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Abstract

We prove that the moduli spaces of parabolic symplectic/orthogonal bundles on a smooth curve are globally
F-regular type. As a consequence, all higher cohomologies of the theta line bundle vanish. During the proof, we
develop a method to estimate codimension.
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1. Introduction

Let X be a variety over an algebraically closed field of positive characteristic and Fx : X — X be the
absolute Frobenius map. In [17], Mehta and Ramanathan introduced the notion ‘F-split’: X is said to
be F-split if the natural morphism F; : Ox — Fx.Ox splits as an Ox module homomorphism. Later
in [25], Smith studied a special kind of F-split varieties: globally F-regular varieties (see Section 6 for
details). F-split varieties and globally F-regular varieties have many nice properties, for example, the
higher cohomologies of ample line bundles(nef line bundles in the case of globally F-regular varieties)
vanish.

Examples of F-split varieties include flag varieties, toric varieties and many other important varieties
in algebraic geometry. In [16], Mehta and Ramadas proved that the moduli space of semistable parabolic
rank two vector bundles with fixed determinant on a generic nonsingular projective curve is F-split. They
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conjectured that the ‘generic’ condition can be removed. Very recently, Sun and Zhou [30] show that the
moduli space of semistable parabolic vector bundles with rank smaller than P fora generic nonsingular

projective curve and a generic choice of the divisor D is F-split. On the other hand, as mentioned in [29],
this conjecture should be extended into the following: the moduli spaces of semistable parabolic bundles
with fixed determinant on any nonsingular projective curve are globally F-regular.

In [29], Sun and Zhou studied the characteristic zero analogy of this extended conjecture. A variety
over a field of characteristic zero is said to be of globally F-regular type if its modulo p reduction is
globally F-regular for all p > 0. They proved that the moduli spaces of semistable parabolic vector
bundles on a smooth projective curve over an algebraically closed field of characteristic zero are of
globally F-regular type. As an application, they can give a finite-dimensional proof of the so-called
Verlinde formula in GL, and SL, case ([28]).

Globally F-regular type varieties have similar vanishing properties, namely all the higher cohomolo-
gies of nef line bundles are vanishing. Unlike the positive characteristic case, in characteristic zero,
all Fano varieties with rational singularities are globally F-regular type varieties ([25]). So globally
F-regular type varieties can be regarded as a generalization of Fano varieties in characteristic zero, with
the vanishing properties retained, and hence it would be both interesting and important to find examples
of globally F-regular type varieties.

On the other hand, properties of moduli spaces are central topics in the study of moduli problems.
We already know that, for a simple simply connected algebraic group G, the moduli space of semistable
G-bundles on a smooth curve is a Fano variety ([13]). However, if one considers the moduli space
of semistable G-bundles with parabolic structure on a smooth curve, then one may not get a Fano
variety. As mentioned before, in the case of G = SL,, Sun and Zhou proved that the moduli spaces of
semistable parabolic vector bundles with fixed determinant are globally F-regular type varieties ([29]).
So it encourages us to consider globally F-regularity as a reasonable property of moduli spaces of
G-bundles with parabolic structure on curves.

In this paper, we consider parabolic symplectic and orthogonal bundles over smooth curves. Our
main theorem is the following:

Theorem 1.1 (Main theorem, see Theorem 6.5). The moduli spaces of semistable parabolic symplec-
tic/orthogonal bundles over any smooth projective curve are globally F-regular type varieties. As a
consequence, any higher cohomologies of nef line bundles on these moduli spaces vanish.

We now describe how this paper is organized:

In Section 2, we recall some basics about parabolic vector bundles, parabolic symplectic/orthogonal
bundles and the equivalence between parabolic bundles and orbifold bundles.

In Section 3, we construct the moduli space of semistable parabolic symplectic/orthogonal bundles
explicitly, using geometric invariant theory. Although the moduli spaces of parabolic G-bundles have
been constructed by Bhosle and Ramanathan in [2], here we give an explicit reconstruction using
properties of symplectic/orthogonal groups. Our construction enables us to write down the theta line
bundle and canonical line bundle explicitly and to do some codimension estimating.

In Section 4, we generalise the methods in [11] to estimate the codimension of an unsemistable
locus in a given family, not only for parabolic symplectic/orthogonal bundles but also G-bundles and
parabolic vector bundles. Moreover, we also construct a parabolic version for the Quot scheme, a scheme
parametrizing all quotients of a given parabolic bundle with fixed parabolic type on a smooth projective
curve.

In Section 5, we will firstly define theta line bundles for any family of symplectic/orthogonal bundle
then prove that the theta line bundle descends to an ample line bundle on the moduli space under
some numerical condition. Moreover, if we require more numerical conditions, we can prove that the
theta line bundle admits a square root on the moduli space. Then we evaluate the canonical sheaf on
the moduli spaces and show that, under the numerical conditions before, the canonical sheaf is a line
bundle and its inverse is isomorphic to the square root of the theta line bundle, hence the moduli spaces
are Fano under the numerical conditions.
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In Section 6, we recall the definition and properties of globally F-regular type varieties; with the help
of key Proposition 6.9, we can prove our main theorem.

2. Basics of parabolic principal bundle over curve
2.1. Parabolic vector bundles and parabolic symplectic/orthogonal bundles

Let C be a smooth projective curve of genus g > 0 over an algebraically closed field K of characteristic
0. We fix a reduced effective divisor D of C and an integer K > 0.

E is a vector bundle of rank r and degree d over C. By a parabolic structure on E, we mean the
following:

(1) Ateach x € D, we have a choice of flag of E:
0= le(Ex) c le—l(Ex) c---C FO(Ex) =E,.

Let n;(x) = dim F;_1(Ex)/F;(Ex) and 7 (x) = (n1(x),n2(x), -+ ,n; (x)). Notice that all these
filtrations together are equivalent to a filtration:

E(-D)=F/(E)C F,(E)C---C Fy(E)=E.
(2) Ateach x € D, we fix a choice of sequence of integers, which are called weights:
0<ai(x) <ax(x)---<ap(x) <K.

Put @ (x) = (a1(x), az2(x), -+ ,a (x)).

We say that (E,D, K, {7 (x)}xep, {d@ (x)}xep), or simply E, is a parabolic vector bundle, and
o = ({7 (%) }xeps {@ (%) }xep) is the parabolic type of E.

For any subbundle F of the vector bundle E, it is clearly that there is an induced parabolic structure
on F, with induced flags structures and same weights; similarly, there is an induced parabolic structure
onE/F.

Let E and E; be two parabolic vector bundles with same weights, the space of parabolic homomor-
phisms Hom,,,(E1, E>) given by Oc-homomorphisms between E; and E, preserving filtrations at
each x € D. We can also define the parabolic sheaf of parabolic homomorphisms Hom ,a- (E1, E2) in
a similar way, which inherits a parabolic structure naturally. In fact, in [31] Proposition 1.1, it is shown
that the category of parabolic bundles is contained in an abelian category with enough injectives. So we
have the derived functors of parabolic homomorphism. We use Ext}mr (E1, E3) to denote the space of
parabolic extensions.

Definition 2.1. The parabolic degree of E is defined by

L
1 X
pardegE = degE + X ; ; a;(x)n;(x),

and F is said to be stable (resp. semistable) if for all nontrivial subbundle F C E, concerning the induced
parabolic structure, we have:

pardegF < pardegE
rankF rankE

(resp. <).

Now, let us talk about a family of parabolic vector bundles. Let S be a scheme of finite type over k.
A family of parabolic vector bundle with type o over C parametrized by S is a vector bundle £ over
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S x C, together with filtrations of vector bundles on &, of type 77 (x) and weights @ (x) for each x € D.
As before, such filtrations are equivalent to the following:

E(=(SXD)) = F(E) CF1(E) C - C Fo(€) =&,

where S X D is considered as an effective divisor of S x C. Following [31], we say & is a flat family if
all F;(&) are flat families over S.

Definition 2.2. E is a vector bundle of rank r degree d over C. By a symplectic/orthogonal parabolic
structure on E, we mean the following:

(1) A nondegenerated antisymmetric/symmetric two-form
w:EQE — Oc(-D).
(2) Ateach x € D, a choice of flag:
0=Fy41(Ex) € Fo (Ey) - Fi1(Ex) C F (Ex) C--- C Fo(Ex) = Ey,

where F;(E,) are isotropic subspaces of E respect to the form w and Fy; 11— (Ex) = F;(Ex)™* for
Iy+1<i<2l,+1.
(3) Ateach x € D, we fix a choice of weights:

0<ai() < @) <ay,(x) <ap() < <ana@ <K

satistying a; (x) + az +2-i(x) =K, 1 <i < [, + 1.

As before, we put n;(x) = dim (F;_1(Ey)/F;(Ex)), and

T (x) = (n1(x), n2(x), - -+, map 41 (X)),

@ (x) = (a1(x),a2(x), -+, az 41 (x)).
We say that (E,w, D, K, {7 (x)}xep, {@ (x)}xep), or simply E, is a parabolic symplectic/orthogonal
bundle and o = ({77 (x) }xep, {@ (x) }xep) is the parabolic type of E.

Convention: When talking about parabolic symplectic/orthogonal bundles, we always assume that
degD is even.

Remark 2.3.

1. The original definition of parabolic principal bundles is just a principal bundle together with
additional structures [22]. Later in [1], Balaji, Biswas and Nagaraj establish a different defini-
tion, which shares some nice properties as in the case of parabolic vector bundles, for example, a
parabolic symplectic/orthogonal bundle admits an Einstein—Hermitian connection if and only if it is
polystable ([4]).

2. The weights satisfy a;(x) + az; +2-i(x) = K because the isomorphism

E— E'®Oc(-D)
should be an isomorphism of parabolic bundles.

The parabolic degree of E is given by

2+l

1
pardegE = degE + X Z Z a;(x)n;(x).

xeD i=1
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By relations between 77 (x) and @ (x), we see that pardegE = degE+%5degD,noticingthatw : EQE —
Ox (—D) is nondegenerated, so E =~ EV(D). Thus, degE + %degD = 0 and then pardegE = 0.
For any subbundle F of E, we can define the parabolic degree of F by

2y+1

1 F
pardegF = degF + E}; ; ai(x)n; (x),

where nf (x) = dim (Fi—1 (Ex) N Fx/F;(Ex) N Fy).

Definition 2.4. A parabolic symplectic/orthogonal bundle E is said to be stable(resp. semistable) if for
all nontrivial isotropic subbundle F' C E(by isotropic we mean w(F ® F) = 0), we have

pardegF <0 (resp. <).

Lemma 2.5. A parabolic symplectic/orthogonal bundle is semistable if and only if for any subbundle
F, not necessarily isotropic, we have pardegF < 0, that is, semistable as a parabolic vector bundle.

Proof. If E is semistable as a parabolic vector bundle, then it is a semistable parabolic symplec-
tic/orthogonal bundle by definition.
Conversely, let E be a unstable parabolic vector bundle. Let

HN:0=EycE,C---CE;=E
be the parabolic y-Harder—Narasimhan filtration of the parabolic bundle E. Then the dual filtration
HN*:0=E} CE. , Cc---CE;y =E

is again the yu-Harder—Narasimhan filtration. So we must have E,_; = E;- by the uniqueness of the
p-Harder—Narasimhan filtration of a parabolic vector bundle. This implies that the maximal destabilizer
E is isotropic, that is, E is an unstable parabolic symplectic/orthogonal bundle. O

In positive characterictic case, the Harder—Narasimhan filtration of a bundle E satisfies the following
stationary property: Each quotient E;/E;_; of Harder—Narasimhan filtration of (F é)k(E ) is strongly
semistable for k£ > 0. Please refer to [7] and [8] for the applications of this property to the study of
surface in positive characteristic.

2.2. Equivalence between parabolic bundles and orbifold bundles

There is an interesting and useful correspondence between parabolic bundles and orbifold bundles,
which is developed in [18] and [3] for the general case. We will recall the correspondence briefly as
follows:

Given C, D, K as before, by Kawamata covering, there is a smooth projective curve ¥ and a morphism
p : Y — C such that p is only ramified over D with p*D = K Y., .p p~'(x); moreover, if we put
I" = Gal (Rat(Y)/Rat(C)) to be the Galois group, then p is exactly the quotient map of ¥ by I".

Definition 2.6. An orbifold bundle over Y is a vector bundle W over Y such that the action of I" lifts to W.
And an orbifold symplectic/orthogonal bundle is an orbifold bundle such that the correspondence
two-form w is a morphism of orbifold bundles.

Given an orbifold bundle W, for any y = p~'(x) € p*D, the stabilizer I' v, which is a cyclic group of
order K, acts on the fiber W, by some representation (after choosing suitable basis):

ai(x) ay(x) gaz(x) ﬂlx(x)}

gKHdiag{fK s ”afK 7‘51( IEEE Y ¢
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where 0 < ai(x) < ax(x) < --- < a; (x) < K are integers, £k is the K-th root of unity and
the multiplicity of &y ) is given by n;(x). Similarly in the definition of parabolic bundle, we use

o = ({7 (x)}xep, {d@ (x)}xep) to denote the type of an orbifold bundle W.

Proposition 2.7 ([181,[3]). There is an equivalence between the category of orbifold bundles over Y
with type o and the category of parabolic vector bundles over C with type o .

Roughly speaking, given an orbifold bundle W, then (p.W)T is a parabolic vector bundle over C,
with parabolic structures given by the action of stabilizers. Conversely, E is a parabolic vector bundle.
We put W, = p*E. After some elementary transformations of W;, we would have an orbifold bundle of
type 0. Moreover, we have

#I" - pardegE = degW

and E is semistable as a parabolic bundle if and only if W is semistable as an orbifold bundle.

Now, we will talk about orbifold symplectic/orthogonal bundles over Y: An orbifold symplec-
tic/orthogonal bundles is a/an symplectic/orthogonal bundle W over Y such that the action of I" lifts to
W compatible with the symplectic/orthogonal structure. For any y = p~!(x) € p * (D), the action of
stabilizer is given by:

§K — dlag{f;? (x), . ’éjl‘?(x)’é':lag(x)’ . ’fla(lx (X)’f;(alx (x)’ . ’é;:[_(al(X)}'

As before, we use o to denote the type of this orbifold symplectic/orthogonal bundle. Similarly, we have:

Proposition 2.8. There is an equivalence between the category of orbifold symplectic/orthogonal bun-
dles over Y with type o and the category of parabolic symplectic/orthogonal bundles over C with type 0.
Moreover, this equivalence induces an equivalence between orbifold isotropic subbundles and isotropic
subbundles.

Proof. See [4] Subsection 2.4. O

Remark 2.9. Note that (p.Oy)' = O¢(=D), so a I'-equivariant two-form w : W ® W —s Oy over Y
descends to a two-form (p.w)" : (p.W)'® (p.W)' — Oc(=D). That’s why, when defining parabolic
symplectic/orthogonal bundles, we require the two form to take value in O¢(—D).

On the other hand, let w : E ® E — L be a two form taking value in a line bundle L of even degree.
We can take a line bundle N such that N2 = LV, then we have a two form takes value in Oc on E ® N.
So two forms taking value in different line bundles are equivalent in this sense.

3. Moduli space of semistable parabolic symplectic/orthogonal bundles

In this section, we construct the moduli space of semistable parabolic symplectic/orthogonal bundles
with fixed parabolic type o over C. Although the moduli space is already constructed in [2] for general
algebraic groups, for our purpose, we will construct the moduli spaces explicitly using Geometric
Invariant Theory (GIT) constructions. The construction was based on the work of [9] which constructs
the moduli space of symplectic/orthogonal bundles.

We will use E to denote a parabolic symplectic/orthogonal bundle of rank r, degree d and parabolic
type 0. We will fix an ample line bundle O(1) on C with degree c, then the Hilbert polynomial of E is
Pg(m) = crm + y(E). We fix an polynomial P.

Firstly, we notice that by Lemma 2.3 of [9], the class of semistable parabolic symplectic/orthogonal
bundles with fixed rank, degree and parabolic type are bounded. So we may choose an integer Ny large
enough so that E(N) is globally generated for all semistable parabolic bundle E with fixed Hilbert
polynomial P and all integers N > Ny; which means, we have a quotient

q:V®Ox(-N) » E,
where V is the vector space K (V).
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Let O be the Quot scheme of quotients of V ® Ox (—N) with Hilbert polynomial P.
The symplectic/orthogonal structure on E will induce a morphism:

(VoOc)® (Ve Oc) — E(N)Q E(N) — Oc(2N - D),
which is equivalent to a bilinear map on V:
¢: VeV —H(C,Oc(2N - D)),

here Oc (2N — D) = O¢c(2N) ® Oc(-D) and we use H to denote the space HY(C, O¢ (2N — D)).

Now, we let Z ¢ Q x PHom(V ® V,H) be the closed subscheme such that every closed point
(g:V®Ox(=N) » E,¢:V®V — H) of Z represents a twisted symplectic/orthogonal bundle E.

So over Z x C, we have a universal quotient ¢ : V ® p.Oc(-N) — £ — 0 and a nondegenerated
antisymmetric/symmetric two-formw : £®E — p.Oc(=D), where pc : ZXC — C is the projection.
For any x € D, let &, be the restriction of £ on Z X {x} = Z and we put Flagj;()(£x) — Z be the
relative isotropic flag scheme of type 7(x).

LetR := XZDFlag,;(x) (&x) — Z, then a closed point of R is represented by

XE

((C], ¢)9 (QI(X), QQ()C), <o g2l (x))XED)s

where (g, ¢) is a point of Z, and ¢;(x) is the composition ¢;(x) : V® Ox(-N) —» E — E, —» Q;(x).
We denote by Q;(x) the quotients E/F;(E)y, and let r; (x) = dimQ;(x).

For m large enough, let G = Grasspm)(V ® Wy) x PHom(V ® V,H) x Flag, where W,, =
H°(V ® O(m — N)), and Flag is defined as:

Flag = 1—[ (Grassy, (x)(V) X -+ X Grass,, (x(V)).
xeD

Now, consider the SL(V)—equivariant embedding
R — G = Grasspm)(V®W,,) x PHom(V ® V, H) x Flag,
which maps the point ((g, ¢), (¢1(x), g2(x), ..., g21, (x))xep) of R to the point
(g, ¢, (g1(x),g2(x), ..., 821, (X))xeD)

of G, where g : V@ W,, » HY(E(m — N)) and g; (x) : V - Q;(x).
We give the polarisation on G by:

ny X 1x n ﬁd,-(x),

xeD i=1

where ny = %, d;(x) = aj+1(x) — a;(x) and [ is the number satisfying

Z i di(x)ri(x)+rl=Ky.

xeD i=1

We will analyse the action of SL(V) on R using a method in [9]. Let R*(resp. R**) to denote
the sublocus of R where the corresponding parabolic symplectic/orthogonal bundles are stable(resp.
semistable) and the map H’(g) : V — HY(C, E(m)) is an isomorphism. We are going to show R*
(respectively, R**) is the stable (respectively, semistable) locus of the action in the sense of GIT. Firstly,
let us recall a definition in [9]:
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Definition 3.1. A weighted filtration (E., m.) of a parabolic symplectic/orthogonal bundle E consists of

(1) afiltration of subsheaves
OcEycEyc---CE,CE,1=E.

We denote rk(E;) by s;;
(2) asequence of positive numbers m1,m; ..., m,, called the weights of this filtration.

LetT' = X!, m;I™ € C", where
k r—k

—_———

I*=(k-r,k—r,...,k=rk... k).

Now, given a weighted filtration (E,, m.) of a parabolic symplectic/orthogonal bundle E, let I'; be
the j-th component of I", and we define

ww, Eq,mq) := min{lﬂsi1 +T, w|Ei1 oE;, * 0}.

We have the following result:
Lemma 3.2 ([9], Lemma 5.6). If w is nondegenerate, then u(w, E.,ms) < 0.

In the following, we use Hilbert—-Mumford criterion ([20, Theorem 2.1]) to determine the (semi)stable
locus for the action of SL(V) of R.

Proposition 3.3. A point ((q, ), (q1(x),q2(x),...,q2u,.(x))xep) of R is GIT stable (resp. GIT
semistable) for the action of SL(V), with respect to the polarisation defined in Definition 2.1, if and
only if for all weighted filtration (E., ms), we have

kP(N)(Z(pardeg(Ei)) + u(w, Ee,mqe) <0 (resp. <).

i=1

Proof. By the Hilbert—-Mumford criterion, a point ((q, ¢), (q1(x), g2(x), ..., q2, (x))xep) is GIT
semistable if and only if for any one parameter subgroup 4 : G,, — SL(V), the corresponding Hilbert—
Mumford weight is greater or equal than zero. But a one parameter subgroup of SL(V) is equivalent
to a weighted filtration of V and hence gives a weighted filtration (E,, m,) for the corresponding bun-
dle E. Then a similar computation as in [9, Proposition 3.5] and [27, Proposition 2.9] shows that the
corresponding Hilbert—Mumford weight of the weighted filtration is given by

s(E) = kP(N)( Z mipardeg(E;)) + p(w, Ee, ma).

i=1
Hence, the point is GIT stable (resp. GIT semistable) if and only if s(E) < (resp. <) 0. O

Proposition 3.4. A parabolic symplectic/orthogonal bundle E is stable(resp. semistable) if and only if
the correspondence point ((q, ¢), (q1(x), g2(x), ..., g2, (x))xep) of R is GIT stable(resp. semistable)
for the action of SL(V).

Proof. Let E be a stable(resp. semistable) bundle. For any weighted filtration (E,,m,), we have
pardeg(E;) < 0 (resp. <) by Lemma 2.5. Furthermore,by Lemma 3.2, u(w, E., me) < 0, hence

KP(N)(Z(pardeg(Ei)) + p(w, Ee,ma) < 0 (resp. <).
i=1
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By Proposition 3.3, this tells that the corresponding point ((g, ¢), (g1 (x), g2(x), ..., g2, (x))xep) of
R is GIT stable(resp. semistable).

Conversely, let E be a parabolic symplectic/orthogonal bundle such that the corresponding point
(g, ), (q1(x), g2(x), ..., q2, (x))xep) is GIT stable(resp. GIT semistable). We want to show that E is
astable (resp. semistable). That is, for any isotropic subbundle F of E, we have pardeg(F) < 0 (resp. <).

Since E is stable(resp. semistable), the inequality in Proposition 3.3 must hold for all weighted
filtrations (E,, m,). In particular, if we take the weighted filtration as: 0 ¢ F ¢ F* c E and weights
m1 = my = 1, then the inequality becomes

KP(N)((pardeg(F) + pardeg(F*)) + u(w, E.,ms) < 0 (resp. <).

However, in this case we have u(w, E.,m,) = 0 and pardeg(F) = pardeg(F*), hence we have
pardeg(F) < 0 (resp. <). O

Now, let R*® < R be the open set of R which consists of semistable parabolic orthogo-
nal(symplectic,resp) sheaves. Let Mg p = R**//SL(V) be the GIT quotient, then we have:

Theorem 3.5. Mg, p is the coarse moduli space of semistable parabolic symplectic/orthogonal sheaves
of rank r and degree d with fixed parabolic type o. Moreover, Mg p is a normal Cohen—Macaulay
projective variety, with only rational singularities.

Proof. First of all, we can show that R*® is smooth. In fact, let Qr be the open subscheme of Q
consisting of quotients [¢ : V ® Ox (=N) - E] € Q such that H'(E(N)) = 0. Let Zr be the inverse
image of Qr under the projection Z — Q and Rp be the inverse image of Zr under the projection
R — Z.Then ZF is smooth by [22, Lemma 4.13.3]. Therefore, R r is smooth because it is a flag bundle
over Zr. Thus, R*® is smooth as it is an open subscheme of Rr.

Since R** is smooth, especially R**® is normal with only rational singularities so is its GIT quotient
Mg p. Finally, the fact that R*® is regular implies that Mg, p is Cohen—Macaulay (see [19]). m]

4. Codimention estimate

In this section, we fix S to be a scheme of finite type over k. Let £ be a flat family of vector bundle, principal
G-bundle, parabolic vector bundle or parabolic symplectic/orthogonal bundle over C parametrized by
S. Under certain conditions, we want to estimate the codimension of the unstable (unsemistable) locus,
that is, the locally closed subscheme S** c § (§**° c §) parametrizing all & which is not stable
(semistable). Our main method is a generalization of [11].

4.1. The case of vector bundle and principal G-bundle

In fact, the cases of vector bundle and principal G-bundle have been already done in [11] and [13]. For
later use, we reformulate the results and give a short proof if necessary.
We begin with the following proposition:

Proposition 4.1. £ is a flat family of vector bundles over S X C. Let ¢ : Q — S be the relative Quot-
scheme parametrizing all flat quotients of € with certain fixed rank and degree. For any s € S and
q € ¢~'(s), corresponding to exact sequence:

0—F—5& —G—0,
we have the following exact sequence:
0 — Hom(F,G) — T,Q0 — T,S — Ext'(F, G). 4.1)

Proof. See [10] Proposition 2.2.7. o
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Let E be a vector bundle over C, the classical Harder—Narasimhan filtration and Jordan—Holder
filtration show that if E is not stable(resp. semistable), then there is a maximal stable subbundle Fy C E
with the property deg Hom (Fy, E/Fy) < 0 (resp. < 0). Fy is taken to be the first term of the Jordan—
Holder filtration of the maximal destabilizing subbundle of E (so different choice of Fj have the same
slope). Moreover, if we say Fy is of type u = (r’, d”), that is, F is of rank r’ and degree d’, Then for a flat
family of vector bundle £ over S X C, the locus S# C S parametrizing & having a subbundle described
above with type u is locally closed and nonempty for finitely many u.

Similarly, properties hold for principal G-bundles. Let E be a principal G-bundle, then there is a
unique standard parabolic subgroup P and a unique reduction Ep so that if we denote E to be the vector
bundle associated to Ep by the natural representation of P on the vector space s := g/p, where g and
p are Lie algebras of G and P, then deg E; < 0. Moreover, we have similar concept of S#. For details,
please refer to [13] Proposition 3.7.

Proposition 4.2. Let £ be a flat family of vector bundles or principal G-bundles over S X C. Assume
that for each closed point t € S, the Kodaira—Spencer maps

T,S — Ext'(&,&) or T,S — H'(C,&(Ad))

are surjective. Then:

(1) In the vector bundle case, for any s € S, the normal space NyS* is isomorphic to Ext' (Fy, & | Fo),
where Fy is a maximal stable bundle described above.

(2) Inthe principal G-bundles case, for any s € S, the normal space NySH is isomorphic to H' (C, E.s)
where E; s is described above.

Proof. For the vector bundle case, we first consider the Quot-scheme ¢ : O — § parametrizing all
subbundles of type u, then analyse the exact sequence 4. 1. Firstly, the image of ¢ covers S#; we see that
the map 7,0 — TS factors as T,Q —» T;S* — TS. Secondly, by the proof of exactness of 4.1, we see
that the map T,S — Ext' (Fy, &/ Fp) indeed factors as

TS — Ext' (&, &) — Ext! (Fo, &/ F).

The first map is Kodaira—Spencer map which is surjective by assumption; the second map is induced by
the exact sequence:

0— Fp— & — &E/Fy — 0,

which is surjective naturally. Thus, we see that Ext!(Fy, &/Fy) is isomorphic to the cokernel of
1,0 — TS, that is, the normal space N,S*.

The principal bundle case is similar, except we need a variety to parametrize all reductions to P. But
this is already done in [22] Lemma 4.8.1. It is an open subscheme ¢/ of Hilb(g,p) g, parametrizing all
sections of £/P — S. Now, we apply Proposition 4.1 to this ¢//. With similar method above, we have
our proposition. |

Corollary 4.3. With the same notation and assumptions as above, if we assume S is smooth, we have:

(1) In the vector bundle case, the rank of £ is assumed to be r, then we have

codim(S**) > (r—1)(g - 1),
codim(S$**%) > (r = 1)(g - 1).

(2) In the principal bundle case, we have

codim(S*%) > rank(&; 5)(g — 1),
codim(S"**) > rank(& s)(g — 1).
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Proof. Since S* is nonempty for only finitely many p, by proposition above, we only need to calculate
dim Ext! (Fy, & /Fy) and dim H' (C, &t ). Using Riemann—Roch, we have
dim Ext! (Fy, &/ Fy) = dim Hom(Fy, &/ Fo) — deg Hom (Fy, & |Fo) +r'(r —r')(g - 1),
dimH'(C, & 5) = dimH(C, &, ) — deg & s +rank & (g — 1),

where r’ is the rank of F. Thus, our corollary holds by analyse of degrees of Hom (Fy, &/ Fp) and &, ¢
before. O

4.2. The case of parabolic vector bundle

We fix & to be a flat family of parabolic vector bundles of type o over S x C. To apply our method to
the parabolic vector bundle case, we need to construct an S-scheme parametrizing all flat quotients of
&, with fixed parabolic type o”’.

We begin with a functor

F: (Sch/S)°? — (Set)

as follows: Forany f : T — S, F(f : T — ) is the set of isomorphism classes of all quotients
&€ — G — 0 such that the induced parabolic structure on G makes G a flat family of parabolic vector
bundle of rank r’ and degree d’ with fixed type o’.

Proposition 4.4. F is represented by a finite type scheme ¢p : Qp — S.

Proof. Using Proposition 2.7, we will translate parabolic bundle and orbifold bundle interchangeably.

& gives a flat family of orbifold bundle W over S X Y. Firstly, we consider the Quot-scheme Q — S,
parametrizing all flat quotients of ¥ with certain fixed rank and degree. Secondly, since W is an orbifold
bundle, we see that I" acts on Q, and the closed subscheme QF of I'-invariant points parametrizes all the
orbifold quotients of YW ([24] Chapter 2 Section 2). At last, by [24] again, there is an open subscheme
Qp < QF, parametrizing all locally free orbifold quotients with fixed type o’. We claim that Qp
represents F.

Forany f : T — S, and any quotient f £ — G — 0, using the correspondence in Proposition 2.7, we
see easily that there is an S-morphism: 7 — Qp. Conversely, Given an S-morphism ¢ : T — Qp, this
would give a flat orbifold bundle quotient fy WV — G — 0. By our correspondence, we have a quotient

fe€—G—0,

where G is a flat family of parabolic vector bundles with type o~’. Notice that this is a quotient since
taking I'" invariant sections of C-modules is an exact functor. O

Remark 4.5. In [6] Section 3, a similar scheme is constructed in a different way.

Corollary 4.6. Forany s € S and q € </);,1 (), corresponding to exact sequence:
0—F—& —G—0,

then we have an exact sequence:

0 — Hom,, (F,G) — T,Q0p — TS — Ext. (F,G).

par

Proof. Let0 — F — W, — G — 0 be the corresponding exact sequence of orbifold bundles over Y.
When we regard ¢ as a point of Q, apply the exact sequence 4.1, we have an exact sequence:

0 — Hom(F,G) — 7,0 — T,§ — Ext!(F, G).
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However, this sequence is in fact a I'-exact sequence, Thus, we have:
0 — Hom(F,G)" — (TqQ)F — TS — Ext'(F,G)T,

which is exact since taking I'-invariant sections of k-modules is an exact functor since the characteristic
of k is 0. Now, it is known that Hom(F, G)! = Hom,,,(F,G) and (TqQ)r = T,0p. Finally, spectral

sequence argument tells Ext' (F, G)'' = Ext},a, (F,G), and we are done. O

Before going further, we mention that there are Harder—Narasimhan filtration and Jordan—Holder
filtration for parabolic bundles. So similarly to the previous subsection, for a parabolic bundle which is not
stable (resp. semistable), there is a maximal stable subbundle F such that pardegHom pa,r (Fo, E [ Fp) <
0 (resp. < 0). Moreover, for a family of parabolic vector bundle as above, S# defined as before, is locally
closed and nonempty for finitely many u.

Proposition 4.7. Assume that for any t € S, the Kodaira—Spencer map

T‘zS — Eth (gt,gt)

par

is surjective. Let S* C S be the locally closed described before. Then for any s € SH, we have
NoSH = Extl  (Fy, &/ Fo).

par

Proof. Similar as Proposition 4.2. O

Corollary 4.8. With same assumption as above, assuming that S is smooth and rank & = r, we have

codim(S§**) > degD/K + (r—1)(g—1)
codim($***) > degD/K + (r — 1)(g — 1).

Proof. As before, it suffice to estimate dim Ext}mr (Fo, Es/Fp)- By [31], we have EXt;ar(Fo, E/Fy) =
Hl (C, Hompar(FOa gx/FO))s SO

dim Extlpur (Fo, &/ Fo) = dimHom,,, (Fo, &/ Fo) — deg Hompar (Fo, Es/Fo) +1'(r —r')(g — 1).

Since pardeg Hom par (Fo, Es/Fo) < 0. We see that —deg Hom par (Fo, Es/Fo) > deg D/K. This would
give our results. o

Remark 4.9. Similar results have been given in [26] Proposition 5.1 by a different method.

4.3. The case of parabolic symplectic/orthogonal bundle

The case of parabolic symplectic/orthogonal bundles is similar to those in former two sections, but we
need define some notions first.

Let E be a parabolic symplectic bundle over C and W be the corresponding orbifold symplectic
bundle over Y. By the constructions before, we have W(Ad) and W for s = g/p. W is an orbifold
symplectic bundle, so W(Ad) and W are both orbifold vector bundles over Y. We use E(Ad) and Es to
denote corresponding parabolic vector bundles over C.

For any family of parabolic symplectic bundle £ over C parametrized by a scheme S, let WW be the
corresponding orbifold symplectic bundle on S X Y. For any ¢ € S, we have the Kodaira—Spencer map

7,S — H (Y, W, (Ad))
for W. This map is obviously I'-invariant, so we have

7,8 — H' (Y, W, (Ad))" =H'(C, & (Ad)).
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Definition 4.10. The Kodaira—Spencer map for £ at ¢ € S is given by
7,8 — H'(C, & (Ad)).

Proposition 4.11. Let S and £ be as before. Then there is a scheme ¢ps : Qps — S parametrizing all
isotropic subbundles of &, flat over S with same fixed type 7’

Moreover, for any s € S and q € q);,ls(s), corresponding to an isotropic subbundle F C &, which
corresponds to a reduction to a parabolic subgroup P of Ws, we have an exact sequence:

0 — HY(C,&5) — T,0ps — TS — H'(C, & ).

Proof. Similar to Corollary 4.6. O

With similar method, we can show that:

Corollary 4.12. With notations as before, assume that the Kodaira—Spencer map is surjective for any
s € S, then we have

codim(S"%) > deg D/K +rank(&6)(g — 1),
codim(S**%) > deg D/K + rank(&5)(g — 1).

5. The theta line bundle and the canonical line bundle of M p
In this subsection, we fix
| 2y
L=~ (Kx );) ; di(x)ri (%))

to be an integer, and D; := 3., ;7,4 to be a divisor of degree / on C. Given a scheme S and a flat family

of parabolic principal G-bundle F over S X C with parabolic type ({71) () }xen, {@ (X) }xe D), assuming
that for each x € D, the filtration is given by

0= Fo41(Fsxix)) S -+ Froe1 (Fsxix}) S Fi, (Fsxx)) S -+ € Fo(Fsxix}) = Fsx{x}»
which is equivalent to
Fsxixy = Q2141 (Fsxixy) > =+ = Qra1(Fsxix)) = On (Fsxix)) = -+ = Qo(Fsxixy) =0,
then we can define a line bundle ®  p, on S by
2,
Or.p, = (det Rrs F) X & (X) { (X) det (Qi(Fsx () “} @ (X) det(Fsuegz, )™,
xeD =1 q

where 7 : S x C — S is the projection and detR, F is the determinant of cohomology:
{det R, F}; = detH’(C, F;) ® detH'(C, F;)~!. Notice that det(Fsx(z,}) is trivial since Fsx(z,} is
a/an symplectic/orthogonal bundle over S. So actually we have

21,
Or p, = (det Rﬂ's]:)_K ® ® { ® det (Qi(]:Sx{x}))di(X)}.
xeD i=1
Lemma 5.1. The isomorphism

det (Q; (Fsxix})) = det (O +1-i (Fsxix}))

holds for any 1 <i < .
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Proof. Letw : F®F — p.Oc(—D) be the given nondegenerated antisymmetric/symmetric two form
where pc : S X C — C is the projection. Then we get a nondegenerated antisymmetric/symmetric
two-form wy : Fsx(x} ® Fsx{x} — Os over S by pulling pack. Then we have

o1 +1-i (Fsxix}) = Fsxn}/ Farr1=i (Fsxixy) = Foxix}/ Fi (Fsxix}) = F (Fsxix})-
So

det (Qor+1-i (Fsxx})) = det(F;(Fsxqx})) " = det (Qi(Fsxixy))- m|

From Lemma 5.1, we know that

L
Or.p, = (detRrsF) K © ® { ® det (Qi(fo{x}))Zdi(x)}.

xeD i=1

So O r,p, admits a square root defined by

1 Ix
3 py 1= (det Res F) ™2 © () { () det (0i (Fsxix))* ™'}

xeD =1
1
9} D, is well defined since K = 2q;_ 4 is always even.
Itis clear that, for any morphism f : T — S, we have f*Or p, = Oy F,p,» Where fc : TXC — SXC

is the base change of f. Moreover, we have:
Proposition 5.2. There is a unique ample line bundle ®p, over the moduli space Mg p such that:

(1) Forany scheme S and any family of semistable parabolic G-bundle F over SXC, let¢r : S — Mg p
be the induced map, then we have

¢O®p, =OFr p,.
(2) Let Dy and D be two different effective divisor of degree l on C, then ©p, and @D; are isomorphic.
Then we denote Op, as O;.
1

Q) Ifr| (5x - e Zi’;l di(x)ri(x)), then ®; admits a square root ©} on Mg p.

Proof. ®p, is the descend of Og p, over R** for the universal parabolic symplectic/orthogonal bundle.
Once we see that the pull back of polarization over PHom(V ® V, H) to R*S is trivial, then the reason of
descent of O¢ p, is the same as the parabolic bundle case as in [21] Theorem 3.3. Similarly, we can show
Op, is ample and for different choice of Dy, the theta line bundles are isomorphic since det(Fsxz, })
are trivial.

Finally, we define the square root @}3/12 as follows:
Let

v (2K ZZd(mm
xeD i=

be the integer by assumption. Then we choose a divisor Dy = 3./ -z, of degree I” on C. Now, consider

% p, = (det RrsF) ¥ @ (X) ®det 0i(Fsx(x))) d(x)}®®det(}"gx{z D

xeD i=1

This is a square root of O¢, p, since det(Fsx(z}) is trivial for any z € C. We want to show that O ,,
descends to a line bundle on Mg p.
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We use a result of Kempf; see Theorem 2.3 of [5]. Then we shall check that for every y € R**, if the
orbit of y is closed, then the stabiliser G acts trivially on the fiber of ©; .y

When y corresponds to stable parabohc symplectlc/orthogonal bundles Gy =~ K*, then the action
of G, on fiber is given by weight (-K/2)x + X..cp Zi:l d;(x)r;(x) + ri’ = 0 by the definition of /.
We also mention that (=K /2)xy + >, .cp Zﬁle di(xX)ri(x)+rl’ = (-K/2)r(1 —g) — (K/2) pardeg(E) +
%r YixeD a1,+1(x) +rl’ by a direct computation.

When y does not corresponds to stable parabolic symplectic/orthogonal bundles, it would correspond
to a polystable parabolic symplectic/orthogonal bundles since the orbit of y is closed. For a polystable
parabolic symplectic/orthogonal bundle E, we have the following decomposition:

~ t
E = ®S=1Es’

where E| is a stable parabolic symplectic/orthogonal bundle and E5 = Fs & (F* ® L) for some stable
parabolic vector bundle Fy for 2 < s < t. If we use ry to denote the rank of E, we have equalities

pardeg(E;)  pardeg(E)

rg r

Over each E;, we have an induced parabolic structure, which reads as

(Es)x = Q21X+1((Es)x) e le+1((Es)x) - QIX((ES)X) e QO((Es)x) =0

We denote r;(x) to denote the dimension of Q;((Es)x), and we denote 77 (x) — ri_,(x) = nj(x).
Moreover, since E is polystable, we have isomorphisms Q;(Ex) = &!_, Qi ((E)x).

As a parabolic vector bundle, the stabilizer G, is given by K* x - - - K*(2¢ — 1 copies). But recall that
we have a bilinear map ¢ on V as in Section 3, hence the stabiliser G is given by K* x - - - K*(# copies).

If we use (wq, - -+, w,) to denote the weight of the action of G, on the fiber of @/, e.Dp then
lx
wy = (=K/2x + Y. ) di()rf (x) + 11
xeD i=1
Ix+1
= (=K /2)(deg(Ey) +r*(1= ) + > [( D] ai(e)(r_; (x) = 7§ () + @1 () (x)] + 71/
xeD i=1

Ix+1

= (=K /2)r* (1= ) = (K /2)(deg(E; )+— DY ami(x) + D an (ry () + 1

xeD i=1 xeD
1 2l5+1 1

= (=K/2)r* (1= g) = (K/D)(deg(Es) + = D > ain}(@) + 2 > a1 (n 4, ()

xeD i=1 xeD
+ Z ap.+1 (x)rforl (x)+r°U
xeD
. 3 1 )

= (=K/2)r* (1 = g) = (K/2) pardeg(E;) + ) arou1 () (] (30) = 33 4y (0) +r°0

xeD

(K2 (1 = ) = (K/2) pardeg(Ey) + 37° 2 @ @)+

LK /2)r(1 - g) = (K/2) pardeg(E) + 57 2 @) 11

=0.
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Hence, all the weights w are 0 and @'g Dy descends to a line bundle on M p. Notice that Pic Mg p —

1
Pic RS is injective by Proposition 4.2 of [12]. We see that ®; admits a square root @f on Mg, p. O

For any parabolic G-bundle E, with parabolic structure ¢, € G /Py, Vx € D, we define Dg to be the
space of infinitesimal deformation of E, that is, the space of isomorphism classes of parabolic G-bundles
E on C[e] such that E|¢c = E, where C[e] = C x Spec(K[e]/(€?)).

Proposition 5.3. There is an exact sequence:

0— [[7.(G/P0) L D 5 H'(C.E(Ad) — 0,

xeD
where T; (G /Py) is the tangent space of G | Py at t.

Proof. Recall that H'(C, E(Ad)) is the infinitesimal deformation space of E as a twisted G-bundle,
so the morphism g is given by forgetting parabolic structures. Since every twisted G-bundle can be
equipped with any parabolic structure, g is a surjection.

To determine the kernel of g, we need to figure out how many parabolic structures we can impose on
a & so that the restriction to C are the parabolic structures {t, € G/P,}. The question is local, so it is
equivalent to find a parabolic subgroup P, ¢ G(K[e]/(€?)) such that P, |y = t, € G/Py. The space of
such groups is exactly [ ,cp 77, (G /Px). m]

Lemma 5.4. Let G be SO(2n+1), Sp(2n) or SO(2n) and G | P be the generalized flag variety. Consider
the universal quotient

VeO =0y »-»Qu—»Q »-->»Q=0

on G [P, where tk Q;/Q;_| = n;. Then the anticanonical line bundle can be expressed as

l

wgyp = Q) (det Qi)™

i=1

where mi = n; +nj for1 <i <l—1;, my=n;+n —1for G=SO0R2n+1), my =n;+ny +1 for
G = Sp(2n) and m; = n; + ny41 — 1 for G = SO(2n).

Proof. Consider the closed embedding i : G/P — SL(V)/P’, where SL(V)/P’ parametrizes the
following quotients

V=041 > Q01> > Q=0.

Let Q; be the universal quotient corresponding to Q;, and take F; = ker(V® O -» Q;) for 1 <i < [.
Notice that if ; is isotropic, then so are F;’s. Thus, for G be SO(2n + 1) or SO(2n), G /P is contained
in the zero locus of a section of Sym?> .7-"IV. A direct computation shows that the codimension of G/P in

SL(V)/P’ equals to the rank of Sym> F’, hence G /P is the zero locus of a regular section of Sym? F.
Now, we have the following exact sequence:

0 — Tg/p — i"Ts vy pr — i* Sym* )Y — 0.

Thus, our formula follows from this exact sequence and Lemma 2.9 of [26]. And it is similar for the
case G = Sp(2n) by replacing i* Sym? F) byi* A2 J in the above exact sequence. O
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Corollary 5.5. For any family of stable parabolic G-bundle F over S X C, let tg : S X C — S be the
projection and ¢s : S — Mg, p be the induced map, then

Ix
Sag(wifllc‘p) = det(Rﬂ'S}-(Ad))_l ® ® { ® det (Qi(}—Sx{x}))mi(x)},

xeD i=1

where m;(x) = ni(x) + njs1(x) for 1 <i <l =1, my (x) = ng, (x) +ny 41 (x) = 1 for G =SO(2n + 1),
my (x) = ny (x) +ny 41 (x) + 1 for G = Sp(2n) and m; (x) = n; (x) + ny +1(x) — 1 for G = SO(2n).

The main results in this section is to under certain choices of weights, the moduli space of parabolic
symplectic/orthogonal bundles are Fano varieties. A normal projective variety X is call Fano if w;(l
is an ample line bundle. Our method is to compare the pull back of an anticanonical line bundle
over Mg p to R*® with theta line bundle over R*®. It is known that the Picard group of moduli
space of symplectic/orthogonal bundles has rank one, so there exists a positive integer y¢ such that
det(Rns F(Ad)) = (det RrgF)®XG For G = SO(2n+ 1), xg = 2n — 1, for G = Sp(2n), yg =n + 1
and for G = SO(2n), yc = 2n — 2 (see Remark 5.3 of [14]).

Proposition 5.6. Let G = SO(2n + 1), Sp(2n) or SO(2n), K = 4y and @ (x) satisfying a1 (x) —
a;(x) =m;(x) for 1 <i <lIy. Thenifr | (%X — YxeD Zile d;i (x)ri(x)), the moduli spaces Mg, p are
Fano.

Proof. We show that under the condition in the proposition, G)ll/ 2is equal to w;/,‘ . We take a similar
G,P

strategy as in Theorem 2.8 of [13]. We take M, to be the open subvariety of a regularly stable locus
in Mg, p. Then for any E € M7 ,, we know that E is stable and H(C, E(Ad)) = 0. This implies that
-1 . .
Wyt p 182 line bundle over M E;S P
We shall firstly show that G)ll/ % s equal to w;,,lc , over M{; . Since there is no universal family on
M (’;S p> We may consider the inverse image of M g p in RS, denoted as R"*. Then we have a natural
morphism v : R"™ — M7’ , so thatv* : Pic(M’ ,) — Pic(R") is injective by Proposition 4.2 of [12].
. s@l/2 _ o« -1 R 1/2 _ -1
Notice that v'@®,"" = v Wit p OVEr MG ps ! E O,
Now, we want to extend this identification over Mg p. Notice that ®ll/ 2 is reflexive since it is a
line bundle, and w;,}G p 18 reflexive since M, p is normal by Theorem 3.5. By a similar method as in
Proposition 11.6 of [15], we see that Codim(Mg.p \ M ) > 2. Now, by Lemma 2.7 of [13] we see
that @ll/ L wl_\/[lG,P over Mg, p. Thus, w;}G’P is an ample line bundle by Proposition 5.2 and Mg, p is
Fano. m]

rs
hence © over MG, P

6. Globally F-regular type varieties and main theorem

Let k be a perfect field of char(k) = p > 0 and X be a normal variety over k. Consider
F:X—X

to be the absolute Frobenius map and F¢ : X — X to be the e-th iteration of F.
For any Weil divisor D € Div(X), we have a reflexive sheaf

Ox (D) = j.Oxsm(D),

where j : X < X is the inclusion of smooth locus, and Ox (D) is an invertible sheaf if and only if
D is a Cartier divisor.
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Definition 6.1. Let X and D be as above; X is called stably Frobenius D-split if the natural homomor-
phism

Ox — F;Ox (D)

is split as an Ox homomorphism for some e¢ > 0. And X is called globally F-regular if X is stably
Frobenius D-split for any effective divisor D.

We state the following lemma about globally F-regular varieties; for proof and more details, please
refer to [29], [25].

Lemma 6.2 ([23] Corollary 6.4). Let f : X — Y be a morphism of normal varieties over k. Assume
that the natural map

f# : OY — f*OX
splits as an Oy homomorphism, then if X is globally F-regular, so is Y.

Now, we let K be an algebraically closed field of characteristic zero.
For any scheme X over K, there is a finitely generated Z-algebra R K such that X is ‘defined’ over
R. That is, there is a flat R-scheme

Xr — S =SpecR
such that Xx := Xg Xs Spec K = X. Xg — § is called an integral model of X /K. For any closed point
s €8S, X := Xg Xs Spec(k(s)) is called the ‘modulo p reduction’ of X, where p = char(k(s)) > 0.

Definition 6.3. A variety X over K is called of globally F-regular type if its ‘modulo p reduction’ of X
are globally F-regular for a dense set of p for some integral model Xg — S.

Globally F-regular type varieties have many nice properties, which we will state some of them as the
following theorem. Again, for proof and more details, please refer to [29] and [25].

Theorem 6.4. Let X be a projective variety over K if X is of globally F-regular type, then:

(1) X is normal, Cohen—Macaulay with rational singularities. If X is Q-Gorenstein, then X has log
terminal singularities.

(2) For any nefline bundle L over X, we have H (X, L) = 0, for anyi > 0. In particular, H (X, Ox) = 0
foranyi > 0.

Our main theorem of this paper is:

Theorem 6.5. The moduli space of parabolic symplectic/orthogonal bundles Mp over a smooth pro-
Jective curve C over C is of globally F-regular type.

Corollary 6.6. Let Op, be the theta line bundle over Mg, p defined before, then
H'(Mp,®p,) =0

foranyi > 0.
Our beginning example of globally F-regular type variety is Fano variety.

Proposition 6.7 ([25] Proposition 6.3). A Fano variety over K with at most rational singularities is of
globally F-regular type.

With our beginning example, the next step is to ask whether Lemma 6.2 holds in characteristic zero.
To answer such question, in [29], they introduced the following:
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Definition 6.8. A morphism f : X — Y of varieties over K is called p-compatible if there is an integral
model

fRZXR—>YR

such that, if for any s € § = Spec R, we put X; = Xg X5 Spec k(s), Y5 = Yg Xs Spec k(s) and consider

then we have that 7§ fr.Ox, = fu«Js Ox, holds for a dense set of s.

It can be shown that if f : X — Y is a flat proper morphisms such that R' £,Ox = 0 for all i > 1,
then f is p-compatible.

To prove our main theorem, we need to introduce a key proposition from [29].

Let (R’, L’) and (R, L) be two polarized projective varieties over K, with linear actions by a reductive
group scheme G over K, respectively. We use (R’)**(L’) € R’ and R*(L) C R to denote the GIT
semistable locus, then there are projective GIT quotients:

Y :R¥(L) - Y =R*(L)//G, ¢: (R (L) - Z:=(R)*(L)//G.

Proposition 6.9 ([29] Proposition 2.10). Let R, R’ as above. Considering the following diagram, assume

(1) there is a G-invariant p-compatible morphism f : R’ — R such that f.Or, = Og;
(2) there is a G-invariant open subset W C (R’)**(L’) such that

Codim(R’ \ W) =2, X = ¢~ '0(X),

where X = W N f~1(R%(L)). And we put X = ¢(X).

Then if Z is of globally F-regular type, so is Y.

(R")**(L")S 4 R ORSS(L)

w\Jv ~ X =wn fFYR*(L)) "
L

Z 2)'¢ Y

Finally, we will prove our main theorem:

Proof of Theorem 6.5. We choose an effective divisor D’ of C such that D’ N D = 0, degD’ being even
and

deg(D) +deg(D’) .

oo (r=1(g-1>2,

and for each x € D’, we put 7 (x) = (1,---,1). Let Z’ be the scheme parametrizing symplec-
tic/orthogonal bundles (E,w), where w : E @ E — Oc¢ (=D — D’) as we constructed in section 3.
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We see that Z’ = Z. Then we let

/ f
R = Xz Flag;l(x) (Fx) =R Xz ( X% Flag;l(x) (fx)) — R.
xeD’

xeDuUD’

So f : R’ — R is a flag bundle and hence p-compatible with f,Ox' = Or. We choose polarization
for R’ and R as the ones given in Section 3, say L’ and L. Clearly, there are SL(V) action on R’ and R
and f is SL(V)-invariant.

Now, we put K = 4y and give weights for R’ by @ (x) satisfying a;41 (x) — a;(x) = m;(x), a;(x) +
az +2-i(x) = Kfor 1 <i < and any x € D U D’. Moreover, we choose a;(x) and n;(x) such that
rl (5x-Zeen Zf.’;l d;(x)r;(x)) holds. So by Proposition 5.6, we see that Z := (R’)**(L")//SL(V)
is a Fano variety. We use ¢ : (R’)*® — Z to denote the quotient map.

Moreover, if one let W = (R’)*, X = W f~1(R*) and X = ¢(X), then clearly X = ¢~!(X). By
Corollary 4.12 and our assumption, we would have: Codim(R’ \ W) > 2. Now, Proposition 6.9 shows
that the moduli space of parabolic symplectic/orthogonal bundles Y := R(L)*//SL(V) is of globally
F-regular type. O
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