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ON THE GROWTH OF COMPOSITIONS OF LINEAR
AND MEROMORPHIC FUNCTIONS

JIANYONG QIAO

Let f(z) be a meromorphic function; we shall investigate the asymptotic behaviour
of the ratio T(r, f(z + a))/T(r, f(z)) and T(r, f(az))/T(r, f(z)), and discuss the
growth of the meromorphic solutions of some functional equations.

1. INTRODUCTION AND MAIN RESULTS

We shall adopt the fundamental concepts and basic notation of Nevanlinna's theory
in this paper. Let f(z) be a meromorphic function and T(r, f(z)) be its Nevanlinna
characteristic function. We denote the order and the lower order of f(z) by pj and \if
respectively in the sense of Nevanlinna. In addition, we put

Pf = lim sup log log T(r, /(«))/log r and Jtf = lim inf log log T(r, /(*))/log r.

p/ and (if are said to be the hyperorder and lower hyperorder of f(z) respectively.
It is obvious that pf > 0 (or /I/ > 0) implies that pf = oo (or /if — oo). Yang

[l] proposed the following open problems:

PROBLEM A: ([1], p.168). Let /(z) be a meromorphic function and

(1) Urn T(r, f(z + 1))/T(r, /(*)) = oo.
r—>oo

Can we conclude that (if = oo?

PROBLEM B: ([1], p.251). Let / i , f2, g\ and g2 be entire functions. Suppose
that

r ( r , / x ) ~ r ( r , / a ) , T(r, 9l) ~ T(r, g2), (r -> oo).

Can we conclude that

T(r,Mgi))~T(r,Mg2)), (r ^ oo)?

We shall give the answers to these two problems in this paper. Firstly, we have the
following result
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264 J. Qiao [2]

THEOREM 1. Let f(z) be a meromorphic function such that
fif < 1, Aj (j = 1, 2, . . . , m) and Bj (j = 1, 2, . . . , n) be positive real numbers, and
a, (j = 1,2, ..., m) and 0j (j — 1, 2, . . . , n) be complex numbers. Then

m

g AjTir, f(z
(2) lim inf :

r—*oo
lim sup

REMARK, (a) If (1) holds, then (2) does not hold for m = n = 1, Ax = 5i = 1,
ai = 1 and /3i = 0. By Theorem 1 we have that jlf ^ 1; thus (if = oo. This gives an
affirmative answer to the Problem A.

(b) For f(z) = ee , we can verify that fif = 1. It is easily seen that (2) does not
hold for m = n = 1, Ai = j?i = 1, ax = 1 and /?j = 0. Therefore the conditions of
Theorem 1 cannot be weakened.

Next we consider the asymptotic behaviour of the ratio T{z, f(az))/T(r, f(fiz)),
and have

THEOREM 2 . Let f(z) be a meromorphic function, a and /3 be two complex
constants satisfying \a\ > |/3| > 0. Then

REMARK, (a) Let f\, /2 be meromorphic functions, pfx > 0 and

T(r, h) ~ T(r, f2), (r -> oo).

Put 51(2) = C2: and 52(2) = ^! here c is a complex constant and |c| > 1. It is obvious
that

T(r> f f i )~r(r , f l j ) , (r-»oo).

But by Theorem 2 we have

Thus we give a negative answer to Problem B.
(b) Choose f(z) = ez; then pj = fif = 1. It is easily to verify that
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Thus the result (3) of Theorem 2 is sharp.

Considering the functional equation

(4) anf(z + n) + an_!/(z + n - 1) + • • • + ai/(* + 1) = R(f(z)),

in which R(w) - P(w)/Q(w), P(w) = apw
p + ••• + a^w + a0 and Q(w) = bqw* H +

bitv + 6o are supposed to be mutually prime, an, . . . , a j ; ap, . . . , a i ,ao; bq, ..., bi, bo
are constants, and anapbq ^ 0, Yanagihara proved

THEOREM A. [4] Suppose max(p, q) ̂  n + 1. Then any non-constant meromor-
phic solution f(z) of (4) is of order pj = oo.

In this paper we generalise the above Theorem A to the following Theorem 3. Here
we consider the functional equation

(5) ]T R^z, f(z + an))Ri2(zt f(z + ai2))... Rik{z, f(z + aik)) = R0{z, f(z)),
«=i

where ajj (i = 1, 2, . . . , n; j = 1, 2, . . . , fc) are constants, Rij (z, w) (i = 1, 2, . . . , n;
j = 1,2, ..., k) and Ro{z, w) are rational functions of the form R(z,w) =

P{z,w)/Q(z,w) P{z,w) = Zaj{z)wi, Q(z, w) = J i ^ V , in which

a.j(z) (j = 0, 1, 2, . . . , p) and bj(z) (j =0, 1,2, ..., q) are polynomials. P(z, w) and
Q(z, w) are supposed to be mutually prime. Denote dR = max(p, q). We have the
following result.

n k
THEOREM 3 . Suppose dR0 ^ X) Z) dR*i + ! • T i e n M 7 transcendentaJ mero-

i=l ;=1

morphic solution f(z) of (5) satisfies (1/ ^ 1.

Considering the equation of Schroder,

(6) f(cz) = Q(f(z)),

in which Q(z) is a polynomial of degree n and c is a constant satisfying \c\ > 1,
Shimomura proved

THEOREM B. [3] Suppose f(z) is a non-constant entire solution of (6); then the

order p/ = log n/ log \c\.

THEOREM C. [3] If \c\ < 1, then (6) has no non-constant entire solution.

In this paper we generalise the above theorems to the following Theorem 4. Here
we consider the functional equation

(7) Ri(z, f(ez)) = R2(z, f(z)),

in which Rj(z, w) (j = 1, 2) have the same form as the above R(z, w), and c is a
constant satisfying |c| > 1. We have the following result:
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THEOREM 4 . (a) If dR* ^ dRi, and f(z) is a transcendental meromorphic
solution of (7), then

1 dR* / l I I

pf=llf= log — I log |e|.

(b) If dRi < dHi, then (7) has no transcendental meromorphic solution.

2. PROOF OF THEOREM 1

Firstly, without loss of generality, we suppose |ai | = max(|ai| , |a21 , . . . | a m | ) ,
|/?i | = max (|0i | , |0,| , . . . . |0B|) and put t = \Ol\ + |0i|. If t = 0, then (2) obviously
holds.

Below, we suppose t > 0 and put

m i n

0 = Uminf £ AjT(r, f(z + ay))/ £BjT(rt f(z + 0^)),
i=i ' ,-=i

m J n

(fi is finite or infinite). If Q = 0, then fi < ^2 Aj j ^3 Bj holds. Next, we suppose

fi > 0. Thus for any positive number a < fi, there exists ri > 0 such that

(8) f ] ^T(r, /(z + a,-)) Xrj^^nr, f{* + Pi)),

when r ^ r i . We choose a number a which is not a Valiron deficient value of
f(z + a,) (j = 1, 2, . . . , m), f(z + 0,-) (j = 1, 2, . . . , n) and /(*) . Therefore for any
e > 0, there exists TI > 0 such that the following four inequalities hold when r ^ r2 .

(9) T(r, / ( * + a,-)) < (1 + e)N(r, f(z + a,-) = a), (j = 1, 2, . . . , m);

(10) r ( r , / ( 2 + 0,-)) > (1 - e)N(r, f(z + 0,-) = a), (j = 1, 2, . . . , n);

(11) N(r +\ai\, f(z) = a) < (1 + e)T(r + | a i | , /( ,));

(12) iV(r - |0, |, f(z) = a) > (1 - e)T(r - |0i |, f(z)).

It is obvious that

N{T, f(z + oy) = o) < JV(r + |a ; | , f(z) = a) £ N(r + \ai\, f(z) = a).

Hence it follows from (9), (11) and the above inequality that

(13) r ( r , / ( * +a,-)) < ( l + e ) S r e + l<*il./(*)). (j = l, m)
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when r ^ T2- We can also have

N(r, f{z + Pj) = a)> N{r - |ft|, f(z) = o) ^ W(r - |/?i|, f(z) = a).

Hence it follows from (10), (12) and the above inequality that

(14) T(r, /(« + ft)) ̂  (1 - e)2r(r - |ft I, /(»)), (,' = 1, 2, ..., n)

when r ̂  r2. So (8), (13) and (14) yield that

r ( r+ |a 1 | , / (») )>AT(r- |^ 1 | , /(*)),
n tn

when r ^ max(ri,r2); here A = <r((l — e)/(l + e)) S - ^ i / S - ^ i - -P11* To =

max (ri, r2 ) + |/?i |. It follows that

(15) T{r + t,f(z))>AT(r,f(z)),

when r ^ TQ .
Tn I m

Suppose il > 5Z Ai I 2 Bj Then we can choose suitable a and e such that

.4. > 1. From (15) we easily deduce

r(ro+M>/(z))>A*r(ro ,/(*)),
in which k is any natural number. For an arbitrarily real number r ^ TQ , we assume
r e [r0 + kt, r0 +{k + l)t) and obtain that

T(r, f(z)) > T(r0 + kt, f(z)) > AkT(r0, f(z)) > A^-^
m I n

It follows that £ / ^ 1. This is a contradiction. Therefore fi ^ Y. Ai I Y,Bi- T h e

following inequality is thus proved.

(16)

By the same method we can also prove

liminf f ) A,T(r, /(z + a,)) / ^ B^r, f(z + ft-)) < E ^ i / E

n i tn n I m

Uininf Y, BjT{r, f(z + &)) / ^ A^r, f(z + a,-)) < E B i / E Ai"

This implies that

limsup Y, A,T(r, f(z + a,-))/ E 5 i r ( r ' / ( z + &)) > E Ai / E B>'
r^°° i=i ' j=i i=i ' i=i

which, together with (16), proves (2). The proof of Theorem 1 is complete u
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At first we put

3. PROOF OF THEOREM 2

ft = liminf T(r, f(<*z))/T(r, f((3z));

(ft is finite or infinite). If ft ^ 1, it is obvious that ft < § . Below, we suppose

ft > 1. Then for any positive number a < ft, there exists rj > 0 such that

(17) T(r, f(az)) > *T(r, /(/?*)),

when r ^ i"i. We choose a number a which is not a Valiron deficient value of f(ccz)
and f(/3z). Thus for any e > 0, there exists T?. > 0 such that the following inequality
holds when r ^ r?..

(18) T(t, f{az)) < (1 + e)N(r, f(az) = a) = (1 + e)N (| | r, f(0z) = a

Put t = |a//?| > 1 and r0 = max(ri, r2). It follows from (17) and (18) that

(19) T(tr,f(Pz))>AT(r,f(0z)),

when r ^ ro; here A = a / (I + e) . Since ft > 1, we can choose suitable a and e such
that A > 1. Hence (19) implies

r(ro<*, f((3z)) > AkT{r0, f(/3z)),

in which k is any natural number. For an arbitrarily real number r ^ TQ , we assume
r G [**»"o» **+1''o) • By the same method as in the proof of Theorem 1 we can deduce
fif ^ Iogj4/logi. Making e —> 0 and a —» ft, we obtain /x/ ^ log ft/log t, that is,

UminfT(r,/(a*))/r(r,/GS*))<
r—>oo

By a similar method we can also prove that

Theorem 2 is thus proved.
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4. P R O O F O F T H E O R E M 3 AND T H E O R E M 4

In order to prove Theorem 3 and Theorem 4, we need the following

LEMMA. [2] Suppose R(z, w) is defined as before, and f(z) is a meromorphic

function. Then

T(r, R{z, f{x))) = 8R • T(r, f(z)) + O(logr).

PROOF OF THEOREM 3: Firstly, the following inequality follows from (5) and the

above lemma.

n Jb

(20) dRoT(r, f(z)) ^ X) E dRHT(r> Kz + ««)) + O(logr).
i=i j=\

If flf < 1, since f(z) is transcendental, then we deduce from (20) and Theorem 1 that
n k

9Ro ^ X) 13 &Rij • This is a contradiction. Theorem 3 is thus proved. U

PROOF OF THEOREM 4: (a) By the above lemma and (7) we have

(21) 0*iT(r , / ( « ) ) = dR2T(r, f(z)) + O(logr).

It follows from Theorem 2 and (21) that |c|"> = |c |" ' = dR2/dR1, that is, pf = fif =

(b) Suppose (7) has a transcendental meromorphic solution / (z) ; then by the above

lemma and (7) we can deduce (21). By Theorem 2 we have dR2 > \c\"' dRi. ^ dR^.

This is a contradiction. Theorem 4 is thus proved. D
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