remnant magnetization of iron
particles accidentally deposited in the drilling. By comparing the azimuth of the ice core with the azimuth of the COF
cluster plane, the azimuth of the COF cluster plane was
identified as perpendicular to the ice extension axis (Fujita
and others, 1987).
Use of two-frequency radar measurements showed that
the dominant scattering mechanism is permittivity based
throughout the ice column over 300 km across the main flow
of Shirase Glacier (Fujita and others, 1999, 2003; Matsuoka
and others, 2003). The PCOF mechanism is dominant except
in the top 250 m where PD might be dominant. At depths
from 250 to 750 m, the scattering is stronger when the
polarization plane is along the flowline. In contrast, at
depths from 900 to 1500 m, the scattering is stronger when
the polarization plane is perpendicular to the flowline.

3.2. Derivation of dielectric tensor from COF data
The dielectric permittivity component of polycrystalline ice
under an arbitrary external field vector can be evaluated
using normalized eigenvalues of the COF (see Appendix). For
the COF of the Dome Fuji ice core, Azuma and others (2000)
derived the depth profile of the normalized eigenvalues.
They reported that one of the principal axes of the COF was
near vertical at depths shallower than 2000 m. Under the
assumption that the orientation of the elongated single-pole
COF did not change dramatically with increasing depth, the
depth profile of the COF eigenvalues at Dome Fuji can be
converted to a depth profile of the dielectric permittivity
tensor. Then, for vertically propagating radio waves, we can
derive the phase difference, , between waves along the two
principal axes (the x wave and the ywave) as follows.
Using
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ 
Equation (13), the depth profile of  "0x  "0y  is derived
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ 
first from COF data (Fig. 10a). At Dome Fuji,  "0x  "0y  is
near zero at depths from the surface down to 500 m. This is
because the single-pole COF is nearly isotropic and does
show clearly elongated features. But below 500 m,
not
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ 
 "0  "0y  becomes significant and increases with inx
creasing depth. Note that in Equation (13), Dx ¼ Dy
for Dome Fuji ice because no difference in scattering
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Table 3. Specifications of the VHF (very high-frequency) radar system
Carrier frequency
Transmitter
Receiver
Antenna

Peak power
Pulse width
Sensitivity
Type
Gain
Beam width

Vertical resolution in ice{
Wavelength in ice

179 MHz
1 kW
150 ns/350 ns/1050 ns
–115 dBm*
Three-element Yagi
8.15 dBi{
708 (E-plane)
908 (H-plane)
13 m/30 m/89 m
0.94 m

60 MHz
1 kW
250 ns/1000 ns
–115 dBm
Three-element Yagi
7.2 dBi
608 (E-plane)
908 (H-plane)
21 m/85 m
2.8 m

*

dBm is a unit for the power level in decibels with reference to a power of 1 mW. Receiver sensitivity assumes averaging to reduce the noise level.
dBi is a unit for expression of antenna gain in decibels with reference to the power of an ideal isotropic antenna.
{
Vertical resolution is the wave travel distance for half the pulse width.
{

mechanisms has been
between the x and y axes.
pdetected
ﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ 
0
0

Using the values of
"x  " y , the total phase shift, ,
between x and y waves during the two-way travel is
calculated at each scattering depth. The calculation has
been carried out at 60 and 179 MHz. Figure 10b shows that
for 179 MHz,  is , out of phase at 1360 m depth and  is
2, at 2150 m depth. Note that the uncertainty of D"0
(Equation (3)) is due to the uncertainty of these depths 3%.
Additional uncertainty arises both from the scatter of the data
points in Figure 10a and from our approximation that one of
the three principal axes of the COF is along the vertical. At
60 MHz,  will reach  at some depth greater than 2500 m.
At Mizuho, we set the x axis to lie within the plane that
contains the vertical girdle in the horizontal, y as the
orthogonal horizontal direction and z as the vertical. We
approximate that the vertical girdle-type COF contains the
vertical. Also we assume that the vertical girdle plane does
not rotate dramatically with increasing depth. For the
Mizuho station ice core, Fujita and Mae (1993) calculated
the depth profile of the eigenvalues. From the normalized
eigenvalues
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ of
 the COF, we calculate the depth profile of
 "0  "0y  from 12 depths down to the bottom of the ice
x
core at 700 m (Fig. 10a). The difference
in the refractive
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ 
0
0


index in the horizontal
"x  " y at Mizuho is much
larger than at Dome Fuji (Fig. 10a). This is because the
vertical girdle-type COF causes stronger birefringence. As a
result,  increases more rapidly at Mizuho than at Dome Fuji
(Fig. 10b). At Mizuho, Dx is not always the same as Dy.
There are indications that the implied dominant scattering
mechanism is PCOF in one orientation and CA in another
(Fujita and others, 2003). Tentatively assuming Dx ¼ Dy to
avoid complexity, we derive  . Later in the discussion, we
check whether or not this assumption is acceptable.
Figure 10b shows that at 179 MHz,  is n at depths around
270, 420, 560 and 690 m, and possibly also at 750 m. At
60 MHz,  ¼  at 560 m. Potential causes of errors are the
same as for the Dome Fuji ice core.

3.3. Radar method
We use a pulse-modulated radar system to allow the effects
of radar pulse length, which gives information about the
vertical resolution of the signal, to be investigated. For the
179 MHz radar we used 150, 350 and 1050 ns pulses. For
the 60 MHz radar we used 250 and 1000 ns. Each radar
system was mounted on its own snow vehicle. The
transmitting antenna Tx and the receiving antenna Rx were

on opposite sides of the vehicle. The three-element Yagi
antennae were either parallel to each other, i.e. copolarization, or perpendicular, i.e. cross-polarization
(Fig. 2). The specifications are given in Table 3.
For both the co-polarized and cross-polarized measurements, we measured the radar return power PR at 16 antenna
azimuths by changing the direction of the vehicle. At Dome
Fuji, we rotated the antennae in steps of /8 from 0 to 2. At
Mizuho, we rotated the antennae in steps of /16 from 0
to . We chose these steps (/8 and /16) in order to detect
phenomena with a minimum periodicity of /2. For the
starting orientation, the transmitter, receiver and vehicle
were oriented to true north. They were then rotated in
clockwise increments. Due to the symmetry of the radiowave propagation and scattering around the vertical,
orientations from 0 to  and orientations from  to 2 were
cross-checked against each other. This cross-checking was
done only at Dome Fuji. The orientations were determined
using a magnetic compass with errors within a few degrees
for each orientation. For both co-polarized and crosspolarized measurements, antenna azimuth refers to the
azimuth of the transmitting antenna.
The received power is expressed by a radar equation. A
radar equation for our pulse-modulated radar system is given
in section 2.4 of Matsuoka and others, (2003). Received
power, PR, decreases with increasing depth due to geometrical spreading and absorption loss of radio waves. The
detection limit for the received power in the present
measurements was about –115 dBm (Table 3). Also, we
calibrated the system frequently and the total error in the
received power is less than 1 dB, so we consider any
variation in the received power that exceeds 1 dB.
The signals measured with pulse-modulated radar are
often interference patterns from many scattering events
within a pulse (e.g. Moore, 1988; Jacobel and Hodge, 1995).
The shorter the pulse width and the fewer the scattering
events in a pulse, the more clearly will signals show
dominant or isolated scattering events. The vertical resolution can be defined as half the pulse width multiplied by
the propagation speed of the radio wave. Echo variations at
depth scales shorter than the vertical resolution are affected
by many factors such as (i) exact location of the scattering
objects, (ii) distance between scattering objects, (iii) type of
scattering (that is, PD, CA or PCOF), (iv) orientation of the
polarization plane, (v) pulse length and (vi) radar frequencies. Here we focus on the macroscopic features in radio
echoes averaged over the vertical resolution.
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3.4. Results
Dome Fuji
The 179 MHz co-polarized radar data at 16 azimuths are
shown in Figure 11a–c. At depths between about 1250 and
1500 m, there are distinct intensity minima as the antenna
azimuth  is varied. For all pulse width data, these minima
are at polarization angles /8, 5/8, 9/8 and 13/8 (arrows
in Fig. 11a–c). Thus, the signal minima occur every
/2 rad. This periodic feature is predicted to occur for
birefringent ice in the model (Fig. 5a). Also, as the minima
occur for all three pulse widths, it is unlikely that they are
caused by accidental interference within a pulse. Although
small fluctuations are probably interference effects, the
average trend over depths larger than the pulse width is
clear. These signal drops appear more clearly when the
pulse width is shorter. In agreement with the model, the
signal drops appear near depths where  is expected to be 
from the COF data (1360 m in Fig. 10b).
The cross-polarization measurements at 179 MHz also
show periodic features. Figure 11d–f show variations of PR
with changing antenna orientations. Over a wide depth
range below 1000 m, there are extinctions of the signal at
3/8, 7/8, 11/8 and 15/8. Thus, the maxima and minima
appear always at angles of /2 where the co-polarized data
have minima and maxima, respectively. These extinctions
appear for all three pulse widths, as shown in Figure 11d–f.
As with the co-polarization data, the extinctions appear
more clearly when the pulse length is shorter.
To illustrate the variation with antenna orientation more
clearly, we averaged PR from depths of 1250–1500 m at each
antenna azimuth. The data are plotted in Figure 12a and
show clear periodic variations. Cross-polarized results are
out of phase with the co-polarized results. We note here that
measurements differing by an orientation angle  ¼ 
should have the same reflection signature (compare
symmetry in Fig. 5a). The minima differ, however, by up to
8 dB between the co-polarized case and the cross-polarized
case (Fig. 12a). These differences are due to small errors in
antenna orientation, of up to a few degrees.
At 60 MHz, unlike the results for 179 MHz, we found
little variation of PR with changing antenna orientation for
the co-polarized measurements (Fig. 13). An exception
however, is the very deep ice below 1750 m, where there
are small variations of PR with changing antenna orientation.
Signal minima appear at four orientations, 0, 5/8, 8/8 and
12/8, which are always within /8 of those in the copolarization measurements at 179 MHz. We rejected the
data for the cross-polarized measurements at 60 MHz, due
to technical problems, and do not discuss them here.
Fig. 11. Radar scattering from Dome Fuji ice obtained at 179 MHz.
Antenna arrangement was co-polarization for (a–c) and crosspolarization for (d–f). Three pulse widths, 150, 350 and 1050 ns,
were used for both the co-polarization and cross-polarization
arrangements. The abscissa is the transmitting antenna orientation
relative to true north. The ordinate is the depth of ice converted
from the pulse-timing data using the propagation speed in ice.
Received power, PR (dBm), is expressed by the gray scale shown at
the bottom. Strong signals are white, and weak signals are dark.
Received power decreases with increasing depth due to geometrical spreading and attenuation of the radio wave. In (a–c)
arrows indicate suggested co-polarization nodes with /2 periodicity of the antenna orientation. In (d–f) the arrows mark minima
with /2 periodicity in the antenna orientation. They are suggested
cross-polarization extinctions.

Mizuho
Figure 14 shows variations of the received power with
changing antenna orientations for three different experimental conditions at depths shallower than 1000 m.
Figure 15 shows the data from Figure 14, averaged over
four depth ranges, to depict orientations for maxima and
minima at various depths. Figures 14a and 15a show the
results of the co-polarization measurement at 179 MHz. A
strong echo was observed when the antennae were oriented
approximately along the flowline, as Fujita and others
(2003) reported. Orthogonal to the flowline, the echo was
weaker. We find that azimuths for the strong echo seem to
rotate with depth. If we trace the orientation for the strongest
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Fig. 12. Received power averaged along various antenna orientations. The solid line shows the co-polarized case and the dotted line
the cross-polarized case. (a) The received power averaged over
depths from 1250 to 1500 m from data collected by the 179 MHz
radar with pulse width 150 ns. Both the co-polarization (Fig. 11a)
and cross-polarization (Fig. 11d) results are shown. (b) The received
power averaged over depths from 2000 to 2250 m collected by the
60 MHz radar with pulse width 250 ns. Only the co-polarization
measurement is shown. The orientations with minima are marked
by gray arrows.

signals (dotted line in Figs 14a and 15a), the range of the
variation is about /4.
Figures 14b and 15b show the results of the crosspolarization measurement at 179 MHz. Over a wide depth
range, there are signal minima at two orientations as shown
by the dotted lines. The maxima between the minima are of
different magnitudes. As with the co-polarization data, the
cross-polarization data form meandering curves that approximately follow the flowline and the orthogonal orientations. In addition, the variation of the orientations with depth
is similar to the co-polarization case in Figures 14a and 15a.
Black arrows in Figures 14 and 15 are the co-polarization
node and suggested ridge, respectively. They are discussed
below.
In the co-polarized measurements at 60 MHz, strong
echoes occur at two orientations, the flowline and the
orthogonal orientation shown as dotted lines along the
approximate maxima in Figures 14c and 15c. The curves in
the 60 MHz data appear straighter than those for 179 MHz.
We also see clear high-resolution minima and maxima, just
10–30 m wide, for 60 MHz, 250 ns in Figure 14c. Because
these features are much finer than those the model simulated
as nodes, we believe they come solely from fluctuation of
the internal reflections with depth.

3.5. Discussion and interpretation
Features indicating birefringence at Dome Fuji
At Dome Fuji the observed features indicate birefringence in
the ice sheet. For example, for the 179 MHz co-polarization
measurement, the signal minima appear when  is expected
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Fig. 13. Radar scattering from Dome Fuji ice obtained at 60 MHz.
Antenna arrangement was co-polarization, and two pulse widths,
250 and 1000 ns, were used. The abscissa is the transmitting
antenna orientation relative to true north. The ordinate is the depth
of ice converted from the pulse-timing data using the propagation
speed in ice. Received power, PR (dBm), is expressed by the gray
scale shown at the side. Strong signals are white, and weak signals
are dark. Received power decreases with increasing depth due to
geometrical spreading and attenuation of the radio wave. Arrows
mark apparent signal minima with /2 periodicity of antenna
orientation. These appear clearly when the data are averaged,
shown in Figure 12b.

to be an odd multiple of  (at 1360 m in Fig. 10b). This signal
drop is the co-polarization node predicted by our model
analysis (Fig. 5; Table 2). Another example is from the
179 MHz cross-polarization measurement. The signal extinction over a wide depth range with periodicity /2 is
typical for a pure birefringent medium and/or anisotropy at
the scattering boundaries, again predicted by the model.
They appear when the cross-polarized antennae are oriented
along the principal axes of birefringence or the scattering
anisotropy and are cross-polarization extinctions (Table 2).
According to the model, a single cross-polarization measurement is not sufficient for distinguishing between the
cross-polarization extinction caused by birefringence and
that caused by anisotropic scattering. However, in the
present case, we have already observed the co-polarization
node, although not of equal minimum magnitude. This
means that the cross-polarization extinction is caused by
birefringence. Further features that indicate birefringence
are the nodes that were observed in the 60 MHz copolarization measurement. According to Figure 10b,
 reaches close to  at 2500 m depth. We propose that
the minima in the 60 MHz co-polarization measurements
are a shallow tail of the co-polarization node centered at
2500 m depth.
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Fig. 14. Radar scattering from the ice sheet at Mizuho station.
Panels are adapted from figures 6, 8 and 9 of Fujita and others
(2003). The abscissa is the transmitting antenna orientation relative
to the flowline (FL). Unlike Figures 11 and 13, here the abscissa
spans only . The flowline is from 1178 to 2798 from true north. The
ordinate is the depth of ice converted from the pulse-timing data.
Received power, PR (dBm), is expressed by the gray scale shown at
the bottom. Frequency, pulse width and antenna configuration are
shown for each panel. The dotted lines in (a–c) were drawn by hand
and are discussed in the text. Arrows in (a) and (b) are the suggested
co-polarization node and the suggested ridge at 270 m, respectively. Arrows in (c) are the suggested orientation of the copolarization node.

We observed both the co-polarization nodes and the
cross-polarization extinction. A further typical feature for the
birefringence is the cross-polarization node, which can
appear in the cross-polarization measurement. The crosspolarization node, from the model, is a signal minimum at
every 2 of  at the antenna rotation angle /4 away from
the principal axes. We demonstrate below that the third
feature, a cross-polarization node, is also present in the data.

Orientation of elongated COF
From the variation of the signals, we can determine the
orientations for the principal axes of COF at Dome Fuji.
They are along the cross-polarization extinction ( ¼ 0, /2,
, . . .) and /4 rad away from the co-polarization nodes.
Based on data from Figures 11–13, the principal axes are
along the 3/8 to 11/8 axis and the 7/8 to 15/8 axis. At
depths below 1750 m, the principal axes are slightly

Fig. 15. Maxima and minima at various depths at Mizuho station.
The curves are based on data from Figure 14 with the specifications
shown in the legend. The abscissa span is again only . The
received power, PR, is averaged over four depth ranges where  is
expected to be an integer multiple of  at 179 MHz (Fig. 10). The
averaging distance is 140 m for each curve. Because this averaging
distance is much larger than a pulse width in ice (Table 3), the
averaged values show a mean tendency of signal variation of PR.
The dotted gray lines in (a–c) were marked by hand. The dotted gray
lines in (b) are the suggested points of cross-polarization extinction.
Arrows in (a) and (b) are the suggested co-polarization nodes and
ridges, respectively, at 270 m.

deviated anticlockwise by up to /8. This is an indication
that the geographical orientation of the principal axes is not
exactly constant with depth. The direction of the maximum
surface slope around the station is east-northeast (3/8 to
11/8 axis), coincident with one of the principal axes.
Considering the relations between ice flow and COF
formation, we can interpret the orientations for the long
axis and short axis of the elongated single pole. The major
strain component in an ice-divide area like Dome Fuji is
longitudinal extension in the flow direction. Since the icecrystal glide plane is perpendicular to the c axis, we can
expect the c axes to cluster more along the transverse
orientation than along the longitudinal orientation. Another
possibility is simple shear strain in the flow direction. Either
of these or a superposition of them suggests that the long axis
of the single pole will be perpendicular to the flow direction.

Anisotropy in COF
To further extract features of birefringence from the 179 MHz
co-polarization data, we average the radar profiles over 4 of
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the 16 orientations that have co-polarization nodes. These
orientations are /8, 5/8, 9/8 and 13/8. Then we
compare the result with the average of the radar profiles
over four orientations that have the strongest signals, i.e.
along the principal axes. These orientations include 3/8,
7/8, 11/8 and 15/8. On the decibel scale, this is
dPR ¼

4
1X
ð4i  3Þ
PR
4 i¼1
8



4
1X
ð4i  1Þ
PR
4 i¼1
8

:
ð14Þ

Figure 16a shows the result. The curve shows a minimum at
a depth where  reached  as a co-polarization node
(Fig. 16a). This depth of the signal drop agrees well with
depth calculated from the COF (Fig. 10). In addition, at a
depth where  ¼ 2, as calculated from the COF, the value
of dPR is near zero. These features are in good agreement
with the model (see Fig. 7).
We did a similar analysis on the 179 MHz cross-polarized
data. We calculated an average of the radar profiles over 4 of
the 16 orientations that have the strongest signals (/8, 5/8,
9/8 and 13/8). This average was compared with an
average over four orientations that gave cross-polarization
extinction (3/8, 7/8, 11/8 and 15/8) along the principal
axes. Figure 16b shows the resulting dPR. The phase of signal
increase and drop is opposite to the co-polarization case.
When  ¼  and  ¼ 2, the difference shows maxima and
minima, respectively. This minimum is verification for the
third piece of evidence for birefringence, the cross-polarization node suggested above.
Similar analysis was carried out for the 60 MHz copolarization data. The method was the same as for the
179 MHz co-polarization data. The result, in Figure 16c,
suggests that the deepest depth (2300 m) was not sufficient
for  to reach . This is consistent with the shallow tail of the
co-polarization nodes that was discussed above.
Because of the good agreement between theory and the
radar data analyses, including our assumption of a depthindependent direction of the elongated COF, we conclude
that our tentative assumption was basically correct. That is,
the orientation for the elongation of the single-pole COF
pattern did not vary with depth. However, at depths below
1750 m, the principal axes can be slightly deviated
anticlockwise by up to /8. This is a fact that we need to
consider when interpreting dynamical conditions at the
Dome Fuji ice-coring site.

Fig. 16. Variations of dPR defined by Equation (14) calculated for
radar data at Dome Fuji. (a) Radar frequency 179 MHz, pulse width
150 ns and co-polarization configuration. The dotted line shows
data averaged over each 20 m depth range, which is slightly longer
than the 13 m long pulse width (Table 3). The thick line is a fitted
line. For data at depths below 2000 m, radar data with a pulse width
of 1 ms are shown to complement the depth range that cannot be
detected with the 150 ns pulse width. (b) Analysis of crosspolarized data from Figure 11d–f. Frequency 179 MHz and pulse
width 150 ns. (c) Frequency 60 MHz, pulse width 250 ns and copolarization configuration.

down to 2200 m, with possible deviation of up to /8
below 1750 m. Such information is currently unavailable
from ice-core studies; it is information only radar sounding
can find. The next important problem concerns interpretation of the radar sounding for COF. To infer strain history of
ice from COF, we need to understand the relation between
ice flow and COF over very long timescales. This topic
requires extensive discussion and is beyond the scope of this
paper. Nevertheless, a tempting potential of the radar
method is to infer the ice dynamics over wide areas near
dome summits.

Birefringence and scattering at Mizuho
Potential of the radar method to infer ice dynamics
near a dome summit
Ritz and others (2001) studied the time evolution of the
Antarctic ice sheet over long time periods using a
thermomechanical three-dimensional (3-D) ice-sheet model. They estimated that the altitude of the ice-sheet surface at
inland sites located on the Antarctic plateau changed
commonly by 150 m in the glacial–interglacial periods.
For ice-core studies like the Dome Fuji ice core, it is
important that ice-coring sites are located near the summit.
To better interpret ice-core age at each depth, we are
interested in how the highest position of Dome Fuji
migrated historically in glacial–interglacial periods. The
long-term change of the Antarctic ice sheet may have
changed not only the elevation but also the summit position.
Our observations suggest that the geographical orientations of the principal axes for COF are constant to depths

A clear feature of the 179 MHz co-polarization data from
Mizuho is that a strong echo is oriented nearly along the
flowline but rotated by up to /4 from one depth to another
(Fig. 14a). This means that the anisotropic scattering
boundaries have principal axes that rotate back and forth
with increasing depth. This seems an important example of
rotation of principal axes of COF due to different strain
history from one depth to another. The cross-polarization
extinction, observed over a wide depth range with periodicity /2, is consistent with a return signal that is dominated
by anisotropic scattering. Moreover, the cross-polarization
extinction, also from 179 MHz, supports the argument that
the axes of the anisotropic scattering boundaries rotate by up
to /4 from one depth to another. However, the signal
variation with periodicity, /2 in the 60 MHz co-polarization
data, is typical for a birefringent medium. Fujita and others
(2003) proposed the following interpretation of this finding.
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At 179 MHz, radar signals are strongly controlled by
anisotropic scattering boundaries with anisotropy as large
as 10 dB (e.g. Fig. 14a). At 179 MHz, the major cause of the
radio scattering showing strong anisotropy is PCOF. At
60 MHz, the major causes of the radio-wave scattering at
Mizuho are both PCOF and CA, because CA-based scattering
is stronger at lower frequencies. The findings here support
this argument.
Although the COF in Figure 10 suggests there is a strong
birefringence effect at Mizuho, we did not find any clear copolarization or cross-polarization node in the radar data,
unlike the situation at Dome Fuji. In line with our theoretical
analyses of radar echo from anisotropic scattering with
birefringence, we sought features in the radar data in
Figures 14 and 15 in several ways, but did not find
convincing features of birefringence in the data.
According to the theory, when birefringence and anisotropic scattering are combined the co-polarization and crosspolarization nodes become unclear. The theory can explain
the observational fact. But another reason why features in the
data can become obscured is the existence of an orientationdependent scattering mechanism. If the anisotropic scattering mechanism PCOF and isotropic mechanism CA are
distributed and mixed in ice sheets with comparable
magnitudes, both phase and amplitude of the scattered radio
wave may become difficult to interpret. In Equation (13) the
term (Dx – Dy) is not only non-zero but also fluctuates. It is
plausible, then, that small-scale features like the co-polarization and the cross-polarization nodes might disappear due
to fluctuations in both amplitude and phase. In such a case,
to evaluate effects from the PCOF mechanism and the CA
mechanism, an effective experimental method is to use radio
frequencies lower than 60 MHz and higher than 179 MHz.
Then we can further analyze the relative contribution of
these scattering mechanisms.

4. SUMMARY
To better understand polarimetric multi-frequency radar
data, we developed a matrix model of radio-wave propagation within birefringent ice including anisotropic scattering surfaces. The model can accommodate many of the
presently known properties of polar ice sheets. These
properties include birefringence caused by COF, isotropic
scattering caused by the PD and CA mechanisms, and
anisotropic scattering caused by the PCOF mechanism. In
addition, our matrix-based model is easily expandable using
ice-core-based permittivity and conductivity data. Thus the
model is a practical tool to link radar and ice-core research.
We simulated the effect of birefringence, anisotropic
scattering and combined effects from these two. We also
described the detection of major features caused by
interference between waves along two principal axes at
the receiving antenna. The most distinct features are the copolarization node, the cross-polarization node and the
cross-polarization extinction (Fig. 5).
Using this model, we suggested how common birefringence effects may appear in VHF (very high-frequency) radar
sounding of polar ice sheets. When the radar frequency is
higher or when the COF anisotropy is stronger in the
horizontal plane, the birefringent effects appear at shallower
depths. In addition, we assessed how the multi-frequency
method can be used to distinguish permittivity-based
reflections from conductivity-based reflections within the

birefringent ice. The calculations suggest that the birefringence gives an identifiable effect, and hence polarimetric
radar sounding can be used to distinguish between the
birefringence and frequency-dependent scattering.
When birefringence is dominant, the polarimetric radar
method can determine the strength of the birefringence and
the direction of the principal axes. When anisotropic
scattering is dominant, the polarimetric radar method can
indicate how the strength and orientation of the COF change
with depth. In addition, if two or more frequencies are used
for a radar survey, one can get further insights into the depth
profile of birefringence and the scattering mechanisms.
We verified that many of the model-simulated features
are found in the real radar data. We examined radio-wave
depolarization and scattering at two contrasting inland sites
on the Antarctic ice sheet. The radar data were supplemented with COF data that had previously been obtained from
deep ice cores. We summarize the major results from the
experiments as follows.
Dome Fuji was shown to be an example of a birefringent
ice sheet. The data demonstrated three major features of a
birefringent medium: co-polarization node, cross-polarization extinction and cross-polarization node. The depths of
these features were consistent with the COF of the ice core.
We determined the principal axes of the COF at Dome
Fuji station, and found them to be along the orientation of
the maximum surface slope and the orthogonal orientation.
The principal axes of the COF at Dome Fuji were similar
throughout the depth range of 500 to 2200 m, the latter
being the greatest depth studied. At depths below 1750 m,
the principal axes can be slightly deviated anticlockwise by
up to /8.
Ice in a convergent and faster-flowing condition was
examined at Mizuho. The radar data at Mizuho appeared to
exhibit the combined effects of birefringence and anisotropic scattering. In response to antenna azimuth, we found
there were periodic changes over  and /2, regardless of
depth. We also observed a cross-polarization extinction.
However, the depth-dependent minor features like the copolarization and cross-polarization nodes were not clearly
found in the radar data. The theory showed that the copolarization and cross-polarization nodes become unclear
when birefringence and anisotropic scattering are combined. In addition, the observations at Mizuho suggested
that amplitude and phase can fluctuate due to orientationdependent scattering mechanisms. Such conditions obscure
the small-scale features like the co-polarization and the
cross-polarization nodes. In this way, the data still suggest
information about conditions within the ice sheet.
Importantly, the verification of the theoretical analyses by
comparison with experiments strongly supports the polarimetric radar method as a powerful tool to explore COF
within ice. Our method should apply to a wide range of ice
sheets. Indeed, a ground-based radar survey by Matsuoka
and others (2003) found that birefringent features appear
strongly at many inland sites, not only near domes or ridges
but also in areas far from either. Matsuoka and others (2003)
also found that the anisotropic scattering features appear
strongly at many sites in convergent flow conditions. In this
way, ice-sounding radar can detect stress–strain configuration over a wide area and over a range of depths. At sites like
Mizuho, we detect periodic co-polarization changes of radar
signal over  and /2 and clear cross-polarization extinction,
which reveals stress–strain configuration. Polarimetric radar
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sounding over a wide area should allow reconstruction of
3-D information on the ice-sheet dynamics. In addition, if a
dome summit or ridge migrated during glacial–interglacial
cycles and if strain history memory in COF is not erased, one
should be able to detect the migration through analysis of
the COF in ice. A further step in the present work is to apply
this radar method to a number of sites over dome summit
plateaus and sites along traverses. Also, the strengths and
limitations of COF as a memory of strain history need
extensive study.
Finally, we suggest some recommendations for future
measurements in polarimetric multi-frequency radar surveys. Minimum periodicity of the birefringent phenomena is
/2. Considering that at least four data points are necessary
to detect this cycle, the recommended sampling step for
antennae orientation is /8 or less. We demonstrated that a
shorter pulse gave a clearer result. But a shorter pulse in
pulse-modulated radar implies the detection limit depth is
smaller. We therefore need to compromise between clarity
and detection depth depending on the depth range under
investigation. We recommend that two or more pulse widths
be used for a single site. Because frequency affects both
dominant scattering mechanisms (e.g. Fujita and Mae, 1994;
Fujita and others 2000; Matsuoka and others, 2003) and
depth of co-polarization nodes and cross-polarization nodes
as in Figure 6, we cannot make general recommendations.
We used 60 and 179 MHz, but many other frequencies, in
particular lower and higher frequencies, need to be
explored.
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APPENDIX
DERIVATION OF DIELECTRIC TENSOR FROM COF
DATA
The c axes of ice-sheet ice have various orientations in
space. When the angle between the external electrical field

and the c axis is ’, the component of dielectric permittivity
projected along the electrical field is

1=2
2
:
"0 ð’Þ ¼ "0? 2 sin2 ’ þ "0k cos2 ’

ðA1Þ

The dielectric permittivity component of polycrystalline ice
under an arbitrary external field vector can be evaluated as a
mixture of different dielectrics, these being the individual
crystals, each having a different dielectric permittivity tensor
due to their differing orientations. Hargreaves (1978) derived
the macroscopic dielectric tensor e 0 as
e0 ¼

X

fj " ð j Þ ,

ðA2Þ

j¼1

where "ðjÞ and fj are the dielectric permittivity tensor and
volume fraction of each (jth) crystal in a total volume. To
calculate the depth profile of e 0 from ice-core data, the
volume should be a piece of polycrystalline ice. Both "ðjÞ
and fj should be determined for each crystal.
In a birefringent medium, we are interested in the phase
difference between two wave components each along two
principal axes in the horizontal plane. Hereafter, we call
these two components x wave and y wave. Ice sheets are
biaxial, not uniaxial, so that both the x- and y-wave
components are extraordinary waves. For radar sounding of
ice sheets, we discuss only radio waves propagating
vertically. Thus, we do not consider the electrical field
along z. We consider the electrical field along x and y
only.
To express COF using a macroscopic tensor, some recent
COF studies introduced normalized eigenvalues (e.g.
Azuma and others, 2000). Normalized eigenvalues range
from 0 to 1. Each tensor component is a component of the
c axis projected along each of the three principal axes. The
normalized eigenvalues are E1, E2 and E3. The principal axes
of a COF are, in principle, independent of the orthogonal
coordinates x, y and z of the ice sheet. However, when E3 is
very close to z, as in polar ice sheets, we can estimate that E3
is along the vertical and the two other axes, E1 and E2, are on
the horizontal. If both E1 and E2 are on the horizontal, then
the depth profile of the dielectric permittivity tensor along
the three principal axes is expressed using the normalized
eigenvalues as:
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