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ABSTRACT Recent i n v e s t i g a t i o n s on the e v o l u t i o n of the inhomogene i t i e s 
in the i n f l a t i o n a r y un iverse are reviewed. 1) S t r i c t c o s m o l o g i c a l no 
h a i r theorem does not ho ld , but the c l a s s of inhomogeneous u n i v e r s e 
which e v o l v e to homogeneous de S i t t e r un iverse i s f i n i t e , i . e , "weak 
cosmic no h a i r theorem" h o l d s , 2) High d e n s i t y r e g i o n s in the 
inhomogeneous u n i v e r s e evo lve t o wormholes provided t h a t i ) the s i z e of 
the r e g i o n s i s g r e a t e r than the hor izon l e n g t h , but s m a l l e r than a 
c r i t i c a l l e n g t h which i s t h e f u n c t i o n of the d e n s i t y c o n t r a s t , and i i ) 
the d e n s i t y i s three t i m e s h igher than t h a t of surrounding r e g i o n . 3 ) I f 
wormholes are formed c o p i o u s l y in the per iod o f i n f l a t i o n , they e v o l v e 
t o c a u s a l l y d i sconnected " c h i l d - universes" . In t h i s s c e n a r i o , the 
un iverse we are now observ ing i s one of the l o c a l l y f l a t r e g i o n s . 

1. I n t r o d u c t i o n 

About 7 years ago, e x p o n e n t i a l l y expanding u n i v e r s e model was proposed 
as a consequence of grand u n i f i e d t h e o r i e s by Guth(1981) , Sato , ( 1981a , 
1981b) and Kazanas ( 1 9 8 0 ) . Independently of GUTs, S t a r o b i n s k i ( 1 9 8 0 ) 
po inted out the un iverse expand e x p o n e n t i a l l y as a consequence of R 
g r a v i t y . T h i s model i s now w e l l known as I n f l a t i o n a r y Universe Model 
(Guth, 1981) and a l m o s t became a standard model of the very e a r l y 
un iverse . The important consequence of the i n f l a t i o n a r y un iverse model 
i s t h a t the f l a t n e s s and hor izon problems which were e s s e n t i a l 
d i f f i c u l t i e s in the "Standard Big Bang Model" a r e s o l v e d . 

The hor izon problem i s to ques t ion why our un iverse i s so homogeneous 
over the hor izon . P a r a d o x i c a l l y , however, i n f l a t i o n i s u s u a l l y analyzed 
in the contex t of Rober t son- Walker m e t r i c which i s homogeneous and 
i s o t r o p i c m e t r i c . Many people c r i t i c i z e d t h a t the above consequence i s 
nothing but the assumption. In order to answer t h i s c r i t i c i s m , 
i n f l a t i o n a r y model should be analyzed f o r more genera l un iverse models 
and i t must be shown that the un iverse becomes i s o t r o p i c and homogeneous 
by i n f l a t i o n independent ly of the i n i t i a l c o n d i t i o n s . The c o n j e c t u r e 
tha t a l l the inhomogeneous and a n i s o t r o p i c u n i v e r s e s wi th c o s m o l o g i c a l 
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c o n s t a n t s ( the vacuum energy d e n s i t y ) evo lve towards the de S i t t e r 
un iverse i s now c a l l e d cosmic no h a i r theorem. U n t i l now, many 
i n v e s t i g a t i o n s have been done in order t o make c l e a r whether t h i s 
theorem i s t rue or not . 

2 . Cosmic no h a i r theorem 

F i r s t i n v e s t i g a t i o n of no h a i r theorem was done f o r the a n i s o t r o p i c 
but homogeneous un iverse model , because t h i s i s the most s i m p l e case . 
Wald ( 1 9 8 3 ) showed t h a t a l l the Bianchi types except IX e v o l v e 
e x p o n e n t i a l l y towards the de S i t t e r s o l u t i o n . Extens ion of the W a l d ' s 
work was c a r r i e d out by many p e o p l e s , Moss and Sahni ( 1 9 8 6 ) , Turner and 
Widrow ( 1 9 8 6 ) , Jensen and S te in -Schabes ( 1 9 8 6 ) , E l l i s and Rothman 
( 1 9 8 6 ) , M a r t i n e s - Gonzares and Jones ( 1 9 8 6 ) , B e l i n s k i e t a l ( 1 9 8 6 ) . 

For the case of inhomogeneous u n i v e r s e s , i t i s g e n e r a l l y very hard t o 
i n v e s t i g a t e the e v o l u t i o n , but S t a r o b i n s k i ( 1 9 8 3 ) , f i r s t found the 
s o l u t i o n of the inhomogeneous un iverse which evo lve towards the de 
S i t t e r s o l u t i o n . Recent ly Barrow and Gron (1986 ) and S te in -Schabes 
( 1 9 8 7 ) a l s o found s o l u t i o n s which evo lve t o homogeneous and i s o t r o p i c 
u n i v e r s e . 

Recent ly Jensen and S te in -Schabes (1987) showed t h a t any inhomogeneous 
un iverse w i l l tend towards the de S i t t e r s o l u t i o n i f the f o l l o w i n g 
t h r e e c o n d i t i o n s are s a t i s f i e d , i . e . , 1) the dominant energy c o n d i t i o n , 
ρ > ρ , 2 ) t h e s t r o n g e n e r g y c o n d i t i o n , ρ + 3p > 0 , and 3 ) t h e s c a l a r 

s p a t i a l curvature i s not p o s i t i v e in a l l the spacet ime . The f i r s t and 
second c o n d i t i o n s a r e very g e n e r a l , but the t h i r d c o n d i t i o n cannot be 
accepted g e n e r a l l y because u s u a l l y dens i ty f l u c t u a t i o n s conta in p o s i t i v e 
curvature r e g i o n s . The j u s t i f i c a t i o n given by them i s , t h e r e f o r e , 
l i m i t e d i n very narrow c l a s s of c o s m o l o g i c a l models . 

In s p i t e of these e f f o r t s , we can show a s i m p l e counter example 
a g a i n s t the c o s m o l o g i c a l no h a i r theorem. That i s the e x i s t e n c e of the 
Schwarzsch i ld - de S i t t e r s o l u t i o n , which d e s c r i b e s a b lack h o l e s in the 
de S i t t e r u n i v e r s e . The m e t r i c i s g iven by 

d s 2 = - ( l - 2 M / r - ( r / J l ) 2 ) d t 2 + ( l - 2 M / r - ( r / i l ) 2 ) " 1 d r 2 + r 2 d 2 Ω 

( 1 ) 

where I i s the hor izon l eng th of the de S i t t e r u n i v e r s e , which i s g iven 

by 

I = ( 8 π 0 ρ ν / 3 Γ 1 / 2 = ( Λ / 3 Γ 1 / 2 ( 2 ) 

where p y i s the vacuum energy d e n s i t y and Λ i s the c o s m o l o g i c a l cons tant . 

I f a b lack h o l e e x i s t s from the i n i t i a l of the u n i v e r s e , i t never 

d i sappears in the c l a s s i c a l l e v e l . Furthermore even i f no b lack h o l e 

e x i s t s from the i n i t i a l , we can s e t an inhomogeneity which e v o l v e s 

towards a b lack h o l e . I t i s obvious tha t once b lack h o l e s were formed, 

the u n i v e r s e cannot e v o l v e t o homogeneous s t a t e in the c l a s s i c a l p h y s i c s 

l e v e l . We may, t h e r e f o r e , conclude t h a t no h a i r theorem does not hold 
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F i g . l . A model of the p o t e n t i a l of s c a l a r ( i n f l a t o n ) f i e l d . The vacuum 

energy d e n s i t y of low d e n s i t y s t a t e i s assumed t o be ρ 2· 

in genera l case s . (Another counter example a g a i n s t no h a i r theorem was 

shown by Barrows ( 1 9 8 7 ) . ) 

3 . Evo lu t ion of inhomogeneous i n f l a t i o n a r y un iverse 

I f no h a i r theorem does not ho ld , how can we i n v e s t i g a t e the e v o l u t i o n 

of inhomogene i t i e s i n the i n f l a t i o n a r y un iverse ? Recent ly Piran and 

W i l l i a m s ( 1 9 8 3 ) c a r r i e d out the numerica l s i m u l a t i o n of the e v o l u t i o n of 

inhomogeneous u n i v e r s e by us ing [ 3 + 1 ] Regge c a l c u l u s f o r m a l i s m . In t h e i r 

model, the un iverse i s composed of 5 v e r t e x and 10 edges . They showed 

that a n i s o t r o p i e s and i n h o m o g e n e i t i e s are c o n s i d e r a b l y decreased by 

i n f l a t i o n , but they have f rozen during the i n f l a t i o n . In s p i t e tha t 

t h i s i s a p ioneer ing work, the r e s u l t i s not c l e a r and i t i s obvious 

that our un iverse cannot be descr ibed by on ly 5 Ver texes . At present we 

may conclude t h a t i t i s d i f f i c u l t t o g e t r e l i a b l e r e s u l t by numerica l 

s i m u l a t i o n . 

Then how the f a t e of the very inhomogeneous u n i v e r s e can be 

i n v e s t i g a t e d ? In order to i n v e s t i g a t e t h i s problem, daring 

s i m p l i f i c a t i o n or i d e a l i z a t i o n i s necessary . In the present t a l k , we 

d i s c u s s assuming that high d e n s i t y r e g i o n s are s p h e r i c a l symmetr ic and 

the d e n s i t i e s in them are s p a t i a l l y cons tant . 

The e v o l u t i o n of the space t ime s t r u c t u r e of the bumpy un iverse was 

i n v e s t i g a t e d i n the o r i g i n a l i n f l a t i o n a r y un iverse model ( the f i r s t 

order phase t r a n s i t i o n model , Sato , 1 9 8 1 , Guth, 1981) in d e t a i l i n a 

s e r i e s of papers , Sato e t a l ( 1 9 8 1 , 1 9 8 2 ) , Sato ( 1 9 8 1 c ) , Maeda e t a l , 

( 1 9 8 2 ) , Kodama e t a l ( 1 9 8 2 ) . When the ampl i tude of the d e n s i t y 

f l u c t u a t i o n s i s very l a r g e , the e v o l u t i o n of the space t ime s t r u c t u r e i n 

the i n f l a t i o n a r y un iverse i s e s s e n t i a l l y same even i f the o r i g i n of the 

f l u c t u a t i o n s i s c l a s s i c a l or quantum. There fore the r e s u l t obta ined i n 

the phase t r a n s i t i o n model e s s e n t i a l l y d e s c r i b e s the e v o l u t i o n of the 

spacet ime s t r u c t u r e in the new i n f l a t i o n model (Linde , 1 9 8 2 , A l b r e c h t 

and S t e i n h a r d t , 1982) and c h a o t i c i n f l a t i o n model (Linde , 1982) a l s o . 

Here l e t ' s d i s c u s s the e v o l u t i o n by us ing phase t r a n s i t i o n model. 
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As i s w e l l known, phase t r a n s i t i o n proceeds by n u c l e a t i o n of bubbles and 

subsequent expansion of bubbles . I f we take a phase t r a n s i t i o n model 

shown i n Fig . 1, a bubble a l s o conta ins the vacuum energy d e n s i t y , ρ ·̂ 

We can cons ider t h a t these bubbles correspond t o low d e n s i t y r e g i o n s in 

the new i n f l a t i o n model and c h a o t i c i n f l a t i o n model. 

By v i r t u e of g e n e r a l i z e d B i r k o f f theorem, the m e t r i c i n a s p h e r i c a l 

symmetr ic bubble (a h o l l o w ) must be the S c h w a r z s c h i l d - de S i t t e r 

s o l u t i o n (Eq. 1 ) , b u t w i t h M= 0 , i . e . , t h e m e t r i c i s t h e de S i t t e r 

m e t r i c wi th the c o s m o l o g i c a l cons tant ^ = 8nGp2, which i s s m a l l e r than 

t h a t of the outer high d e n s i t y reg ion . 

2) Spacet ime s t r u c t u r e of a high d e n s i t y reg ion surrounded by bubbles 

In the phase t r a n s i t i o n model , there e x i s t i n f i n i t e s i z e networks of the 

f a l s e vacuum ( the high energy s t a t e ) in the e a r l y s t a g e of the phase 

t r a n s i t i o n . However, i n the cause of the phase t r a n s i t i o n , the h igh 

d e n s i t y vacuum r e g i o n s ( p p are e v e n t u a l l y d iv ided i n t o p i e c e s and 

surrounded by bubbles . T h i s a l s o occurs in the new i n f l a t i o n a r y un iverse 

model and the c h a o t i c i n f l a t i o n model wi th inhomogene i t i e s in the cause 

of r o l l i n g down of the s c a l a r f i e l d . 

In order to make c l e a r the m e t r i c , l e t ' s cons ider a f o l l o w i n g 

s i m p l i f i e d model: At t = t g , i n f i n i t e number of bubbles are c r e a t e d on 

the sphere of rad ius r= tq. Then the un iverse i s d i v i d e d i n t o three 

r e g i o n s as shown in F ig , 2. r eg ion A i s the inner high d e n s i t y ( P 2 ) 

vacuum reg ion . The m e t r i c in t h i s reg ion i s g iven by usua l de S i t t e r 

m e t r i c , . The reg ion Β i s the s h e l l l i k e low d e n s i t y vacuum reg ion 

(bubble r e g i o n ) , and the inner s u r f a c e W_ and outer s u r f a c e W + of t h i s 

reg ion are expanding a t l i g h t v e l o c i t y . The m e t r i c i s the 

S c h w a r z s c h i l d - de S i t t e r m e t r i c (Eq. 1) wi th the mass M= P^/3 and 

the c o s m o l o g i c a l cons tant = 8πΟρ2· The reg ion C i s the outer h igh 

d e n s i t y vacuum r e g i o n , and the m e t r i c i s descr ibed by usua l de S i t t e r 

m e t r i c . , 

F ig . 2. A s i m p l i f i e d model f o r h igh d e n s i t y vacuum reg ion A, which i s 

surrounded by low d e n s i t y vacuum reg ion (bubble r e g i o n ) B. 

1) Spacet ime s t r u c t u r e in a bubble or a low d e n s i t y h o l l o w 
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Table I . 

1 < P l / p 2 <3 3 < ρλ/ ρ 2 

BLACK HOLE 

Case I Case I 

SL< r 0 < r* 
Case l i a 

WORMHOLE 

Case I I b 
SL< r 0 < r* 

Case l i a 

r < r Q 

DE SITTER LIKE SPACE 

Case I I I Case I I I 

r--0 r - -oo , J* 

Fig . 3. The conformai diagram f o r the SchwarzschiJd-de S i t t e r geometry. 

( | ) : C a s e of^ Tq < r , ( b ) : C a s e o f Tq = r , ( c ) : C a s e o f Tq > 

r , where r i s the c r i t i c a l rad ius def ined by Eq. (4). The path 

of the w a l l s , W_ and W + are a l s o shown ( s e e F ig . 1 and Table I ) . 
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where x= ρ ^ / ρ 2 · 

In F ig . 4 , a space l i k e hypersurface wi th cons tant conformai t i m e i s 
shown s c h e m a t i c a l l y . As shown in t h i s f i g u r e , the inner reg ion A 
remains as an ever expanding de S i t t e r l i k e s u b - u n i v e r s e connected 
wi th the outer u n i v e r s e C by an E i n s t e i n Rosen (wormhole) br idge B. 
Because the reg ion A i s c a u s a l l y d i sconnected from the o r i g i n a l 
u n i v e r s e , we can c a l l the reg ion A as "a child universe" and the 
o r i g i n a l u n i v e r s e C a s " mother universe" (Sato e t a l , 1 9 8 1 , 1 9 8 2 ) . 

F ig . 4 A schemat ic p i c t u r e of wormhole created from the l a r g e ampl i tude 
inhomogene i t i e s . Because the reg ion A i s c a u s a l l y d i sconnected from the 
o r i g i n a l u n i v e r s e , we can c a l l the reg ion A as "a c h i l d universe" and 
the o r i g i n a l un iverse C as " mother universe". 

The f i n a l space t ime s t r u c t u r e depends on two parameters , the i n i t i a l 
r a d i u s Tq and the d e n s i t y c o n t r a s t p j / p 2 « The r e s u l t i s summarized i n 
T a b l e I . 

As shown i n Tab le I , b lack h o l e s are formed when the i n i t i a l rad ius Tq 

i s s m a l l e r than the hor izon l eng th of the de S i t t e r u n i v e r s e , 

A = ( 8 Ï Ï G P i / 3 ) - 1 / 2 , ( 3 ) 

i r r e s p e c t i v e t o the d e n s i t y c o n t r a s t P^/Po-
The most i n t e r e s t i n g c a s e i s t h a t wormhole s t r u c t u r e i s formed. As 

shown i n Tab le I , wormholes are produced when the d e n s i t y c o n t r a s t Ρ γ/Ρ2 

i s g r e a t e r than t h r e e and a l s o the i n i t i a l rad ius Tq i s g r e a t e r than the 
hor izon l e n g t h A but s m a l l e r than the c r i t i c a l rad ius which i s de f ined 
as 

r* = 3 ~ 1 / 2 ( 2 x 2 / ( x 2 - l ) ) 1 / 3 ( 4 ) 
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In the preceding s e c t i o n , we showed tha t trapped high d e n s i t y r e g i o n s 

evo lve t o wormholes by assuming the s p a t i a l s t r u c t u r e s are s p h e r i c a l 

s y m m e t r i c In r e a l i t y , the h igh d e n s i t y r e g i o n s are h i g h l y asymmetr ic 

and new bubbles are nuc lea ted ( i n the phase t r a n s i t i o n s c e n a r i o ) or 

low d e n s i t y r e g i o n s are formed ( i n the new or c h a o t i c i n f l a t i o n 

s c e n a r i o s ) t h e r e i n . However the e s s e n t i a l f e a t u r e of the above model i s 

s t i l l a p p l i c a b l e t o the a c t u a l s i t u a t i o n . The very reason why b lack 

ho le s and wormholes are created i s t h a t the h igh d e n s i t y r e g i o n s are 

trapped by low d e n s i t y vacuum. In case the r e l a t i v e s i z e of the a 

trapped domain t o the surrounding low d e n s i t y reg ion i s s m a l l when i t i s 

formed, the domain w a l l cont inues t o c o n t r a c t a t l i g h t v e l o c i t y and the 

energy r e l e a s e d by the r o l l i n g over of the s c a l a r f i e l d may w e l l be 

concentrated in a very s m a l l r eg ion . Hence a b lack ho l e i s g e n e r a l l y 

created r e g a r d l e s s of the i n i t i a l shape of the h igh d e n s i t y domain. On 

the o ther hand in case the domain s i z e i s l a r g e r than the hor izon 

length, i l , the domain w a l l cont inues to expand t o i n f i n i t y and 

consequent ly the un iverse a t t a i n to have two a s y m p t o t i c ( f l a t ) r e g i o n s . 

This anomalous s t r u c t u r e occurs independent of the domain shape and 

s t r o n g l y i n d i c a t e s the genera l format ion of wormhole-br idge s t r u c t u r e . 

Now we can s p e c u l a t e the e v o l u t i o n of the space t ime s t r u c t u r e of the 

very inhomogeneous un iverse : 

i ) I f wormholes , which are produced from the i n h o m o g e n e i t i e s , 

evapo la te a s b lack h o l e s do, the E i n s t e i n - Rosen br idge d i sappears and 

C H I L D U N I V E R S E S w i l l become e n t i r e l y s p a t i a l l y d i sconnected . Here 1 1 

s p a t i a l l y d isconnected" means t h a t there i s a connected s p a c e l i k e s l i c e Σ 

of the u n i v e r s e such t h a t i t does not i n t e r s e c t w i t h the c a u s a l boundary 

of the un iverse and i t s c a u s a l f u t u r e , J + ( Σ ) i s composed of 

t o p o l o g i c a l l y d i sconnected components. 

i i ) T H E C H I L D - U N I V E R S E S a l s o expand e x p o n e n t i a l l y , and phase 

t r a n s i t i o n ( i n the phase t r a n s i t i o n s c e n a r i o ) or inhomogeneous r o l l i n g 

over of s c a l a r f i e l d ( i n the new and c h a o t i c i n f l a t i o n s c e n a r i o s ) 

proceeds a l s o t h e r e i n . As the r e s u l t s GRAND - C H I L D U N I V E R S E a re formed. 

This s e q u e n t i a l product ion of u n i v e r s e s may cont inue on and on. 

Now we easy a r r i v e a t an idea of m u l t i - p r o d u c t i o n of the un iverse ; 

a l though the c r e a t o r might have made a u n i t a r y u n i v e r s e , the u n i v e r s e 

i t s e l f i s capable of bearing c h i l d - u n i v e r s e s , which are again capable 

of bearing u n i v e r s e s and so on (Sato , 1 9 8 1 , Sato e t a l . 1982) 

Recent ly , Blau, Guendelman and Guth ( 1 9 8 7 ) and Farhi and Guth ( 1 9 8 7 ) 

d i scussed the c r e a t i o n of wormholes , but e s s e n t i a l s c e n a r i o i s the same 

one of prev ious i n v e s t i g a t i o n (Sato e t a l , 1 9 8 1 , Kodama e t a l 1 9 8 1 , 

Maeda e t a l , 1 9 8 2 , S a t o e t a l 1 9 8 2 ) . 

Recent ly Linde ( 1 9 8 6 ) proposed a i n t e r e s t i n g s c e n a r i o about the 

spacet ime s t r u c t u r e of c h a o t i c i n f l a t i o n a r y u n i v e r s e ; the e t e r n a l l y 

e x i s t i n g s e l f - r e p r o d u c i n g c h a o t i c i n f l a t i o n a r y un iverse . He c l a i m s t h a t 

the s c a l a r f i e l d not on ly r o l l down but a l s o r o l l up due t o the quantum 

d e n s i t y f l u c t u a t i o n s . Consider one domain wi th the vacuum energy d e n s i t y 

D ^ 1 ' . A f t e r a Hubble expansion t i m e , the domain i s d i v i d e d i n t o many 

domains by quantum d e n s i t y f l u c t u a t i o n s . Then the d e n s i t y of a high 
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d e n s i t y domain would be g iven by D ^ ^ = + δ , which i s h igher than 
tha t of the o r i g i n a l domain. By repeat ing t h i s proces s , the s c a l a r f i e l d 
not only r o l l down but a l s o r o l l up. He c l a i m s by apply ing the c r e a t i o n 
mechanism of c h i l d u n i v e r s e s which were shown by Sato e t a l , 1981 and 
1982) t h a t c h i l d u n i v e r s e s are produced from the high d e n s i t y r e g i o n s 
and c h i l d u n i v e r s e s a l s o have the same gener ic code as t h e i r mother 
u n i v e r s e . 

6 . Summary 

i ) In the present t a l k , we showed t h a t s t r i c t no h a i r theorem does not 
hold because there i s a s i m p l e counter example a g a i n s t t h i s theorem, the 
e x i s t e n c e of the Schwarzsch i ld -de S i t t e r s o l u t i o n . On the o ther hand, 
however, there are some inhomogeneous s o l u t i o n s which evo lve to 
homogeneous i s o t r o p i c u n i v e r s e . T h i s s u g g e s t e s t h a t the c l a s s of these 
s o l u t i o n s i s not measure zero . In order t o make c l e a r the c o n d i t i o n f o r 
t h i s "weak no h a i r theorem" t o ho ld , more c a r e f u l i n v e s t i g a t i o n i s 
n e c e s s a r y . 

i i ) The high d e n s i t y r e g i o n s in the homogeneous u n i v e r s e evo lve to 
wormholes i f 1) the s i z e of the reg ions i s g r e a t e r than the hor izon 
l e n g t h but s m a l l e r than a c r i t i c a l rad ius r (Eq. 4 ) , and 2) the 
d e n s i t y of the reg ion i s a t l e a s t three t i m e s h igher than that of 
s u r r o u n d i n g r e g i o n s . 

i i i ) I f wormholes are formed c o p i o u s l y in the per iod of i n f l a t i o n , we 
can a r r i v e i d e a s of m u l t i - p r o d u c t i o n of u n i v e r s e s (Sato e t a l 1 9 8 1 , 1 9 8 2 ) 
or e t e r n a l l y e x i s t i n g s e l f - reproducing un iverse (Linde , 1 9 8 6 ) . In t h e s e 
s c e n a r i o , the un iverse we are now observ ing i s one of the l o c a l l y f l a t 
r e g i o n s . 
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