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Abstract

An early extension of Lindeberg’s central limit theorem was Bernstein’s
(1939) discovery of necessary and sufficient conditions for the convergence
of moments in the central limit theorem. Von Bahr (1965) made a study of
some asymptotic expansions in the central limit theorem, and obtained rates
of convergence for moments. However, his results do not in general imply
that the moments converge. Some better rates have been obtained by
Bhattacharya and Rao for moments between the second and third. In this
paper we give improved rates of convergence for absolute moments between
the third and fourth.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 60 F 05;
secondary 60 G 50.

1. Introduction and summary

The moments of a distribution are among its most useful and accessible
characteristics. Hence it is not surprising that one of the earliest extensions of
Lindeberg’s central limit theorem was Bernstein’s (1939) discovery of a necessary
and sufficient condition for the convergence of absolute moments in the central
limit theorem. Bernstein’s theorem may be stated as follows: Suppose that for
each n>1, Xy, Xps, ..., Xpy, are independent random variables with zero means
and finite variances satisfying X; EX2; = 1, and that the X,,; are asymptotically
negligible in the sense that max;, P(] X,;|>&)—0 as n—>oo for all £>0. Then

Sp =3 Xp;—2> N(0,1)
J

and the pth absolute moment of S,, (p > 2) converges to that of the standard normal
distribution if and only if

Ln = ZEIX,,”IP")O.
)
Brown (1969, 1970) gave a characteristic function proof of Bernstein’s result.

Von Bahr (1965) made a study of some asymptotic expansions in the central limit
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theorem and their application to the rate of convergence of moments. Bhattacharya
and Rao (1976) have improved on some of von Bahr’s results in the case 2<p<3.
In this connection see also Michel (1976), who tackles the problem via non-uniform
estimates of the rate of convergence in the central limit theorem. Qur aim in this
paper is to obtain simplified rates of convergence of moments, especially in the
case 3<p<4.

Let u,, (p>2) denote the pth absolute moment of a standard normal variable.
If p is an even integer it is well known that the rate of convergence of E|S,[?
to u, depends on whether earlier moments match those of the standard normal
distribution. For example, if S, = 37 X;/\/n where the X; are i.i.d. (independent
and identically distributed) with finite sixth moments and with third and fourth
moments equal to my and m, respectively, then

ES® = 15+{10m3+15(my— 3)}/n+ O(n~?).

If my=p,=3 and my=0 then the rate of convergence is O(n?); if
10m3+15(my—3)#0 then the rate is O(n~1). When p>3 and the X, are not i.i.d.,
it is more difficult to see how to frame the results so as to obtain a good rate of
convergence of E|S,[? to p,,. We will confine our attention to the range 2<p<4.
Our results are stated in Section 2 and the proofs given in Section 3.

2. Rates of convergence

Von Bahr’s most general rates of convergence are given in his Theorem 4,
and in the case 2 <p<4 they can be summarized as follows: If k,, = n then for all
q<p,
0(,,(1»—2)/2 Lf, + L;lq+1)/(p-—2))’ if2<« p< 3,

|E[Sal?—p. |={ .
a O(n'»—2/2 [2 4 pla+l(p—3)/p L3atbipy if3<p<4.

(Actually von Bahr’s results apply in the case when X,,; = X (X EX?)~*, where
{X,,n>1}is a sequence of independent random variables. Also, his result in the
case 2<p<3 is rather more complicated than that given here.) In general this
does not imply that E|S, |2 u,, although Bernstein’s work tells us that this is the
case for all ¢<p, provided only that L,,—0 and that the random variables in each
row are asymptotically negligible. In the cases (a) 0<g<p =3, and (b) 0<g<2,
2<p<3, Bhattacharya and Rao (1976), Theorem 18.1, have shown that
|E| Sy, |0— | < Cd,, , < CL,, where the constant C depends only on p and g, and

| Xayleap -

d,, = inf [83"’2 [ | Xpgl? dP+ 5 {
0<e<1t. J JAIXnjl<e} §J X >e

In case (b) when the X; are i.i.d. this yields an error bound of o(n=®-2/2), slightly
improving on the O(n—®-2/2) bound due to von Bahr. However, there is no
such improvement in case (a).
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Our results are most significant in the case 3 <p <4, where there is no published
improvement of von Bahr’s. We state them for the larger range 2<p<4. They
contain those of von Bahr in the i.i.d. case, except when 0 <g<p—2, when his
rates are slightly better than ours. The reason for this is that we have used a
simpler method for estimating the integrals of the tails of characteristic functions.
(See his remark on p. 817.) In the case of a general triangular array this meant
a considerable simplification of the proofs and the results.

THEOREM. Let X, ;, 1 <j<k,, be a sequence of independent random variables with
zero means and finite variances satisfying Y;E(X2,) =1, and let S, = 3;X,;.
Suppose that L, = 3;E|X,;|P <o, where 2<p<4. Let p, denote the absolute
pth moment of the standard normal distribution. There exists an absolute constant
C, such that for all g in 0<q<p, and whenever L, <1 (and |ES3|<1 if p>3),

M | E| Salt— g < C@2) sin (hgm) | MoJad—p),
where
Ln+L%/(p_2): l'f2<pS3,
* | L+ LY®DL|ES3E, if3<p<4.

In the case p=4, |E|S,|*—pu|<C¥Z;EXL,+|ESSP) if T,EXL;<1 and
| Es3|<1.

REMARK. It follows from von Bahr’s Theorem 2 that in the i.i.d. case,
| E| S, |P— 13| = O(n™) when X; has finite fourth moment, whereas | ES3| = O(n™%)
if E(X3)#0. Hence the rate of convergence of E| S, |? to u, may be considerably
faster than the rate of convergence of | ES3 | to 0, although in general it will not be
faster than the rate of convergence of | ES3 |2 to 0.

3. The proofs

We will begin by establishing two lemmas. In our proofs the symbol C denotes
a generic constant depending only on p, not necessarily the same at each appearance,
while C,, C,, C; and C, denote particular versions of C. The symbols 6, ¢ and ¢
denote generic complex- or real-valued functions of the real variable ¢, dominated
by 1 for all ¢. Rl z denotes the real part of z.

Let f,,; and f,, be the characteristic functions of X,,; and S, respectively, and
let r,; = fo;—1. If E|S,|? <co we will write

Fuf®) = 1+ S Gty EXT5fr !+ n (D),
r==2

Ful) = 1+ 3Gty ESTiri+0,(1)
r=2

and
e =112+ 1),
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where m=2if 2<p<3, m=3if 3<p<4, and a,,(?) is of the form
(1) = CO (D]t E| X,5[P.
(See Loéve (1960), p. 199.)

LemMMA 1. There exist constants A, and B,, depending only on p such that whenever
2<p<4,0<qg<p, L, <1 (and | ES3|<1 if p>3),

B, L
L RIf () —e )t~V dt| < 4, M, [(4—p).

A, is bounded away from oo and B,, is bounded away from zero.

Proor. We will give a proof in the case 3<p<4. Now,
| 7| SRR E(X%) + 3|t E| X5 P+ C| [P E| Xy [P
< B Xy P09+ 1 (E| Xy Y10+ ]2 E] Xyl
SC{LYP +|tPLYP+|t|PL,} <%
if | ¢} < B L;V?, where B{Y = min {1, (6C)~%}. Furthermore,
|7ail? SHQEEX7)%+ (R 1P E) X PP +(Cl2[P E| XoylP)}
SC[tME] Xps|PIVP +(E| X |27 +(E| X5 |P)% i £<1
<CIE| Xl

if p<4 and L,<1. It follows that if |t|<B{ and L, <1 then the principal-valued
logarithm of f,; is given by

logfnf() = Wit EX2;+ }(it)P EX3,+ () + CO, (1) | 1| E| X,p5]P
and that of f,, is given by
logf,(t) = —41*— 4t ES3 + ? () + CO(D] L,
Hence if [/|<B{P and L,<1,
Su(®) = eW¥exp{— 4P ES3 + %‘, o)+ CO (O] 1AL}
= e ¥exp(sy),

say. Now,
S| S G|t BIES3 | +|¢t|P L, +|t]PL,}< %
n

if L,<1,|ES3|<1 and || < B, = min{BY, (6Cy)~3}. Also,
[saP<Cl2ILn+| ESLP)
if L,<1 and |#]<1, and so
fu) = 7151 - %"taESi'*"Z () + Cou()| 1L +| ESS, P}
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Consequently,
RIf,(f)—e—t* = —1# ZRlay(0)+Cn(0)]1 Ly +| ES ).

The functions Rla,y(f) = E{cos(¢X,;)—1+4¢2 X2} are non-negative, and since
B,<1
P Ed

| ‘ B"(Rl () — e 1) (a0 g
0

B‘) ‘Bp
< ‘ Rla, (1) t=P+0 dt+ C(L, +| ES3 ) | 157 dt.
ilo o
For each A>0,
A
| Ricat) =040 it = B(| X, A\ Xy,
10

where A(x) = [#(cost—1+41%)¢~PHdt is a continuous bounded increasing
function with 4(0) =0 and A(c0) = #/2I'(p+1)|sin 4p=|. See Pitman (1968), p.
428.) Hence

| [B”(le,.(t)—e-"")t—‘“l’ dt
0

S C{(L,/|sintpm|)+ B UL, +| ES3P)/(4~p)}
<Ay (L, +| ES; )4 -p),
where A4, is bounded as p—>4. B, is bounded away from zero. This completes the
proof of Lemma 1.

LEMMA 2. There exist constants A, and B, depending only on p such that whenever

2<p<4 and|t|< B, LV,
|RIf(1) — e 3| < A (18 +| t]P) e 3 M,,.

A, is bounded away from o and B5™? is bounded away from zero.

ProoF. We will give a proof in the case 3<p<4. As in the proof of Lemma 1,
we can show that if | 1| < C; L7V/P then | r,;| < }. Furthermore,

|ras B <4 2]7 E| X5 PP + ([ 2[P E| X5 + (| 2]? E] X,507)%,
and so if |#|< G L;V? < C(E| X,;| ?)~/P then
|rosP<HCEP+CEP+ CP} 1P E| X 40P,
Consequently the principal-valued logarithm of f,,; is given by
logfui(t) = 3(i EX2,;+ JitP EX3,;+ CO,(0)|t]P E| X, P

and that of f,,, by
logf(t) = — 32— P ES3 + C, 0,,(1)| t|P L,,.
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Hence if | #|< C; L;V/? then
| RIf,(6) — | <| fo() —exp (— 312 — 4it> ES3)|
+|Rlexp(—312— 3i ES3) — |
< Cy|t|PL, exp(—312+Cy|t|P L,) +e {1 —cos (32 ES3)}
<GCy|t|PefBL,+18e | ESS?
if | 1| < (6CoL,) @2, Let AL = Cy+1 and BP = (6C)~Y®-2, I

th | tl <min{C,; L;l/p, Bg(ol) L;l/(p—2)}
en
RIf, () —e | SAL(8 +|t[P) e 13 M,,.
p n
Now suppose that |¢|>C; L1/, Let an = X,;—Y,;, where Y, is independent
of X,; but with the same distribution. Then

) EX2,=2EX?, EX%, =0 and E|X,|P<2PE|X,],
so that
|foiO = 1-32EX2,+CO,;|t]? E| X,
< exp(—12EX2,+ Gy|t|P E| X,,5[?).
Consequently

2O = T,I [fai(OP <exp(— 2+ Cyt[P L,) < e

iflt|<(3C3Ln)—1/(p-—2). Let Bg) — (3C3)‘1/(1’—2). If

C,L;VP <|t|< BR L Vt»—2
then
[fa(6)— e |<| @)+ e

< 2e—l’/3

<2Cp?|t[Pe*BL,.
Let A =2C7?, 4, =max{4{,4?} and B, =min{B{, B} to obtain the
desired result.

PROOF OF THEOREM. Suppose that L, <1, |ES3|<1, 0<g<p<4 and g#2. Let
ky=m/[I(g+1)|sin}gx|]. By Lemma 1 of Brown (1970),

kq I EI S Iq —/"ql = | fw(Rl o, () —oft)) et dtl
0
o0
= I f RIif,(H— e—W) {—tg+D) dtl
0
C1
< J (RLf (D) — 1) (a4 g
0

C
+ [ 2| RI f,,(t)—e—*"lt-(‘I+1>dt+2Ft—(qﬂ) dt
Ch C:
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for any constants C; < C,. Our Lemmas 1 and 2 now imply that
kqlEl Snlq—l‘ql

<SC{(M,/4-p)+M, f (18 +|t[P)e~*/3dt + f =+l gp,

C4Ln—V -2
where C; is bounded away from oo, and C, and C£~2 are bounded away from zero,
<CVE-DM,Jq(4~p),
where C is bounded away from co. Hence
I EI Sy Iq— !"ql <Cye® _2)l sin %q"[ M, /q(4—p),

where C, is an absolute constant. By setting ¢ = p and taking the limit as p 14,
and noting that E| X|P— E| X|* as p 1 4, we see that

| E| S|~ pa| < Cohm) 2L, +| ES3 /4
<CYL,+|ES3P),
provided that L, = X, EX4,<1 and | ES3[<1.
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