Bull. Aust. Math. Soc. 84 (2011), 186-204
doi:10.1017/S0004972711002425

A NEW VARIATIONAL FORMULATION FOR CONVEX
HAMILTONIAN SYSTEMS WITH NONLINEAR
BOUNDARY CONDITIONS

MARK LEWIS and ABBAS MOAMENI™

(Received 1 April 2010)

Abstract

A variational principle is established to provide a new formulation for convex Hamiltonian systems. Using
this formulation, we obtain some existence results for second-order Hamiltonian systems with a variety
of boundary conditions, including nonlinear ones.

2010 Mathematics subject classification: primary 37K05; secondary 65K10.

Keywords and phrases: convex Hamiltonian systems, variational principles, variational methods, duality
theory.

1. Introduction

This paper is a continuation of [4—7] where a general nonlinear selfdual variational
principle was established to provide a variational formulation and resolution for several
nonlinear partial differential equations. Applications included nonlinear transport
equations, Navier—Stokes equations, and the generalized Choquard—Pekar Schrodinger
equations with certain nonlocal potentials. In this paper we introduce a new variational
formulation for second-order convex Hamiltonian systems to construct solutions that
satisfy certain linear and nonlinear boundary conditions. To illustrate this principle we
consider a second-order Hamiltonian system with periodic boundary conditions of the
form
A(u(t) — ii(t) = VO(&, u(t)),

. . (1.1)
u(0) = u(T), i(0) = i(T),

and also with nonlinear boundary conditions,

AOu(t) — i(t) = VO, u(n),
1(0) = =V¥;(u(0)), (1.2)
u(T) = V¥ u(T)).

In the above systems the Hamiltonian ® : [0, T] x RY — R U {co} is convex and lower
semi-continuous on the second variable. Also the functions ¥, ¥, : RY — R U {co}
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are convex and lower semi-continuous and the matrix-valued map A € C([0, T],
RN x RY) is symmetric. Letting (-, -) denote the usual inner product on RV, the
Fenchel-Legendre dual of ®(z, -) is denoted by ®*(z, -) and defined by

(1, v) = sup{{v, u) — O, u)}.

ueRN

We now state our first theorem.

Turorem 1.1. Suppose that ® : [0, T] x RN — R is measurable with respect to the
o-field generated by the product of Lebesgue sets in [0, T] and Borel sets in RN
and is convex and lower semi-continuous in the second variable. Let A € C([0, T1],
RN x RN) be a strictly positive definite symmetric matrix-valued map. If ® is Gateaux
differentiable with respect to the second variable, then critical points of the functional

T

T
I(u) = f O*(t, A(Dult) — ii(t)) dt — f O, u(t)) dt (1.3)
0 0

on the space of periodic paths are solutions of the system (1.1) and vice versa.

Theorem 1.1 applies readily to many equations, giving a new formulation and
resolution. In the following example we shall show how the new functional / given
by (1.3) will be useful in the calculus of variations to obtain solutions with more
regularity. Indeed, we consider the system

{A(t)u(t) = ii(r) = P u(®) + (1),

; . (1.4)
u(0) = u(T), u(0) = a(T).

As a consequence of Theorem 1.1 we shall establish the following existence result.

Tureorem 1.2. Let A€ C([0, T],RY x RN) be a strictly positive definite symmetric
matrix-valued map. Let p>?2 and f € LP' [0, T] where p’ = p/(p — 1). If |Ifll.» [0.7]
is small enough, then the functional

T T
I(u) = i, f |=ii(t) + A@u() - fOF di - L f lu(n)” dt
p 0 P Jo (15)

T
- fo O, ut)) di

has a nontrivial critical point on the space of periodic paths in W>P'[0, T which is
indeed a solution of (1.4).

Here is our result taking into account certain nonlinear boundary conditions.

Turorem 1.3. Suppose that ® : [0, T] x RN — R is measurable with respect to the
o-field generated by the product of Lebesgue sets in [0, T] and Borel sets in R and is
Gateaux differentiable, convex and lower semi-continuous on the second variable. Let
A€ C([0,T],RYN xRN) be a strictly positive definite symmetric matrix-valued map.
We also assume that ¥, ¥, : RY — R are Gateaux differentiable, convex and lower
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semi-continuous. Then critical points of the functional
T

T
I(u) = f (¢, A(u(r) — (1)) dr — f D(t, u(r)) dt
0 0
+ W (=i(0) + V5(T)) — ¥1(u(0)) — Y2 (u(T))
are solutions of the system (1.2) and vice versa.

As an application of Theorem 1.3, we establish the following existence result
for (1.2).

TueoreM 1.4. Let @ : [0, T] x RN — R be continuously differentiable, strictly convex
and lower semi-continuous in the second variable. Let Wi, %¥,:RYN >R be
continuously differentiable and strictly convex. Then the functional

T

T
I(n) = f (1, A(H)u(t) — ii(r)) dt — f O, u(r)) dt
0 0
+Wi(=(0)) + W53(T)) — ¥1(u(0)) — P2 (u(T))
has a critical point uwe W*P'[0, T] which is a solution of (1.2) if the following
conditions hold for all t € [0, T] and £ e RN:
1) O(t,0)=Y;(0) =0, and there exist p, p; > 2, i = 1,2, such that

pO(1, &) < (VO(1,£), &),
piti(§) <(V¥i(&), &)

(1) thereexistg>panda >0, g;> p;and a; >0, i =1, 2, such that

O(t, ) < alél?,
Yi(é) < ailél”.

Note that the functions @(z, &) =|£)P and W;(€) = |€)PF for p, p; > 2 satisfy
conditions (i) and (ii) in the above theorem. This is a more general version of the
problem considered in [1].

2. Preliminaries

In this section we recall some standard notions in convex analysis, Sobolev spaces
and nonsmooth critical point theory [2, 3, 8]. Let X be a reflexive Banach space and
X* its topological dual. Let @ : X — R U {co} be a proper convex function. Define the
sub-differential @ of ® to be the following set-valued operator: if u € Dom(®), set

0O(u)={peX*;(p,v—u)+ ®u) <) forall ve X},
and if u ¢ Dom(®), set 0®(u) = @. If ® is Giteaux differentiable at u then d®(u) =
{(VOu)}.
The Fenchel-Legendre dual of @ is denoted by ®* and is the function on X* defined

to be
O*(p) = sup{({p, x) — D(x); x € X}.
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It follows from this definition that for every (u, p) € X X X*, we have ®(u) + ®*(p) >
(u, p). If ® is convex and lower semi-continuous, then ®** = ® and the following are
equivalent:
) D) + D" (p) = (u, p);
(i)  p € 0D(u);
(ili) u € 0D*(p).

Let r > 1 be a real number and k be a positive integer. Let L'[0, T'] be the classical
space of integrable functions from [0, 7] to R" equipped with the norm

T 1/r
lellzro.ry = ( f o4 dr)
0

and W*'[0, T] the classical Sobolev space consisting of all paths from [0, 7] to R
such that the derivatives up to order k exist in the sense of distributions and equipped
with the norm

d*u
dtk

Set W{fg;[O, T1] to be the space of periodic maps in W0, T, that is,

leellwero,r1 = lutllLrory + .
L[0.T]

du(T)  d'u(0)
di — dr

wkrro, T = {u e W0, T1:

per

,i=1,2,...,k—1},

equipped with the norm of W*'[0, T].

Since, the functionals proposed in Theorems 1.1 and 1.3 may not be Gateaux
differentiable, we are required to give a meaning to the notion of a critical point of
such a functional.

Dermvrion 2.1. We will say that u € Wt [0, T is a critical point of

I(u) = fo T[(I)*(t, A(Hu(t) — ii(r)) — O, u(r))] dt

if I(u) is finite and there exist v(£) € dD*(t, A(1)u(f) — ii(r)) such that
fo T(V(t), ADn(1)) dt — j; T<V(t), ij(0) dr - fo T<V<D(t, u()), n(1)) dt =0,

for all n € Wa[0, T1.
DeriNiTioN 2.2. We will say that u € W>'[0, T] is a critical point of

T
1) = f [@*(t, A(u(t) — ii(t)) — O(t, u(t))] dt
0
+ W (=i(0)) + W5 (1)) = W1 (u(0) — ¥2(u(T))

if I(u) is finite and there exist v(z) € 00" (¢, A(Hu(t) — ii(?)), wi € 0¥](-i(0))
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and wy € 0¥ (i(T)) such that

T T T
0= fo (), A(On (1)) dt - fo (@), ij(1)) dt — fo (VO(1, u(1)), n(1)) dt
+(wi, =7(0)) + (wa, (T)) = (VW1 (u(0)), n(0)) = (V¥2(u(T)), n(T)),
for all n € W>'[0, T].

3. Proofs

In this section we proceed with the proof of theorems stated in the Introduction. We
need a few preliminary results that will be frequently used in the proofs.

Suppose that the matrix A(f) is strictly positive and continuous, thus there exist
positive constants @] and @, such that

ajlél? < (A(E, &) < aaléf (3.1
for all £ € RV, Now for each u € W>'[0, T] define

llull = l|=it(®) + A@OuOl 0,77 + [(O)] + [ie(T)),

and for each u € WS&;[O, T1] define

llullper = ll—ii + A(Dull 110,77
We have the following proposition.

ProrosrTiON 3.1.

(1) |lull is an equivalent norm for W>'[0, T1.
(2)  ullper is an equivalent norm for ng;[O, T].

Proor. We prove part (2); the same argument works for part (1). It follows from (3.1)
that
lletllper = =it + A@ullrj0.7)
<|I=illzrro,ry + IA@ull 0,1
) (3.2)
< l=illzrpo,r) + a2llullzro.
< (1 + a)llullwerio,1-

Now suppose that ||ullper < 00. Set f(z) = —ii(f) + A(t)u(?) so f € L"[0, T]. It follows
that

T T
fo[Iit(t)lz+(A(t)u(t),u(t))]dt=f(;(f(t),u(t)>dt

< M lerro,mlleell rro—npo. 1y

< cllfllzro,mllullwrzior;  (Sobolev inequality)
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from which together with (3.1) we obtain ||ully12[0, 1) < Cllfllzr10,77 for some positive
constant C independent of u. This implies A(f)u and u € L"[0, T'] and indeed

NA@ull o) + Nlullerory < (1 + a)llullzro,r)
< (I + @)erllullwizgo.r
< (I + @)1 Cllfllzro.r

where ¢; comes from the embedding of W'2[0, T]into L'[0, T]. Let Co = (1 + a3)c;C.
It then follows that

lllly2rio.ry = Nedllzrio.ry + idllzrory
< Collfllzrro.y + I1f = A@®ull Lo, (3.3)
< (1 +2C)fllerory = (1 + 2C0o)ll—it + A@®)ull 0,1y
= (1 + 2C0)l[ullper-
Therefore, by (3.2) and (3.3) we have
1
Taz”MHper < Nullyzrio y < (1 +2C0)lullper-
This proves part (2). O

Proor oF THEorEM 1.1. First suppose that u is a solution of (1.1), then A(f)u(t) —
it(t) = VO(t, u(t)). This implies that u(r) € 00 (¢, A(H)u(t) — ii(t)), and therefore for
€ ng;[O, T] we obtain

T
0= f (AOut) — ii(r) = VO, u(1)), n(n) dt
0

T T
=f0 [Cu(D), A(On(D)) + (u(®), ij(1))] dl—fo (VO(t, u(r), n(1)) dr

thereby giving that u is a critical point of 1.
Now suppose that u is a critical point of I, thus there exists v € 00 (¢, A(t)u — it)
such that

T T
f w(8), A(m(r) = H() dt — f (VO(t, (), (1)) dt =0 for all n € W2[0, T).
0 0

(3.4)
Suppose that w is the solution of the minimization problem inf,,cy12[0 71 w©0)=w(r) FW)
where

1 T T
Fw) =3 fo [(w(®), A@W@)) + ()] di — j; VO, u(r), w(n)) dr.
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It then follows that A(H)w(r) — w(t) = VO(¢, u(r)) with w(0) =w(T). It also follows

that w(0) =w(T). In fact, take an arbitrary £ € RV and set 5(f) =&. Note that
1o € W'2[0, T] and 5(0) = n(T) = £. It follows that

T
0=f (VF(w), no) dt
OT T
=j; [{A@mo(1), w(B)) + (D), Tio(2))] dt—fo (VO(1, u()), no(1)) dt
T
:j; [(no(D), ADW(8)) — (@), mo(D)] dt + (W(T), no(T)) — (w(0), 70(0))
T
_fo (VO(z, u(r)), no(1)) dt

T
= fo (Mo(1), AOW(t) = (1) = VO(z, u(1))) dr + (W(T) = w(0), §)
= (W(T) —Ww(0), &),

from which and the fact that & € RY is arbitrary we indeed have w(0) = w/(T).
This and (3.4) together imply that

T T
f (), An(e) — ii(0)) di = f (A@OW(r) — (@), (1) di for all n € W2[0, T,
0 0

(3.5)

It follows from A(H)w(r) — w(t) = VO(t, u(t)) and v € 0D* (¢, A(H)u(t) — ii(¢)) that
D (t, A(OwW(t) — (1)) + O, u(r)) = (A@w() — v(r), u(t)), (3.6)
(1, A(u(r) — ii(1)) + O, v(1)) = (A@®u(r) — ii(1), v(1)). (3.7

By adding (3.6) and (3.7) we obtain
(A@Ow(t) — (1), u(®)) + (A@Ou() — (1), v(1))
= O"(t, A(Ow(t) — (1)) + O, u(®)) + © (¢, A@®)u®) — ii(t)) + O, v(1))
=@ (t, A(Ow(t) — (1)) + D(z, v(1)) + D*(t, ADOu(t) — it(r)) + (¢, u(t))
= (AOw(1) — w(), v(D)) + (A@Du(r) — ii(1), u(?)),

and consequently

(3.8)

T T
f (A@OW(E) = Vi0), u(t)) dt + f (ADu(r) — iit), v(p)) dt
0 0 (3.9)

T T
> f (A®w(t) —w(), v(t)) dt + f (Au(t) — ii(r), u(r)) dt.
0 0

It follows from (3.5) that

T T
f (@), AOu(t) — (1)) dr = f (AOw(r) — (D), u(®)) dt
0 0
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and

T T
f W), AOw(t) — () dt = f (AOW(r) = (1), w(1)) dt.
0 0

Together with the previous inequality this yields that
T T
f (A@OW(r) = (), u(®)) dt + f (A@Ow(®) — (1), u(n)) dt
0 0

T T
> f (A@w() —w(t), w)) dt + f (AMu(r) — ii(r), u(?)) dt,
0 0

and hence,

T
f (Aw(t) — w(t) — AOu(t) + ii(r), w(t) — u(t)y dt < 0.
0

On the other hand, since Au = A(t)u — ii(¢) is a nonnegative operator we have that the
latter is indeed zero,

T
f (A@w(t) — w(t) — A(Ou(r) + i), wt) — u(t)) dt = 0.
0

This implies that the inequality in (3.9) is in fact an equality, which together with (3.8)
implies that

T
0= f [D* (1, A()w(t) — (1)) + O(t, v(1)) — (AOW(r) — vi(D), v())] dt
0

T
+ f (@7 (1, A(Du(t) = ii(1)) + D1, u(1)) = CA@Du(?) — i), u(1))] dt.
0

Together with the fact that
Q" (1, A(Ow(t) — (1)) + O(¢, (1)) — (A[OOw(t) — v(D), v(£)) = 0

and
O (¢, A@®u() — ii(t)) + O, u(®)) — (AOu(r) — ii(r), u(t)) > 0,

this implies that ®*(¢, A(H)u(?) — ii(r)) + Oz, u(?)) — (A(Du(t) — i), u(t)) =0 and
therefore A(f)u(t) — ii(t) = VO(¢, u(z)), and so u is a solution of (1.1). O

For simplicity of notation we will at times use the symbol A to refer to the operator
defined by Au = A(f)u — ii.

Proor oF THEOREM 1.2. The existence of a critical point can be established by
minimizing the functional / on the Nehari manifold

T
N = {u e W10, T] ‘ f (I’ (u(D)), u(t)) dt = 0, u # 0}.
0
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We first prove that if ||f]|,/ o7, is small enough then there exists r >0 such that
inf”,,“per:, I(u) > [(0) We have

1 (T , 1 (T
I(w) - 1(0) = —,f [=ii(t) + A(Ou(t) — fOIF dt——f ()P dt
P Jo P Jo
T 1 (T ,
- f (f(®), u@®)) dt — — f LfF O dt.
0 P Jo
Let us first recall the elementary inequality
lal” <27 Yla—bl" +|b”") foralla,beR",

from which we obtain
la—bP >277|af’ —|b|P" foralla,beR".

It follows from this inequality that

21—p' T , 1 T , ] T
I(w) - 1(0) > — f [Au()” dt - —,f |fOF dt — — f u(0)|” dt
P 0 P Jo P Jo

T 1 T )
- f J@Ou(?) dt——, f If (O dt
]
7 f Au()l” dt — = f F@F di - = f lu(n)|” dt

2
= p ”I/‘Hper_ ”u”L”[OT] f |f(t)|p dt
217 / . .
> =l - co||u||per—17 f F@OF di (Sobolev inequality)
0

where Cy > comes from the embedding of W;gfl [0, T] into LP[0, T]. Note that since
p>p’, if ||[ullper = ¥ for some r >0 small enough, then there exists p > 0 depending
only on p and T such that

1-p’ ,
—|[ullper = Collullper > p-

Thus, if (3/p") fOT |f (1P dt < p/2 then for ||ullper = ¥ we have I(u) — 1(0) > p/2.
Let {u,}neny be @ minimizing sequence for I over the Nehari manifold NV. Then

1 T
I(u,) = I(u,) — — f <I/(un(t))’ M,,([» dt.
P Jo
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Expanding the right-hand side,
1 (T : 1 [T T
I(u,) = — f [Au, (1) = fOI dt — — f |un (DI dt — f (f@), un (1)) dt
P Jo P Jo 0
1 [T ,
- fo \Aun(1) = FOP > Aun(1) = f(0), Aun(D)) dt

1 (T 1 (T
+ = f iy (DIF dt + — f (f(@1), un(1)) dt,
P Jo P Jo

thereby giving that
I A : I
I(un)=(—,——)f |Au, () = fOI dt——,f @, un(1)) dt
P plJo P Jo

1 (T ,
b j; |Au, () = FOIF " Au, () = £(O), f(2)) dt.

It follows from Holder’s inequality that
11y T . 1
1) > (= = =) [ 1w = FOF dt = 1l oo
P rldo p

T w-vip', T 1y
- l( f (Aunt) = FOP )71 =D dt)p ’ ( f For ) ’
P\Jo 0

1 1 , 1
|- _ = _ 4 _ ,
—(p, p)nAun Mo = 5 W ooy

1 —1
_ ;“Aun - f“iﬁ'[O,T]”f”Lp,[O’T]

1 ,
2 (_ - _)”Iun”per - ”f”LP’[O T]lp - _”f“LP'[() T]H”n”per
pl p ’ p/ ’
1 ,
-1
- ;(”un”per + “f“L//[o,T])p ||f||Lp’[o,T],

where the last inequality is a consequence of Holder’s inequality and the continuous
embedding ngfr)l [0, T] = LP[0,T]. The right-hand side can now be seen to be
coercive since p’ > 1 and (1/p") — (1/p) > 0. I(u,) is bounded from above, hence it
follows that the sequence {u,},cx is bounded in W;g’r’/ [0, T]. By the Banach—Alaoglu
theorem, {u,},en is contained in a weakly compact subset of Wgéf/ [0, T'], and hence
there is a function u € Wgé’r’ ,
to u. Additionally, since Wgé’r" [0, T] can be compactly embedded into L7[0 T], it
follows that u, converges strongly to u in LP[0, T]. Defining the functional G by the
constraint

[0, T'] such that, up to a subsequence, u, converges weakly

T
G(u) = f (I'(u(®)), u(t)y dt =0
0
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and using the method of Lagrange multipliers,
I'(uy) = ,G’ (uy) + o(n)

where A, — 0, and therefore I’(u,) — O taking into account the boundedness of
{u,}env. Now it follows that

T T
fo (I (un(t)), u(®) dt = fo |t (1) = FOIF "2 Aun(t) — £, Au) dt
T T
- f | (17t (1), u(t)) dt — f f(Ou(r) dt — 0,
0 0
which implies that
T T T
f |Au, () — FOFF " Aun(H) — £, Au(®) dt — f lu(t)|” dt + f FOu@) dt.
’ 0 0 (3.10)
Similarly,
T T ,
fo (I (un(t)), un (1)) dt = fo |t (1) — FOI 72 Aun(2) — £(B), Aun(t)) dt
T T
—f |u,,(t)|pdt—f f@®u,(t) dt — 0,
0 0

and hence,

T T T
f \Aun(t) = FOF 7 Aun(t) = £(2), Aun(0)) dt — f lu(n)l” dt + f JF@u(r) dt.
° ‘ ° (3.11)
The functional fOT [Au(t) — f(t)lp/ dt is lower semi-continuous, that is,

T T
f |Au(t) — f(0)|” dt <lim inf f |Aun (1) — FOIF dt. (3.12)
0 n—oo 0

In addition, the functional is convex, therefore,
T ) T /
f |Au, () = fOI dt < f |Au®) - f(OI" dt
0 0
T /7
+ f [Aun(t) = FOF 7 (Aun(2) = f(2), Ay (D)) dt
0

T
—fo [Auy(1) = FOIF > (Aun() = F(2), Au()) dt

where the latter terms cancel in the limit from (3.10) and (3.11). Therefore,

T T
f |Au(t) — f(0)|P dt > lim sup f [Au, (1) — F()F dt. (3.13)
0 0

n—oo
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Inequalities (3.12) and (3.13) together then imply that

T T
lim f Aun(t) — FOF di = f Au() — FO di,
n—e Jo 0

that is to say, [|Au, — fllp» = ||Au— fll;». Therefore Au, — Au strongly in L”'[0, T]
which then implies u, — u strongly in ng’r” [0, T]. Since I and I’ are continuous,
u is then a nontrivial critical point of /. By Theorem 1.1 u is then a solution of
Equation (1.4). O

Proor oF THEOREM 1.3. First suppose that u is a solution of (1.2), that is,

A(Du(t) — ii(r) = VO, u(r)),
#(0) = =V¥1(u(0)),
(T = V¥2(u(T)).

This implies that u(t) € 0O*(A(H)u(r) — i(t)), u(0) € (9‘1”1‘(—1/1(0)), and u(T) € 3‘1’;(14(7’))
For 1 € W>'[0, T], the ‘Green formula’ yields
fo " ), A ~ ), 5] i — fo (VO uey, 1) di
+u(0), ~7(0)) + (T, {T)) — (¥, u(0)), 7(0)) — (T Ex(u(T)), n(T)
- fo " AU  i56) = VO, ), D] dt — (D) + T¥, (0, 7))
T = VT, 1(T)) = 0.

Therefore, u is a critical point of 1.
Suppose that u is a critical point of 7, and thus there exist v() € 0D* (A()u(t) — ii(t)),
wy € 0¥1(-u(0)) and w, € 0¥, (@(T)) such that

T T
fo[<V(t),A(t)Tl(t)—ﬁ(t)>]dt—fo (VO(t, u(r), n(1)) dt
+ (wi, =11(0)) + (wa, () = (V¥1((0)), 7(0)) = (V¥2(u(T)), n(T)) = 0

for all n € W>'[0, T]. Let x € W'2[0, T'] be a solution of the minimizing problem

(3.14)

1 T
inf ]{E j; [(x(r), A(D)x (D)) + |x(0)]> = 2(x(r), VO(r, u(r)))] dt

xeW!2[0,T
+ (1), V¥2(u(T))) + (x(0), V‘P1(u(0))>}-
It follows that x is a solution of the system

A(D)x(1) = X(1) = VO(z, u(1)),
x(0) = =VY¥1(u(0)), (3.15)
X(T) = V¥ (u(T)).
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This together with (3.14) implies that

T T
fo (), AWn() - 70 di - fo (AW)X(1) — 50, (D)) dt
4 w1 =0) + (w, BT + (£(0), 7(0)) — (&(T), q(T)) = 0,

for all € W>'[0, T]. It follows from the above and integration by parts that

T
fo (@) = x(), AOn(r) = ij(0)) dt + (wi = x(0), 7(0)) + (wz — x(T), ()(T)) =0,

(3.16)
for all € W>7[0, T]. As seen in (3.15), the operator A : w210, T] — L”'[0, T] X
RN x R¥ defined by A(x) = (A()x(t) — i(t), x(0), x(T)) is onto. This together with the
above equation implies that x(#) = v(¢). Therefore,

x(0) € 0¥ (-u(0)),
x(T) € 0¥ (i(T)),

X(0) = =V¥1(u(0)),
X(T) = V¥ (u(T)),

from which we obtain

(u(0), =x(0)) + (u(T), X(T)) + (x(0), =(0)) + {x(T), iu(T))
=V (=x(0)) + V5 (X(T)) + ¥1(u(0) + ¥o(u(T)) + ¥ (=i(0)) + W5 ((T))
+¥1(x(0) + Y2 (x(T))
= W1 (=1(0)) + W5 (X(T)) + ¥1(x(0) + Wo(x(T)) + ¥ (=i(0)) + ¥5(T))
+ W1 ((0) + W2 (u(T))
> (x(0), =x(0)) + (x(T), X(T)) + (u(0), =i(0)) + (u(T), i(T)).

From this inequality we deduce that
(0) — x(0), %(0) — (0))y — (u(T) — x(T), x(T) — (T)) < 0. 3.17)

By the same argument as (3.8) in the proof of Theorem 1.1, it follows from x(¢) =
v(t) € 00*(t, A(Hu(t) — ii(t)) and A(t)x(r) — i(¢) = VO(t, u(r)) that

T
f (A()x(t) = %(t) — A@®u(t) + ii(?), x(t) — u(t)) dt < 0. (3.18)
0

Taking the sum of inequalities (3.17) and (3.18) and using integration by parts, we
have

T T
f (AWDx(1) — ADu(D), x(t) — u(®)) dt + f k() — u(H)P dt < 0. (3.19)
0 0
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On the other hand, the operator A(f) is strictly positive definite, which implies that
the latter holds with equality. This implies that x = u and therefore u is a solution of

ADu(t) — ii(t) = VO, u(h)),
u(0) = =V¥1(u(0)),
w(T) = V¥ (u(T)).

This concludes the proof. O

Remark 3.2. The preceding proof can be easily modified to deal with other types of
boundary conditions, including the case of

u(0) = V¥ (i(0)),
u(T) = =V¥(i(T)).

Proor oF THEOREM 1.4. We first consider the case of p=¢g. We note that /(0) =0
Since @ is lower semi-continuous, strictly convex, and coercive it follows that the
mapping u > ®*(-, u) is continuously differentiable. Similarly ¥}, ¥;€C LRM),
which implies that 7 : W>?'[0, T] — R is continuously differentiable. Condition (i) of
the theorem implies the existence of constants c, ¢, ¢ > 0 such that for all ¢ € [0, T]
and £ e RV,

c(llP = 1) < @(, ),

ci(j€P = 1) < Wi).

Combined with condition (ii), this implies the existence of constants a*, ¢*, a;, ¢; >0,
such that forall 1€ [0, T], £ RN andi=1, 2,

(3.20)

a*lfl”: <18 < c*(|§|1” w1, .
€% <€) < (1 + 1),

where p;, p! and g;, g are conjugate pairs. For 4 > 0 we have

1Qu) < ¢ A7 ||A"||Zn (0.7] [0.7]

+ AP O)P + 5 AP2i(T)IP> — ¢ AP u(0)P* — AP u(T)P* + C,

= cA|lull},

for some constant C € R. Since p >2 > p’, p}, p, we note that /(Au) — —co as 4 — oo,
which implies the existence of a function e € w2 [0, T] such that I(e) < 0, as we can
simply take any function with a sufficiently large norm in LP[0, T']. Similarly, we have
the following inequality in the opposite direction,

I(u) 2 Collullwzp 0.7] allullmo nt ;i (0)|4 + @3] (T)|
— a1 u(O)" — azlu(T)*
Y , . , (3.22)
> C0||u||W2p 0.7] C”””wu o T (0D + a5 |ia(T)|%
—C1I|uIIW2,,[0T CzIIullwzp .17
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for some C, Cy, Cy, C, > 0, making use of the fact that W2P'[0, T] can be continuously
(indeed compactly) embedded in both C[0, T] and LP[0,T]. Noting that ¢, ¢,
q> > 2 > p’, it then follows that

inf I(u) >0

llull=r
for r sufficiently close to the origin. Hence by the mountain pass theorem, there exists
a sequence {u, },ery With u,, € W>P'[0, T for all n, satisfying

I T = = S0 By 100

and
lim I’ (u,) =0,

where )
I ={yeC([0, 1], W*7'[0, T]) : y(0) = 0, y(1) = e}.

It is easily seen that ¢ > 0. It follows immediately that

T
mm—%j\n%mmmmmea (3.23)
0

where p is chosen such that p’, p; <p <2. Since ® is convex and differentiable, it
follows that

v=VO({,u) ©u=Vo'@t,v) o 01 v)=(uv) - O3, u).

Hence condition (2) implies that
O (1, v) = u, v) — D(t, 1) > (1 - l)<u, W= Lwea). (3.24)
p p
Similarly, it follows that
¥ (u) > %(V‘I‘Z‘(u), uy fori=1,2. (3.25)
Now expanding the left-hand side of (3.23),
1 T
I(un) - f (I’(”n(t))a un(t» dt
P Jo
T
= fo [D* (2, Aun(1)) — D1, un(1))] dt + ¥ (=it2(0)) + V5, (T)) — ¥1(u,(0))
1 T
— Yo (un(T)) - ) fo (VO™ (1, Aun(D)), Aun(1)) = (VO(, uy (1)), un(1))] dt

1 1 1
+ ;(V‘I”{(—b‘tn(o)), ia(0)) — ;(V‘I’Z(un(T)), in(T)) + ;(V\Pl(”n(o))a un(0))

1
i ;<V‘P2(u,,(T)), un(T)).
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From inequalities (3.20), (3.21), (3.24) and (3.25) and condition (ii) of the theorem we

then have
1
1) = = | 0), w0
P Jo
p’ * q p V4 p,l %) . 4
>(1- ;) [ (; = ellnllry + (1 - ;)allu(O)Iql

; (1 - %)a;mmrfé ; (% - l)cl(un(O))’” + (% - l)cz(u,,(T))m e

for some constant C € R. Since p’, p; < p <2 < p, p;, all coefficients on the right-hand
side are positive. The right side is hence coercive and (3.23) then implies that each
term is bounded. In particular, {Au,},en is bounded in L”'[0, T] hence u, is bounded in
W2P'[0, T]. Thus, by the Banach—Alaoglu theorem, the sequence {u,},cy is contained
in a weakly compact subset of W>?'[0, T, and hence there is a function u € W>?'[0, T
such that, up to a subsequence, u, converges weakly to u. Now since I’(u,) — 0,

T T
f(;(l,(un(t))’un(t))dt:f(; VO, Auy(D)), Aup (D)) = (YO, un(1)), un(1))] dt

— (VY1 (=itn(0)), ity (0)) + (V51 (T)), itn(T))
— (V¥1(,(0)), un(0)) = (V¥2(un(T)), un(T)) — 0.

Since W?'[0, T] can be compactly embedded in L?[0, T] and C'[0, T1, it follows that
u, converges strongly to u in L?[0, T], and u, and its derivative converge pointwise
(indeed, uniformly). This implies that

T
f (V" (1, Auy (1)), Auy(0)) dt
0

! e L (3.26)
—>£ (VO(t, u(®)), u(?)) dt + (V¥ (=i(0)), (0)) — (V¥5(T)), i(T))

+ (V¥1(u(0)), u(0)) + (VW2 (u(T)), u(T)).
Similarly, we have
T T
fo 0 un(0). ut)y it = fo (V0" (2, Auy(6). Au)) — (VO(t, 1, (1)), uH)] di
— (VW] (=it,(0)), i(0)) + (VW5 (ito(T)), i(T))
— (VY1 (1,(0)), u(0)) = (V¥2(u,(T)), u(T)) — 0,
from which we conclude that
T
f (VO (t, Au, (1)), Au()) dt
0

! o L 3.27)
—>‘f0 (VO(t, u(®)), u(t)) dt + (V¥ (=u(0)), (0)) — (V¥5(T)), i(T))

+(V¥1(u(0)), u(0)) + (V¥2(u(T)), u(T)).
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. T . . .
The functional fo @*(t, Au(r)) dt is lower semi-continuous, hence

T T
f D*(f, Au(t)) dt < lim inf f (1, Aun (1)) dt, (3.28)
0 n=e - Jo

and convex, therefore

T T T
f DO (t, Auy, (1)) dt < f (¢, Au(t)) dt — f (VO (1, Auy (1)), Au(t) — Au, (1)) dt.
0 0 0

Taking limits and making use of (3.26) and (3.27), we deduce that

T T
lim sup f O (¢, Au,(t)) dr < f O (2, Au(t)) dt. (3.29)
n—oo 0 0
Inequalities (3.28) and (3.29) then together imply that
T T
lim O (¢, Au,(t)) dt = f O*(z, Au(r)) dt. (3.30)
= Jo 0

This together with the compact embedding of W2P'[0, T] in LP[0, T], C[0, T] and
C'[0, T] implies that

T
lim /(u,) = lim f (D (1, Auy(D)) — D, u,(1)] dt + ¥} (=1, (0)) + W5 ity (T))
n—oo n—0oo 0
= ¥1(ua(0)) = ¥a(un(T))

T
= f [D*(2, Au(r)) — O, u(®)] dt + ¥(=i(0)) + V5 ((T))
0
= Y1 (u(0)) = ¥o(u(T))
= I(u)
from which we obtain /(x) = ¢ and, in particular, u is nontrivial. It also follows from

I'(u,) — 0, together with the fact that I’ is weakly continuous in W>?'[0, T, that
I’(u) = 0. This completes the proof for the case p = g. O

The proof for the case of ¢ > p relies on a variant of the mountain pass theorem
introduced in [8], which we will briefly describe. Let X be a real Banach space and
I a function on X of the form I = F + G, where F € C!(X,R) and G : X — (=00, 0] is
proper, convex and lower semi-continuous. We define critical points of I to be those
points u € Dom(G) C X satisfying

(F'(u),v —u)xxx + GOW) —Gu) >0 forallveX.

c € R is called a critical value if I~'(c) contains a critical point. I is said to satisfy the
Palais—Smale condition if each sequence {u,},en in X, such that I(u,) — c € R and

(F'(tn), v = tty)xxx + GOW) = G(u) > (zp, v — ty)x-xx forallveX
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where z, — 0, has a convergent subsequence. Now suppose that / = F + G satisfies
the Palais—Smale condition and that the following conditions hold:

(i)  1(0) =0 and there exist 6, p > 0 such that /|y, > 6;
(i) 1(e) <0 for some e ¢ B,.

Then [ has a critical value ¢ > ¢ given by

¢ =inf sup I(y(?)),
¥el te0,1]

where I' = {y € C([0, 1], X) : v(0) = 0, y(1) = e}. In light of this result, the proof for the
case of ¢ > p then follows in the same way as the proof for g = p.
4. Further remarks

ReEmARrk 4.1. Assuming that f(r) = 0, one can think of the functional 7 in (1.5) as a
function of two parameters p, ¢’ > 1:

1 (T , 1 (T
Ip,q,(u):? fo IA(Du(r) — ii(r)| dt—l—? fo lu(@)|P dt. 4.1)

It follows that 1, ,» = I. This functional is continuously differentiable on Wlfé?/ [0, T1].
Therefore, because of the compact embedding
2
Wpe? [0’ T] — LP[O’ T]9

for p > 1 the functional I, , is lower semi-continuous. It is also straightforward that
I, 4 satisfies the mountain pass geometry and the condition for ¢’ < p. Note that this
functional is bounded from below and coercive for ¢’ > p. It then follows that the
functional I, ;- has a critical point u € Wgé’r’/ [0, T]. If we set

v(t) = [A@u(t) = i1 > (A@Ou() = D))
then (u, v) is a solution of the Hamiltonian system

A(t(t) = (1) = ()| 2u(r), t€(0,T),

ADu(r) = ii(r) = (P v(@), 1€ (0, T),

v(0) = w(T), »(0) = (T),

u(0) = w(T), (0) = i(T).

Note that the standard variational formulation to prove existence for the above system
amounts to finding critical points for the functional

1 T 1 T T T

F(u,v)=— f lu@®I? dt + — f V()9 dt — f (Au(r), v(t)) dt + f (), v(1)) dt
P Jo q Jo 0 0

on W'2[0, T]. This functional is strongly indefinite and one needs to use linking type

theorems to deal with this situation even for the case ¢’ > p for which one just needs
to minimize the proposed functional (4.1).
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We also note that this new functional turns out to be extremely useful in
Hamiltonian systems of partial differential equations. Indeed, in our forthcoming
work we shall discuss the existence of solutions for the elliptic system with Neumann
boundary condition

—Av+v=ulu+ Au"2u, xeQ,

—Au+u =Py, xeQ,
0 0
6—u:a—v: R x€0Q
n n

where r < g and p and ¢ are on the critical hyperbola

1 1 N-=-2

—_t - —

p g N

We refer the interested reader to [6] for more details on this problem.

References

[1] J.-P. Aubin and I. Ekeland, ‘Second-order evolution equations associated with convex
Hamiltonians’, Canad. Math. Bull. 23(1) (1980), 81-94.

[2] I Ekeland, Convexity Methods in Hamiltonian Mechanics (Springer, Berlin, 1990).

[3] L Ekeland and R. Temam, Convex Analysis and Variational Problems (American Elsevier, New
York, 1976).

[4] N. Ghoussoub and A. Moameni, ‘Selfdual variational principles for periodic solutions of
Hamiltonian and other dynamical systems’, Comm. Partial Differential Equations 32(4—6) (2007),
771-795.

[5S] N. Ghoussoub and A. Moameni, ‘Anti-symmetric Hamiltonians (II): variational resolutions for
Navier Stokes and other nonlinear evolutions’, Ann. Inst. H. Poincaré Anal. Non Linéaire 26(1)
(2009), 223-255.

[6] A.Moameni, ‘A variational principle associated with a certain class of boundary value problems’,
Differential Integral Equations 23(3—4) (2010), 253-264.

[71 A.Moameni, ‘Nonconvex self-dual Lagrangians: new variational principles of symmetric boundary
value problems’, J. Funct. Anal. 260 (2011), 2674-2715.

[8] A. Szulkin, ‘Minimax principles for lower semicontinuous functions and applications to nonlinear
boundary value problems’, Ann. Inst. H. Poincaré Anal. Non Linéaire 3(2) (1986), 77-109.

MARK LEWIS, Department of Mathematics and Statistics, Queen’s University,
Kingston, ON, Canada K7L 3N6
e-mail: mlewis@mast.queensu.ca

ABBAS MOAMENI, Department of Mathematical Sciences,
Sharif University of Technology, Tehran, Iran
e-mail: momeni@mast.queensu.ca

https://doi.org/10.1017/S0004972711002425 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002425

