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Abstract. We study the joint distribution of values of a pair consisting of a quadratic form
q and a linear form 1 over the set of integral vectors, a problem initiated by Dani and
Margulis [Orbit closures of generic unipotent flows on homogeneous spaces of SL3(R).
Math. Ann. 286 (1990), 101-128]. In the spirit of the celebrated theorem of Eskin, Margulis
and Mozes on the quantitative version of the Oppenheim conjecture, we show thatifn > 5,
then under the assumptions that for every («, B) € RZ\ {(0, 0)}, the form aq + BI? is
irrational and that the signature of the restriction of q to the kernel of lis (p,n — 1 — p),
where 3 < p < n — 2, the number of vectors v € Z" for which ||v|| < T, a < q(v) <b
and ¢ < 1(v) < d is asymptotically C(q, 1)(d — ¢)(b — a)T" 3 as T — oo, where C(q, 1)
only depends on q and 1. The density of the set of joint values of (q, 1) under the same
assumptions is shown by Gorodnik [Oppenheim conjecture for pairs consisting of a linear
form and a quadratic form. Trans. Amer. Math. Soc. 356(11) (2004), 4447—4463].
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1. Introduction

The Oppenheim conjecture [16], settled by Gregory Margulis in 1986 [15], states that for
any non-degenerate irrational indefinite quadratic form q over R”, n > 3, the set q(Z") of
values of q over integral vectors is a dense subset of R.

Margulis’ proof uses the dynamics of Lie group actions on homogeneous spaces. More
precisely, he shows that every pre-compact orbit of the orthogonal group SO(2, 1) on the
homogeneous space SL3(R)/SL3(Z) is compact. This proof also settled a special case
of Raghunathan’s conjecture on the action of unipotent groups on homogenous spaces.
Raghunathan’s conjecture was posed in the late seventies (appearing in print in [8])
suggesting a different route towards resolving the Oppenheim conjecture. This conjecture
was later settled in its full generality by Marina Ratner [18].

Ever since Margulis’ proof, homogenous dynamics has turned into a powerful machin-
ery for studying similar questions of number theoretic nature. In particular, various
extensions and refinements of the Oppenheim conjectures have been studied. In the
quantitative direction, one can inquire about the distribution of values of q(Z" N B(T)),
where B(T') denotes the ball of radius 7 centred at zero. It was shown in a groundbreaking
work by Eskin, Margulis and Mozes [9] that the number N7 ; (q) of vectors v € B(T) with
q(v) € I := (a, b) satisfies the asymptotic formula

Nri(@ ~ C(Qb —a)T"? as T — oo, (1.1

assuming that q is non-degenerate, indefinite and irrational, and has signature different
from (2, 1) and (2, 2). Prior to [9], an asymptotically exact lower bound was established
by Dani and Margulis [7] under the condition n > 3.

It is noteworthy that equation (1.1) does not hold for all irrational quadratic forms
of signatures (2, 1) and (2, 2). However, for quadratic forms of signature (2, 2) that are
not well approximable by rational forms, an analogous quantitative result for a modified
counting function has been established in [10]. The question for forms of signature (2, 1)
remains open.

Let q be an indefinite quadratic form of signature (p, ¢). The approach taken up in [9]
translates the problem of determining the asymptotic distribution of q(Z") to the question
of studying the distribution of translated orbits a; K x¢ in the space SL,(R)/SL,(Z) of
unimodular lattices in R". Here, a; is a one-parameter diagonal subgroup of the orthogonal
group SO(p, q) defined in equation (2.5), K is isomorphic to the maximal compact
subgroup of the connected component of identity in SO(p, ¢) and x¢ € SL,(R)/SL,(Z)
is determined by the quadratic form q. One of the major challenges of the proof is that
the required equidistribution result involves integrals of unbounded observables (or test
functions). This difficulty is overcome by introducing a set of height functions, which can
be used to track the elements k € K for which the lattice a;kxy has a large height, and
thereby reducing the problem to bounded observables.
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1.1. Pairs of quadratic and linear forms. 1In this paper, we study the joint distribution
of the values of pairs (q, 1) consisting of a quadratic and a linear form. This problem was
first studied by Dani and Margulis [6] who proved a result for the density of the joint
values of pairs of a quadratic form and a linear form in three variables. This result was
extended by Gorodnik [11] to forms with n > 4 variables. Our goal in this paper is to
prove a quantitative version of these qualitative results.

Fix n > 4, and write q for a non-degenerate indefinite quadratic form on R” and 1 for
a non-zero linear form on R”. Denote by Yno the set of all such pairs (q, 1) satisfying the
following two conditions.
(A) The restriction of q to the subspace defined by 1 = 0 is indefinite.
(B) Forevery (o, B) € R2\ {(0, 0)}, the form cq + B is irrational.
The main result of [11, Theorem 1] shows that under these assumptions, the set of joint
values

{(q(v),1(v)) : v € Z"} C R?

is dense. Note that condition (A) is necessary for the set of values to be dense in R2.
Condition (B), however, can conceivably be weakened, see a remark in [11, §6].

Our goal in this work is to study a quantitative refinement of this problem. More
precisely, we will ask the following question.

Question 1.1. For (q,1) € 5””0 and intervals I = (a, b), J = (c, d), denote by N 1.;(q, 1)
the number of vectors v € Z" for which ||v|| < T, q(v) € I and 1(v) € J. Find conditions
under which the following asymptotic behaviour holds:

N1yl ~ C(q, 1) (b —a)d—c)T"3

as T — oo. Here, C(q, 1) is a positive constant that depends only on q and 1.

Note that the above asymptotic behaviour is consistent with the general philosophy in
[9]. The ball B(T) of radius T centred at zero contains about 7" integral vectors. As v
ranges in B(T), q(v) takes values in an interval of length approximately T2, while the
values of 1(v) range in an interval of length comparable to 7. Packing the 7" points
(q(v), I(v)) in a box of volume comparable to T3, one might expect that a rectangle of
fixed size is hit approximately 773 times.

1.2. Statement of results. Let |I| denote the length of the interval / € R. Our main
result is the following.

THEOREM 1.2. Let q be a non-degenerate indefinite quadratic form on R" forn > 5 and

let 1 be a non-zero linear form on R". For T > 0, open bounded intervals I, J C R, let
Nr.1.7(q, 1) denote the number of vectors v for which

vl < T, q()el, 1) el.
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Let .4, be the set of (q,1) € fno for which the restriction of q to ker 1 is non-degenerate
in ker 1 and not of signature (2, 2). Then for any (q, 1) € ./, we have

Nr.1.(q,1)
lim ——=—— = C(q, D|I] |J],
lim =L (@ DI 17|
where C(q, 1) is a positive constant depending only on q and 1.

Remark 1.3. Theorem 1.2 does not generally hold if the restriction of q to kerl is of
signature (2, 2), see §6 for a counterexample. Based on the main result of [10], it seems
reasonable that a modified result, under certain diophantine condition, might still hold.

1.3. Strategy of proof. The proof follows the same roadmap as in [9]. We will start by
translating the question into one about the distribution of translated orbits on homogenous
spaces.

It is well known that the space 2, of unimodular lattices in R"” can be identified
with the homogenous space SL,(R)/SL,(Z). This space is non-compact and carries an
SL, (R)-invariant probability measure. In many problems in homogenous dynamics, it is
useful to quantify the extent to which a lattice lies in the cusp of Z,.

We will translate Question 1.1 to the problem of showing that certain translated orbits
of the form a; K A become asymptotically equidistributed in 2, as 7 goes to co. Here, K is
the maximal compact subgroup of the connected component of identity in SO(p, g — 1),
where (p,q — 1) denotes the signature of the restriction of q to kerl. At this point,
several problems will arise. However, the existence of various intermediate subgroups
make the application of the Dani—-Margulis theorem more difficult. Dealing with this
problem requires us to classify all intermediate subgroups that can arise. The second
problem, similar to that in [9], involves the unboundedness of test functions to which the
equidistribution result must be applied. We will adapt the technique used in [9] with one
twist. Namely, we will prove a boundedness theorem for the integrals of «(a;kA)* for some
s > 1, where « is the Margulis height function defined as follows: for a lattice A,

a(A) = max{|lv] 7 : v e Q(A)),
where
QAN ={v=viA---AvV:V,...,0 €A, 1=<i=<n}\{0}

More precisely, we will show that for p >3, ¢ >2 and 0 <s <2, for every
g € SL,(R), we have

sup/ alak.gZ™)* dm(k) < oo.
K

t>0

The strategy in [9] requires K not to have non-trivial fixed vectors in certain represen-
tation spaces. Since this is no longer the case here, we need to use a refined version of the
«a function developed by Benoist and Quint [4, 19] which we recall now.

Let H be a connected semisimple Lie subgroup of SL,(R). Denote by /(R") the
exterior power of R”, that is, the direct sum of all /\i R") forO0<i<n.Letp:H—
GL(/\ R") be the representation of H induced by the linear representation of H on R”".
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Since H is semisimple, p decomposes into a direct sum of irreducible representations
of H parametrized by their highest weights A. For each A, denote by V* the direct
sum of all irreducible subrepresentations of p with highest weight 1. Denote by 7, the
canonical orthogonal projection of A (R") onto V*. Fix & > 0. Following [4, 19], define
the Benoist—Quint @-function

e+ \(R") > [0, 00]
forv € /\i(R"), 0<i<n,by

min; 20 eV G )7 if o) < eI,
(V) = .
otherwise.

Let us define f; : SL,,(R)/SL,(Z) — [0, oc] by

fe(A) = max{g.(v) : v € Q2(A)}.

1.4. Outline of the paper.  This paper is organized as follows. In §2, after recalling some
preliminaries, we state and prove results about the equidistribution of translated orbits of
the form a, KgZ" in the orbit closure. This requires us to classify all the intermediate
subgroups that can potentially appear in the conclusion of Ratner’s theorem. In §3, we
recall Siegel’s integral formula and prove Theorem 3.5, which is an analogue for a subset
of lattices that all share a rational vector. This proof relies on the boundedness of some
integrals (see Theorem 3.3) involving «-function, which is proven in the beginning of
this section. In §4, we will show that the integral of the a-function along certain orbit
translates is uniformly bounded. This is one of the major ingredients of the proof. In §5,
we will use results of the previous sections to establish Theorem 1.2. Finally, §6 is devoted
to presenting counterexamples illustrating that the analogue of Theorem 1.2 does not hold
for certain forms of signatures (2, 2) and (2, 3).

2. Equidistribution results

In this section, we will relate Question 1.1 to the question of equidistribution of certain
orbit translates in homogeneous spaces. In §2.1, we recall some preliminaries and in §2.2,
we establish a connection to the homogeneous dynamics.

2.1. Preliminaries: canonical forms for pairs (q, 1) and their stabilizers. In this subsec-
tion, we will first introduce some notation and recall a number of basic facts about the
space of unimodular lattices in R”. Then we will recall the classification in [11] of pairs
consisting of a quadratic form and a linear form under the action of SL, (R).

Let q be a non-degenerate isotropic quadratic form on R”. There exists 1 < p <n — 1,
A € R\ {0} and g € SL,(R) such that

A q(gx) = 2x1x2 +)C_%+~~~—|-x[2,_H —(x[2,+2+~~~+x3).

We say that q has signature (p,n — p). We need a similar classification for pairs of
quadratic and linear forms. Let ¢ be as above and let 1 be a non-zero linear form on R”.
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For g € SL,,(R), define

Q¥ (x) = q(gx), 1¥(x) =1(gx).

For i = 1,2, let q; and I; be as above. We say that (qi, 1) is equivalent to (qp, I») if
qr =A- q§ andly = u - l§ for some g € SL,,(R) and non-zero scalars A and p. Using the
action of SL,, (R), we can transform any pair (q, 1) into a standard pair.

PROPOSITION 2.1. [11, Proposition 2] Every pair (q, 1) as above is equivalent to one and
only one of the following:

M) @uixa+x3+-+X0 =X+ —xpx) p=1....n—1, 2.1
1D (2x1x2+x§+~~~+x12,—x§+1—~~~—x372+2xn_1xn,xn) p=1,...,[n/2—1].
2.2)

Pairs in equations (2.1) and (2.2) are referred to as type I and II, respectively. It can
be seen that the pair (q,1) is of type I if and only if the restriction of q to kerl is
non-degenerate. In this paper, we deal only with pairs (q, 1) of type I satisfying conditions
(A) and (B). We denote this set by .7,.

Remark 2.2. For pairs of type II satisfying conditions (A) and (B), it appears that the
maximal compact subgroup K preserving both q and 1 is not sufficiently large for our
methods to apply.

2.2. Connection to the homogenous dynamics and equidistribution results. Let
G =SL,(R) and I = SL,,(Z). Denote the Lie algebra of G by sl,(R). Suppose that
(q, D) is equivalent to

((IO, 10) = (le-xz +-x§ +--- +x127+1 _x12)+2 — _x,%, .xn). (23)

Let H be the subgroup of SL,, (R) defined by

0
o= SO(p.q—1°

0

0 - 0 |1

Denote by SO(qp, lp) the subgroup of SO(qq) that stabilizes lp, where (qo, lp) is defined
as in equation (2.5) so that SO(qo, lo)° is isomorphic to H. The Lie algebra of H, denoted
by b, consists of the subalgebra consisting of matrices of the form

0
h=| sop.a—D 0 , 2.4)
0 - 0]0
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It is not difficult to see that K := H N SO(n) is a maximal compact subgroup of H and
is isomorphic to SO(p) x SO(g — 1). Denote the canonical basis of R” by {ey, . .., e,}.
Let a; denote the one-parameter subgroup defined by

ae1 =e ey, ajer =élen, amej=¢ej, 3=<j=<n 2.5)
Using this notation, we can state one of the main results of this paper.

THEOREM 2.3. For p > 3,q >2and0 < s < 2. Then for every A € Z,, we have

sup/ alatkA)* dm(k) < oo.
t>0 JK

This theorem is analogous to [9, Theorem 3.2]. What makes the proof of Theorem 2.3
more difficult is that the integration is over a proper subgroup of SO(p) x SO(g). In
general, one can see that if K is replaced by an arbitrary subgroup of SO(p) x SO(q)
with large co-dimension, then the analogue of Theorem 2.3 may not hold. As a result,
establishing the boundedness of the integral requires a more delicate analysis of the
excursion to the cusp of the translated orbit a; K A. Using Theorem 2.3, we will prove
the theorem below from which Theorem 1.2 will be deduced.

THEOREM 2.4. Suppose p >3, q >2 and s > 1. Let ¢ : Z;, > R be a continuous
function such that

lp(A)] < Ca(r)

forall A € Z;, and some constant C > 0. Let A € 2;, be such that HA is either Z;, or is
of the form (SL,_1(R) xx; R*™)A, where SL,_1 (R) x; R"~ is defined by equation (2.6).
Then,

lim f ¢(atkA)dm(k):/ ¢ dp .,
11— 00 K

HA

where |1 is the H-invariant probability measure on HA.

We shall see that Theorem 2.4 will apply to A = goZ", when (qgo, lgo) € .7, see
Theorem 2.8.

The methods used are inspired by those employed in [9]. We will recall a theorem
of Dani and Margulis after introducing some terminology and set some notation. Let
G be a real Lie group with the Lie algebra g. Let Ad : G — GL(g) denote the adjoint
representation of G. An element g € G is called Ad-unipotent if Ad(g) is a unipotent
linear transformation. A one-parameter group {u,} is called Ad-unipotent if every u; is an
Ad-unipotent element of G. In this section, we will recall some results from [7, 9] that will
be needed in the following.

As in the proof of the quantitative Oppenheim conjecture [9], a key role is played by
Ratner’s equidistribution theorem. Suppose G is a connected Lie group, I' < G a lattice
and H is a connected subgroup of G generated by unipotent elements in H. Ratner’s
orbit closure theorem asserts that for every point x € G/I', there exists a connected
closed subgroup L containing H such that Hx = Lx. Moreover, Lx carries an L-invariant
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probability measure wr. To apply Ratner’s theorem in concrete situations, one needs to
be able to classify all subgroups L that can arise. In the next subsection, we will classify
all connected subgroups of SL,, (R) containing H. Using well-known results in Lie theory,
this classification problem is equivalent to the problem of classifying all Lie subalgebras
of 5[, (R) containing §.

2.3. Intermediate subgroups. We will maintain the notation as in §2.2. Since b is
semisimple, s, (R), regarded as an ad()-module, can be decomposed as the direct sum of
irreducible ad(h)-invariant subspaces. For 1 < i, j < n, let E;; be the n x n matrix whose
only non-zero entry is 1 and is located on the ith row and jth column. We will refer to
{E;j : 1 <1, j < n} as the canonical basis of the Lie algebra gl (R).

PROPOSITION 2.5. The Lie algebra sl,(R) splits as the direct sum of irreducible
ad(h)-invariant subspaces

sSLR=hPsPu du @t

where:

e s consists of all matrices of the form

A Blo
-B" D|o0 |,
0 0]0

and A and D are symmetric matrices of size p and (g — 1), respectively, such that
tr(A) 4+ tr(D) = 0, and B is an arbitrary p by ¢ — 1 matrix;

ut is the (n — 1)-dimensional subspace spanned by E;,, 1 <i <n —1;

u~ is the (n — 1)-dimensional subspace spanned by E,;, 1 <i <n —1;

t is the one-dimensional subspace spanned by E\1 + - - - + Ey_1 -1 — (n — 1) Eyy.

Proof. The only challenging assertion lies in demonstrating that an ad(f)-invariant sub-
space s is ad(h)-irreducible. Using the weight decomposition of sl, (R) for the restricted
root system of b, one can establish this assertion by showing that any weight vector of s
can be transformed into another weight vector via the adjoint action of restricted roots (for
further elaboration, refer to [13]). O

Let®:ut - u mapE;j,t0o Eyjforl <i < pand Ej;to —E,; forp+1<i<n-—1.
In other words,

P
<D< Z Vi Ein +
i=1

One can verify that ® is an h-module isomorphism. For any non-zero & € R, consider
the subspace

n—1

n—1 p
Z UiEin) = Z vi Eni — Z vi Enpi.
i=1

i=p+1 i=p+1

u = (Id + D)t

It is clear that u® = u™. Set also u® := u~. Note that for & # 0, oo, the subspace ué is not
a subalgebra of 51, (R).
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TABLE 1. List of intermediate subalgebras.

Levi subalgebra f
h=so(p,g—1) hhothdut, hou  houdthou &t
s0(qe) so(qg) & e R\ {0}

h®s~sl,_1(R) sl (R), st (R) @ ut, sl (R) du, s, (R) D,
st R Butdtsl,_1(R)u Pt
50, (R) 50, (R)

Remark 2.6. Define the quadratic form q¢ by

qg(v)z(x%+...+x2

2 2 2
p “Xpy1 T _xn—1)+gxn'

The Lie algebra so(qg) for & € R\ {0} decomposes as so(qs) = h & u. Moreover, any
quadratic form ¢’ for which SO(q’) contains H is of the form q¢ up to scalar multiplication.

PROPOSITION 2.7. Let § be a subalgebra of sl,,(R) containing Y. Then § is one of the Lie
algebras in Table 1.

Proof. Before we start the proof, let us recall that
hou =s0(qe), &€R, h®s>sl, (R).

Let § be as in the statement of Proposition 2.7. Since b is semisimple and § is an
h-submodule of sl, (R), f decomposes into a direct sum of h and irreducible h-invariant
subspaces, each isomorphic to one of s, u™, u™ and t. Note that aside from u* and u~,
which are isomorphic h-modules, no other two of these h-modules are isomorphic. One
can thus write f = f; @ f,, where f; is a direct sum of h with a subset of {s, t}, and f, is
an h-submodule of u™ @ u~. We will consider several cases. First assume that f; = b.
All h-submodules of u™ @ u~ are of the form ué for £ € R U {oc}. This leads to the
submodules h @ ut, hdu~ and h ué = 50(qe), all of which are subalgebras of sl, (R).
Consider the case f; = h @ t. One can easily see that h @ u™ @ t, h ®u~ @ t are both
subalgebras of 5[, (R). However, the inclusion

[Lus]Cu

rules out the potential candidate h @ u® @ t. The case f; = h + s = sl,_1(R) can be dealt
with similarly. In view of the inclusion

[s, uf] Cus,
the potential candidates sl,_1(R) @ ué for & # 0, oo are ruled out, while sl,_;(R),

50,1 (R) @ ut and sl,_1(R) @ u~ are all possible. The last case f; = b @ s @ t can be
studied similarly. O
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For a subgroup F of SL,,_1(R), denote

F Rnf]

Fx,R"7 = and Fx;R"! = (2.6)

0---0] 1

THEOREM 2.8. (Classification of possible orbit closures) Assume that (q,1) € .. Let
go € SL,(R) be such that SO(q, 1)° = 80_ng0~ Let F < G denote the closed Lie sub-
group containing H with the property that Hgol' = goFT" € G/ TI'. Then either F = G or
F =gy (SLu—1(R) x; R")gp.

One ingredient of the proof is the following theorem of Shah.

THEOREM 2.9. [20, Proposition 3.2] Let G <SL, be a Q-algebraic group and
G =GR)°. Set I' = G(Z) and let L be a subgroup which is generated by algebraic
unipotent one-parameter subgroups of G contained in L. Let LT = FT for a connected
Lie subgroup F of G. Let F be the smallest algebraic Q-group containing L. Then the
radical of F is a unipotent Q-group and F = F(R)°.

Proof of Theorem 2.8. The proof relies on Proposition 2.7. Recall that SO(q,1) ~
SO(p, g — 1) is semisimple and there are two proper SO(q, 1)-invariant subspaces £ and
L5 in the dual space (R")* of R” with dim £; = n — 1 and dim £; = 1. Notice that since
(q, ) € .7, L, is an irrational subspace.

Let f = Lie(F). After conjugation by go, since h C f§, the Lie algebra f is a subalgebra
of sl, (R) appearing in Table 1 of Proposition 2.7. We will show that if § # sl (R), then
only possible f is sl,_1 (R) x; R"~1.

Claim 1. § does not contain t.

By Theorem 2.9, F is (the connected component of) the smallest algebraic Q-group and
the radical of F is a unipotent algebraic Q-group. According to Table 1, if t C §, the radical
of f is one of t, u™ @ t or u™ @ t, which is not possible since t is not unipotent.

Claim 2. u* is not contained in the radical of f.

If u™ is in the radical of f, then f is either h @ u™ or sl,_;(R) @ u™t. In both cases,
F has invariant subspaces £; and £; in (R")*. Since F is a Q-group, any F-invariant
subspace in (R")* is defined over Q. In particular, £, must be a rational subspace, which
is a contradiction.

Claim 3. F is not semisimple.

If F <G is semisimple, then F is either SO(q,1)° or SO(q—i—Elz)o for some
& e R—{0}. If Fis SO(q,)°, F has an invariant subspace £, in (R")*, which leads
to a contradiction as in Claim 2. If F ~ SO(q + £1%)°, since F is defined over Q, q + £1°

https://doi.org/10.1017/etds.2024.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.30

Asymptotic distribution for pairs of linear and quadratic forms 11

is a scalar multiple of a rational form. This contradicts our assumption that aq + I is
not rational for all non-zero (a, B) € R2.
Thus, aside from sl,,_1 (R) @ u~, the only possible option for f is so(p,qg — 1) B u~.

Claim 4. Levi subgroup of F is not isomorphic to SO(q, 1)°.

Suppose not. Let L be a unipotent radical of F. By the Levi-Malcev theorem ([14], see
also [1, Corollary 3.5.2]), there is £ € L such that £~1SO(q, I)¢ = SO(q*, 1) is a Levi
subgroup of F, which is defined over Q.

Choose a basis 1y, . .., 1,—1 of £; and 1, of £, such that q = l% +--+ l?, — l§7+1 -
cee—= lﬁ. Since the action of L fixes elements of L, the space £ is an SO(qe, lz)-invariant
subspace which is defined over Q by the assumption of SO(q’, 1¢). Choose a rational linear
form Iy € (R")* such that (lp) is SO(q’, 19)-invariant and (R")* = £; @ (lp). Clearly,
1y = clI¢ for some ¢ € R — {0}. Moreover, by Remark 2.6, since any quadratic forms fixed
by SO(q¢, 1) are of the form

q/za/(1%_|_...+1§_1i+1_..._1}%_1)54_’3’1(2)
=dB+ - +L - — -5 )+,

there is a non-trivial (¢, 8') € R? such that q is rational. Since £ is an (n — 1)-
dimensional rational subspace of (R")*, there is a rational vector v € R" such that
li(v)=0forall 1 <j <n—1andly(v) # 0. Evaluating q on v, we have g'lp(v) € Q
so that 8’ is a rational number. It follows that q +1°> = (1/a/)(q/ — ,3’1(2)) is a rational
quadratic form, which is a contradiction. O

PROPOSITION 2.10. Let G = SL,(R) and " = SL,,(Z). Let (q, 1) € %, and F be a closed
subgroup of G for which SO(q, )°T = FT. Then F ~ SL,_1(R) x; R"~! if and only if
there exists a non-zero v € Q" that is SO(q, 1)-invariant.

Proof. Suppose that F ~ SL,_;(R) x; R"~!. Since F is a Q-group by Theorem 2.9, there
is g1 € SL,(Q) for which SO(q,1) < gf](SLn,l(R) x; R*"1)g;. Since SL,_1(R) x;
R fixes e, SO(q, 1) fixes g1e, which is a non-zero rational vector.

Conversely, suppose that SO(q, 1) fixes a non-zero rational vector v € Q". Since

F:={geSL,(R):gv=uv}

is an algebraic group defined over Q, F N T is a lattice subgroup of F. Since F contains
SO(q, D), it follows that SO(q,)°I" € FI'. Then the equality automatically holds by
Theorem 2.8. O

For closed subgroups U, H of G, define
X(H,U)={geG:Ug <cgH}.

Note that if g € X(H, U) and HI" € G/T is closed, then the orbit UgI" is included
in the closed subset g HI" and hence cannot be dense. The next theorem asserts that for
a fixed ¢ > 0 and a continuous compactly supported test function ¢ by removing finitely
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many compact subsets C; of such sets, the time average over [0, T'] of ¢ remains within ¢
of the space average for sufficiently large values of 7.

THEOREM 2.11. [7, Theorem 3] Let G be a connected Lie group and T" be a lattice
in G. Denote by p the G-invariant probability measure on G/I'. Let U = {u;} be
an Ad-unipotent one-parameter subgroup of G and let ¢ : G/T" — R be a bounded
continuous function. Suppose D is a compact subset of G/ " and ¢ > 0. Then there exist
finitely many proper closed subgroups Hy, . .., Hy such that H; N T is a lattice in H;
forall 1 <i <k, and compact subsets C; € X (H;, U) such that the following holds. For
every compact subset F C D — Ule C;T'/ T, there exists To > 0 such that for all x € F
and all T > Ty, we have

< é.

1 T
‘;/ ¢><utx>dr—f 6 du
0 GT

If H is isomorphic to SO(p, g — 1)°, since we have a classification of all intermediate
(connected) Lie subgroups between SO(p, g — 1)° and SL,,(R), one can obtain concrete
statements. Using Theorem 2.8, we will prove Theorem 2.13 below, which is in the spirit
of [9, Theorems 4.4 or 4.5]. However, due to the presence of intermediate subgroups, both
the statement and the proof are more involved.

Recall that closed subgroups H; in Theorem 2.11 are those who give the orbit closures of
Uin G/ T'. Notice that in our case, since G = SL;(R) is Q-algebraic and I' = SL4(Z) is an
arithmetic lattice subgroup, one can apply Theorem 2.9, that is, H; terms are QQ-algebraic
and with unipotent radical.

We say that X C R is a real algebraic set if X is equal to the set of common zeros of
a set of polynomials. We need the following lemma.

LEMMA 2.12. Let X be an affine algebraic set over the field of real numbers. Suppose that
Y1, Yo, . . . are countably many affine algebraic sets such that X is covered by the union of
Yi, i = 1. Then X is covered by the union of only finitely many of Y;.

Proof. Assume, without loss of generality, that X is irreducible. The intersection
X; = X NY; is an affine algebraic set, and hence is either X or a proper algebraic subset
of X. Suppose that there is no Y; for which X; = X. Since every proper algebraic subset
is of lower dimension, and hence of Lebesgue measure zero, we obtain a contradiction to
the assumption that X is covered by countably many Y; terms. Consequently, there exists
i > 1suchthat X C Y;. O

THEOREM 2.13. Let G,T", H and K be as in §2.2. Let ¢, D and ¢ >0 be as in
Theorem 2.11. Let  be a bounded measurable function on K. Then there exist a finite
set R € G/ T and closed subgroups Ly < G associated to every x € R such that we have
the following.

(1) Forx € R, Ly is one of the following:
TH, TSL,_1(R), SO(q)° (€ € Q — {0}, T(SO(p,q —1)° x, R""")

T(SO(p, g — 1)° x; R"™ 1), T(SL,—1(R) x, R"™") and T(SL,—(R) x; R"™"),
2.7)
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where qg is defined as in Remark 2.6 and T = {diag(e’, . .., e', e~ "~ D).t € R).
Here, T L is the subgroup generated by T and L.
Moreover, for each x € R, Ly.x € G/ T is a closed submanifold with a positive
codimension. In particular, u(Ly.x) = 0.
(2)  For every compact set

FeD\J Lex,
XER

there exists ty > 0 such that for any x € F and every t > 1y, the following holds:
’/ ¢ (arkx)y (k) dm (k) —/ ¢d,u/ 14 dm' <e.
K G/T K

Proof. We will follow the strategy of [9, Theorem 4.4 (II)]. Let us first verify the following
statement, which is an analogue of [9, Theorem 4.3]: let U = {u,} be a given Ad-unipotent
one-parameter subgroup of H. We need to find sets Rq, R and closed subgroups F, terms
so that for any compact set F C D\ U, cg,ur, Fx-X, there is Tp > 0 such that for any
x € Fand T > Ty, it holds that

> 8}) <e. (2.8)

Let H; = H;(¢, KD, ¢) and C; = Ci(¢, KD, ¢),1 <i <k, be as in Theorem 2.11 for
U. For each i, define

T
m({k e K: ‘l/ ¢ (ukx) dt — ddu
T Jo G/T

Yi={yeG:KyC X(H;,U)}

The group generated by | J;cx k~'Uk is normalized by U U K. Since K is maximal in
H, we obtain ((;.x k~'Uk) = H. Let y € Y;. Since Uky C kyH; for all k € K, the
previous assertion implies that H < yH;y~!.

Note that H; is a closed subgroup of G defined over Q and H; N T is a lattice in H;.
Moreover, the radical of H; is unipotent by Theorem 2.9. It follows from Theorem 2.7 that

F;y := yH;y~! belongs to the following list:

H, SL,_1(R), SO(ge)° (£ € Q — {0}), SO(p, g — 1)° x, R"™!

(2.9)
SO(p, g — 1)° x; R"™!, SL,_1(R) x, R* ! and SL,_;(R) x; R*~!,

Note that the only groups conjugate to each other in the list in equation (2.9) are those
of the form SO(q¢) for £ € Q — {0}. Based on this fact, we will distinguish two cases.

Case I: H; is not isomorphic to SO(qg) for any & € Q — {0}. Consider yi, y» € ¥;
such that F; y, = F;,, =: Fj, that s, yflyz € Ng (F;), where F; is one of equation (2.9).
Thus, ¥;I" € Ng (F;)y1T. Since G is semisimple, Ng (F;) is a real algebraic group and has
finitely many connected components [22, Theorem 3]. Moreover, it is easy to check that
T € Ng(F;) and Ng(F;)° = T F;. Hence, all orbits ¥;I"/ " of this form can be covered by
finitely many orbits of T F;.

Case II: H; is isomorphic to SO(qg)° for some & € Q — {0}. We will partition Y; as

Y, = |_| (Y; N Ze), (2.10)
£eQ—{0}
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where Zg = {y € G : yHiy~! = SO(qg)°}. For each £ € Q — {0}, if Z¢ is non-empty,
then it is a coset of NG (SO(qg)°), and hence is an algebraic set. Note that

Yi={ge€G:Kg CX(Hi,U)}=\{g€G:kge X(H,U)} =)k 'X(H;, U).
keK keK
We claim that X (H;, U) is an algebraic set and Y;, being an intersection of algebraic

sets, is also algebraic. The proof of this claim is essentially included in [7, Proposition 3.2].
Write & = dim H; and define

h
pu, = A'(Ad) : G > GL( )\ g).

Note that py, is an algebraic representation of G. We also know (see [7, Proposition
3.2]) that g € X (H;, U) if and only if u € (Adg)(h;), which, in turn, is equivalent to the
condition that (og, (g) pu;) A w = 0 for all w € u. This is, clearly, an algebraic condition.

It follows from equation (2.10) and Lemma 2.12 that there exists finitely many rational
numbers &1, . . ., &, such that

vic J minzg.

1<j<m

For each 1 < j < m, suppose that y;, y» € ¥; are such that ylH,-yfl = yzHiygl =
SO(qg;)°. Then yl_lyz € N (S0(qgg;)°) and we conclude that

il = ) yeYi:yHy ' =S0(g)Ir € | J Ng(SO(ge;)*)ys, T
I<j<m I<j<m

for some yg; € Yi. In view of the fact that NG (SO(qg)°) is a finite union of right cosets of
SO(q¢)°, there exists a finite set R € G/ I' and a closed subgroup L, as in equation (2.9)

so that
U Y,T/T C U Ly.x.
i

xXeR

By the definition of H;, L,.x for each x € R is a proper closed submanifold in G/T.
Since X (H;, U) is a real analytic submanifold and K is connected, for any x € F,

m({k €K :kxe U CiF/F}) =0.
1<i<k
By [9, Theorem 4.2], there is an open set W C G/ TI'" for which Ulsigk c;r/rcw
andm({k € K : kx € W}) < e forany x € F.
Let Ty be as in Theorem 2.11. Then for any x € F and k € K with kx ¢ W, we have

T
'lf ¢ (ukx) dt—/ ¢ du
T Jo G/T

which shows equation (2.8). We will skip the rest of the proof since it closely parallels
the proof of [9, Theorem 4.4 (II)] once we replace [9, Theorem 4.3] by the inequality in
equation (2.8). O

<e,
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THEOREM 2.14. Let go € SL,(R) be such that Gy := gy "' (SL,—1(R) x; R")gq is
defined over Q, and 'y := G| N SL,(Z) is a lattice in G. Let H8® = go_ngo < Gq. Let
K& be a maximal compact subgroup of H8 and {a}° = go_ldiag(e_’, e, 1,...,Dgo:
t € R} be a one-parameter subgroup of H8°. Let ¢, D and ¢ > 0 be as in Theorem 2.11 for
G =G andTU =T, and let ¥ be a bounded measurable function on K8°. Then there are
finitely many points x; and closed subgroups L;, 1 <i < {, so that (g(;] Ligo).x; is closed
for every 1 <i < ¥, and for any compact F < (D — Ule(go_lL,-go).xi), there is ty > 0
such that for any x € F and t > 1y,

’ / B (@) () dm(k) — / pdu [ vam|<e.
K20 G1/T K0
Here, L; is one of
SO(p, g — 1)°, SLy_1(R) and SO(p,q — 1)° w; R*1. @.11)

Proof. The proof is similar to that of Theorem 2.13. In this case, possible proper
intermediate subgroups H; terms are listed in equation (2.11). It is not hard to see that
for each H; in this list, H; = Ng(H;)°. ]

3. Siegel integral formula for an intermediate subgroup

In this section, we will prove a version of Siegel’s integral formula for intermediate
subgroups F' in Proposition 2.10. For a bounded and compactly supported function
f :R" — R, the Siegel transform of f is defined by

fl@)=Ff@z"= Y f(gv).

veZ" —{0}

LEMMA 3.1. (Schmidt [9, Lemma 3.1]) Let f : R" — R be a bounded function vanishing
outside of a bounded set. Then there exists a constant c = c(f) such that

F) < ca(d)
for all unimodular lattices A in R".

In the rest of this section, we will change the notation slightly and write «(g) for o (gZ").
One can see that the inequality «(g1g2) < a(g1)x(g2) does not always hold. The following
lemma singles out special cases in which this inequality holds.

LEMMA 3.2. Let a, g, g1, g2 € SL,(R). Assume, further, that a is self-adjoint. Then we

have:
(8182) P
W a(g2) = lrél]a;(n A7 g1 Nlops
(2) «a(ag) < a(a)a(g).

Proof. By the definition of «, we have

{ 1 _ v1,...,vjegzZ”,}
lgror A= Agioll - vi A A #EO

«(g182) = max
1<j<n
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It follows from the definition of the operator norm that for any 1 < j <n and any

linearly independent vectors vy, . .., v; € g2Z", we have

lgrvr A~ Agivill = Il(A gD @I A= AVl = A g1 gy lor A AL
This proves item (1).

To show item (2), we first assume that a = diag(ay, ..., a,). Recall that for
multi-indices I ={1<i; <---<ij<n} and L={1<{; <---<{; <n}, the

(I, L)-component of Ala is

1_[]- ai, ifl =L,

0 otherwise.

(Na) = {
Therefore,
i 1 . .
sup |AYa lop= sup (supy——— 1 <ij<---<ij<ng). 3.1
I<j<n 1<j<n djy + - 4y
However, since a is a diagonal matrix,

1
. , 32
(@ S?p (min{ail gl <ip << < ”}) Y

Combining equations (3.1) and (3.2) with the first result, we obtain the second property.

For an adjoint matrix a’ € SL,,(R), we can write a’ = kak™1, where a is diagonal and
k € SO(n). Notice that the o function is invariant under left multiplication by SO(n).
Using item (2),

a(d'g) = a((kak™Hg) = a(ak™'g) < a(@)a(k™'g) = a(d)a(g). O

The following theorem is an analogue of [9, Lemma 3.10], where a similar statement
for the integral of a” over 2}, is proven.

THEOREM 3.3. Let go € SL,,(R) be such that the algebraic group
F =gy (SLui (R) 5, R" Dgo

is defined over Q and that U'r := F N T is a lattice in F. Denote by wr the F-invariant
probability measure on F/Up, and let Fr C F be a fundamental domain for the action of
I'ronF.Thenforanyl <r <n —1,

/ o' (8) dup(g) < .
Fr

Proof. Since F is defined over Q, there exists g1 € SL,(IR) such that g ! (SL,—1(R) x,
R*1)goy = gl_l(SL,,_l(R) X, R*1)g; and Fy = gl_lsLn_l(R)gl is a Levi subgroup for
F defined over Q. Note that the unipotent radical of F is given by R = gl_l({Idn_l} X
R"~1) g and is defined over Q (see [5]).

Recall that if H is a connected algebraic group defined over QQ, then the discrete
subgroup H(Z) is a lattice in H if and only if H does not admit a non-trivial character
defined over Q (see [17, Theorem 4.13]). Since Fy is semisimple and R is polynomially
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isomorphic to R"~!, they do not have non-trivial polynomial characters, and hence
Fo(Z) = FoNT'F and R(Z) = RN T'F are lattices in Fy and R, respectively. Moreover,
since R is abelian, R(Z) is cocompact.

Let FF, and Fg be fundamental domains for Fy/Fo(Z) and R/R(Z), respectively. One
can find a fundamental domain Fr C Fp, x Fg.

Now, we want to cover Fp, by a finite union of copies of a Siegel set of SL,_1(R).
Recall that the standard Siegel set ¥ = X, ¢ of SL;, (R) is the product SO(n) A, N¢, where

A, = {diag(a;, ..., ay) € SL,(R) : 0 < a; < na;y+1} and
Ne¢ = {(u;;): upper unipotent € SL, (R) : |u;;| < &}.

It is well known that a fundamental domain of SL;,(R)/SL,(Z) is contained in X, ¢ for
some appropriate n, & > 0 (see [17, Theorem 4.4] for instance). Moreover, since Fj is a
semisimple Lie group defined over Q and g1 Fy gl_l is self-adjoint, by a theorem of Borel
and Harish-Chandra ([3], see also [17, Theorems 4.5 and 4.8]), there are y1, ..., ¥ €
SL,,(Z) such that for D = (U'_; &7 '=y) N Fo, one has DFy(Z) = F.

Note that gf] Yg1 is a Siegel set with respect to the Iwasawa decomposition
K8 = gl_lKogl, A8l = gl_legl and NSS! = gl_lNogl. By [3, Lemma 7.5], for each
gl_1 Yy = gl_1 Yg1 (gl_ly,-), there are finitely many g;. terms for which

g 'ZyinFy S U gl_lﬁlglg;,
J

for some X, where ¥ is some standard Siegel set of SL,_{(R)(C SL,(R)), so that
31_1 31 g1 is a Siegel set with respect to the Iwasawa decomposition K8 N Fy, A81 N Fy
and N8 N Fy. Therefore, by change of variables and using the fact that SL,(R) is
unimodular,

/ o’ (g) d/L]_—(g) = Z / ar(gl_lgglgi,’ h) d/LSLn_l(R)(g) dﬂR(h)~
Fr ij 1 xFR ’

Let X1 = (X1),y¢ and denote ¢ = k'a’n’, where k' € SO(n — 1), a’ = diag(ay, . . .,
a,_,,1) for which a; <n'aj | and n' = (u;j) is the upper unipotent element in
SL,,_1(R) x {0} such that |u§j| < & for any (i, j) with i < j. Since ditsr,  ®yx (o) 1S
locally A(a’)dk'da’dn’, where A(a’) is the product of positive roots, using Lemma 3.2
and [9, Lemma 3.10], it follows thatfor 1 <r <n — 1,

f & () dup() <y Y / / o (@) (0185 A@) da dn’ dp ()
Fr ij A/n/ é/X]:R
<C Z/ o (@)YA@@) da' < oo
i Ay

for some C > 0 since Ng x Fg is compact. Here,

A:], = {diag(ay,...,an_1,1) €SL,_1(R) : 0 < a; < n'a;;1} and
Né, = {(u;;): upper unipotent € SL,_1(R) : |uj;| < &'}. n
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Recall the well-known Siegel integral formula.

THEOREM 3.4. (Siegel [21]) For a bounded and compactly supported function
f:R" - R, we have

/ Flo) du(g) = / F(v) dv.
G/T R~

We also need the analogue of Siegel’s integral formula for the following specific
intermediate subgroup.

THEOREM 3.5. Assume that gg € SL,(R) is such that F = go_l(SL,,_l(R) X, R* 1) gq is
an algebraic group defined over Q and that T'r := F NT is a lattice. Denote by |Lf the
probability F-invariant measure on F /T'r and by Fr a fundamental domain for I'r in F.
Then for any bounded compactly supported measurable function f : R" — R, we have

/F F(9) dpp(g) = A; Cf@dv Y fonkogg'en),

meZ—{0}
where kg is determined by R.go_len NZ" = Z.kogo_le,,.

Proof. By Lemma 3.1 and Theorem 3.3, the integral
f f(®) dup(@)
F/Tp

is finite, and the map sending f to f F/Tr f (g) du(g) is a continuous positive linear
functional on the space of compactly supported continuous functions and is hence given
by a finite measure.

Note that the set of F-fixed vectors in R” is R.gy 1en which is defined over Q, and F
acts transitively on R" — R.g, le,. Since R.gy len N 87" is Z-span of kog, le, for some
0 # ko € R, it follows from the usual argument of Siegel’s integration formula combined
with Proposition 3.3 (see [12, §3]) that

/f f(@) du(e) = A f@ydvt Y fmkogy en). =

meZ—{0}

4. Upper bounds for spherical averages of the o-function
In this section, we will prove the following theorem, which is an analogue of [9, Theorem
3.2].

THEOREM 4.1
(1) Forp=>3,qg=>2and0 <s < 2. Then for every g € SL,(R), we have

sup/ alak.gZ™)* dm(k) < oo.
K

t>0

(2) Forp=2,q =3, thereis0 < s < 1 such that

sup/ alak.gZ™)* dm(k) < oo.
K

t>0
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The proof is based on the following proposition, which is [9, Proposition 5.12].

PROPOSITION 4.2. Consider a self-adjoint reductive subgroup H of GL,(R). Let
K = 0,(R) N H and let m be the normalized Haar measure of K. Let A = {a, : t € R}
be a self-adjoint one-parameter subgroup of H and let F be a family of strictly positive
functions on H having the following properties.

(@) Foranye > 0, there is a neighbourhood V (¢) of 1d in H such that for any f € F,
1—e)fh) < fuh) < (1 +¢e)f(h) forallh € H forallu e V(e).

(b) Forany f € F, f(Kh) = f(h) forallh € H.
(c) SUp reF fdd) < oo.

Then there exists a positive constant ¢ = ¢(F) < 1 such that for all ty > 0, b > 0, there
exists B = B(ty, b) < oo with the following property: if f € F and

f flagpkh) dm(k) < cf(h)+b 4.1)
K

forallh € KAK C H, then

/ flack) dm(k) < B
K
forany t > 0.

4.1. Reduction to an fg-function. Let us start by recalling the definition of a
Benoist—Quint function. Write /\ (R") = @;:11 /\i (R™) and consider the representation
p: H— GL(/\(R")) induced by the linear representation of H on R”". Since H is
semisimple, p decomposes into a direct sum of irreducible representations. For each
highest weight A, denote by V* the direct sum of all irreducible components with highest
weight A and by ; the orthogonal projection on V*.

For ¢ >0 and 0 <i < n, we define the Benoist-Quint ¢-function ¢, : A(R") —
[0, oc] as in [4, 19]:

o (v) = | M0 e n@ ! if llr)] < ™7,
‘ otherwise.

Note that V0 = {ve /\(Rd) : Hv = v} by definition. Denote by (VL s orthogonal
complement in /\ (RY).

Remark 4.3
(1) Since T; is defined in terms of projection of v onto V*, for every v € /\(Rd) and
A # 0, we have

(V) = (v — o(v)).
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(2) Since maxo |74 (v)|| defines a norm on (V9)L, there exists ¢; > 1 such that for all
ve (VO
1 1 1

=< <c1—.
cillvll = maxuzo 7 (V)] vl

4.2)

4.2. The function f, and associated inequalities. Recall that Q(A) = [J/_; Q' (A),
where Q! (A) is defined by

QA ={v=vi A AV v, ...,v € A}\ {0
For ¢ > 0, define f; : SL,,(R)/SL,(Z) — [0, oo] by

fe(N) = ugglza();\) @e (V).

We will first show that although f; is not finite on its entire domain, its restriction to each
H-orbit H.A is finite for sufficiently small ¢.

LEMMA 4.4. Fora given g € SL,,(R), there is 9 > 0 such thatif 0 < ¢ < &y, the function

fg,s(h) = fe(thn)

has a finite value for allh € H.

Proof. Observe that f,(hgZ") = oo if and only if there is 1 <i <n and 0 # v €
Qi (gZ™) N VO for which ||v|| < /@~ Since any element in H is of the form diag(M, 1)
with M € SO(p,q — 1)°, H acts on EB?Z_II R.e; irreducibly. This implies that any
non-zero H-fixed elements v € Q(gZ") are scalar multiples of e,, e A--- Ae,_1, Or
el N+ Nep. If Q(gZ") does not contain any such vectors other than ey A - - - A ¢, any
value of ¢ > 0 will work. Otherwise, there exists a non-empty set S of vectors v € Q(gZ")
which are of the form

v=a(v)e, or v=a@)(eiA---ANey_1)

for some a(v) > 0. Since gZ" is discrete, &y := min{a(v)/® VD :v e §} > 0. If ¢ < &,
there are no vectors in Q2(gZ") N V0 or norm at most !~ _ It follows that the restriction
of f. to HgZ" is finite. O

LEMMA 4.5. Let s > 0 and g € SL,(R). Let ¢ > 0 be such that f,.(h) < oo for all
h € H. Then there exist cs. > 0 and Csc > 0 depending on s and € such that for all
h € H, we have

a(hgZ")’ < Cs,efg,e(h)s + Cye.

Proof. Write &1 = minj<j<s—1 =0 and g = maxj<j<n—1 g =D and define
cse = (c1/€1)° and Cs, = 85 + 1, where c; is chosen as in equation (4.2). In view of
equation (4.2), for all v € P, £0 V*, we have
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Letv € Qf (hgZ'™) be the vector at which a(hgZ") is attained. We will consider two cases.
If | 7o(v)|| > /@D, then we have

1 1 o
a(hgZ) = — < <7070 < Cy .
ol = o)

Otherwise, we have ||7o(v)|| < &/~ In this case, by the choice of &, we must have
v # 19(v). This implies that

1 1 cl C1
a(hgZ") = — <= ———— < —@:(V = (V) = — @ (V) = C56 fge ().
vl = llv =@l — & €1
The claim follows by combining these two cases. O

LEMMA 4.6. Suppose p >3, g>2and s €(0,2) or p=2, q=2,3 anc_z’ s e (0,1).
Then, for every ¢ > 0, there exists to > 0 such that for every t > ty andv € \'(R") — VO,
the following holds:

1
/ - dm(k) < ;
x max; o [T (a:kv)|* max; .0 |7 (V) ||°

Proof. Let v € /\i(R") — v, By part (1) of Remark 4.3, we may assume that
ved, £0 V*. Tt follows from [9, Proposition 5.4] and the inequality in equation (4.2)
that

/ ! dm(k) < ¢ / L dm(k) < cic’
K

max;.o [|7x(a:kv)|* k llaikv]® vll*
R S—
max; o |7 (v)[I*
Indeed, one can use [9, Proposition 5.4] as follows: let W, W, W be the eigenspaces
corresponding to eigenvalues e ', 1, e’ (of a;) in /\i(R"), respectively. From v ¢ VO, it
follows that K v §Z WP, Since p > 3and g > 2, we deduce that conditions (a), (b), (c) of [9,

Lemma 5.2] are satisfied. For p = 2 and ¢ = 2, 3, one can directly show that conditions
(a), (b) of [9, Lemma 5.1] are satisfied. O

PROPOSITION 4.7. Let g € SLy(R). Suppose p >3, g >2 and s € (0,2) or p=2,
qg=2,3and s € (0, 1). One can find &1 > 0 for which for any ¢ € (0, e1) and for any
¢ > 0, there are to and b > 0 such that for every h € H, the following inequality holds:

/;{ fes(ankh)® dm(k) < cfye(h)® +b.

Proof. Let Q! be the set of monomials in /\i(R”) for 0 <i <n. By [19], there
exists C > 0 such that forall 0 <& < 1/C, and u € Qi v e Q2w e QB with i > 0,
ip > 0,i3 > 0and

0w AV) =1, 0. (unw)>1,

we have following.
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(1) Ifiy >0andi; +iy+i3 <d,then
min{ge (1 A v), e A w)} < (Ce)'/? max{pe (u), g (u A v A w)}.
2) Ifiy =0andij +ir +i3 <d,then

V20e(v A w).

min{gs (v), g (W)} < (Ce)
(3) Ifi;>0,i1+ir+i3=dand|uAvAw|=>1,then
min{ge (1 A v), 9 (u A w)} < (Ce)' g (u).
(4) Ifi=0,ij+i»+i3=dand|vAw|>1,then
min{g. (v), ge(w)} < by,

where b; = sup{g:(v) : v e AR") : |lv]| > 1}.
By Lemma 4.6, there exists #p > 0, independent of the choice of ¢ > 0, such that for
any v € A\ (R") with ¢, (v) # 0, we have

c
/ ek dm(k) = 5. (0" (43)
K n
Let mg = €% > 1 so that

1
—@e (V) < @e(anv) < moge(v).
mo
Define the set
W(hgZ") = {v € QhgZ") : fog(h) < m{pe(v)}.
Note that

h) = max v) = max v
fs,g( ) R T @e(v) v Dz @e (V)

andif v € Q(hgZ") is such that f, .(h) = ¢, (v), then v € W (hgZ"). Choose & > 0 small
enough so that

myCe < 1. 4.4)

Case 1. fg,g(h)zfg(th")Smax{bl,m%}. For any k € K, since f; is left
K-invariant,

felankhgZ") < mq fe(khgZ") = mo fe (hgZ"),
and hence it follows that

/K fee(arkh)® dm(k) < (mo max{by, m3})*. (4.5)

Case 2. feg(h) > max{by, m%}. One can deduce that W (hgZ") contains at most one
element up to sign change in each degree from exactly the same argument for [19, Claim
3.9] with the assumption mgCe < 1.
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Note that for any v € Q (hgZ"),

a,kv) < max k
908( 1) ) = Ve (hoZr) goé‘(at() W)

since if v € W(hgZ"), it is obvious and if v ¢ W(hgZ™), by the definition of W(hgZ™")

and my,
e (arkv) < mogs(v) < my' fo(hgZ")
<m! ma < ma k).
smo | max ¢ W) = yomax @e (ankyr)
Hence,

| fagkngzy dmo = 3 | vutakn amco.
YeW(hgZ)
Forany € W(hgZ"),0 < f; g(h)/m} < ¢.(v), we have ¢ ¢ VY, and hence by equation
(4.3),

c
/ @ (ar k) dm(k) < z—ws(l/f)s.
K n
Since there is at most 2n elements in W (hgZ"),

/ felawkhgZ")’ dm(k) < c peax Pe(Y)’ = cfeg(h)’. (4.6)

Therefore, by equations (4.5) and (4.6), it follows that
/ fog(ankh)® dm(k) < cfeg(h)* + (mo max{by, mg})". O
K
Proof of Theorem 4.1. By Lemma 4.5, it suffices to show that

sup/ foslak.gZ"y" dm(k) < oo
K

t>0

for an appropriate &€ > 0, using Proposition 4.2. The assumptions of Proposition 4.2 are
obvious except the condition (c) and the inequality in equation (4.1). Choose ¢ > 0 such
that Lemma 4.4 and the inequality in equation (4.4) holds. Note that my > 1 in equation
(4.4) is determined once 0 < ¢ < 1 in Proposition 4.2 is given. Then Lemma 4.4 shows
the condition (c) and Proposition 4.7 shows the inequality in equation (4.1). O

Proof of Theorem 2.4. 'The proof works exactly as the proof of in [9, Theorem 3.4]. Instead
of using in [9, Theorem 3.2], one needs to use Theorem 4.1 and one of Theorems 2.13 and
2.14 depending on the orbit closure. O

5. Passage to dynamics on the space %, of unimodular lattices in R"

In this section, we will show how to use the equidistribution results of previous sections
to prove Theorem 1.2. The methods used here are analogous to those in [9, §3]. Our
assumption that (q, 1) € ., will be used in this section as well. Throughout the proof,
we will assume that n > 4. We denote by R’} the set of vectors v € R" with (ve;) > 0.
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The volume of the unit sphere in R™ is denoted by y,,,—1. Finally, for p 4+ g = n, we write

—2(n=2)/2
Cpq /Vp—lyq—l-

We will start by setting some notation. For ¢ € R, recall the one-parameter subgroup of
H defined by

a; = diag(e_’, el .., 0.

Let f : R} — R be continuous of compact support. We set

1

yn—3

Jf(rsé"s): / 3f(r9x27x3s~~',xn—lss)d-x3"'d-xn—ls
R—
where x; is uniquely determined so that qo (7, x2, . . ., X,—1, §) = £.

PROPOSITION 5.1. For every ¢ > 0, there exists ty > 0 so that if t > 1y,

Cpg1e / flaskv) dk — J¢(lvlle™, qo(v), lo(v)| < &
K
forany v € R™.

Proof. This proposition is analogous to [9, Lemma 3.6] and a special case of [19, Lemma
5.1], where the number of linear forms is set to be one and the matrix g to the identity. Let
us point out that the function J¢ in [19, Lemma 5.1] also depends on the value of quadratic
form (¢ for us), but is not part of the notation. O]

PROPOSITION 5.2. Let f be a continuous bounded function on R", with compact support.
For every € > 0 and gy € G, the following inequality holds for sufficiently large values

oft:

<é&.

e "IN Tr(ligovlie™ . qolgov). lo(gov)) —Cp,q—I/ flarkgo) dk
K

vezZl

Proof. 1t follows from Proposition 5.1 that the number of the terms involved in the sum
over vectors in Z" is O(e”~"). Now, the desired inequality follows by applying the
conclusion of Proposition 5.1 to the vectors gov with v € Z" and summing over all these
vectors. O

The next proposition is similar to [9, Lemma 3.8], with the difference that the last
variable s is fixed.

PROPOSITION 5.3. Let h = h(v,¢,s) : (R"\ {0}) x R x R — R be a continuous func-
tion of compact support. Then

) 1 v
Tli)moo m /Rn h<?9 lo(v)3 QO(U)) dv

> -1 n—3dr
=Cp,q71//// h(rk™ e1, ¢, s)r z—dsdgdm(k). 5.1)
K JR JR Jo r

https://doi.org/10.1017/etds.2024.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.30

Asymptotic distribution for pairs of linear and quadratic forms 25

Proof. We start from the left-hand side of equation (5.1). Decompose the vector v as
v = v + vye, and denote by q the restriction of qq to the hyperplane v, = 0. Since &
is compactly supported,

/
lim / / h(m, Un, 4 (V") — vﬁ) dv’ dv,
T—o0 J,, Jri-1 T
= lim / / ( ,v”,qo(v)—v>dv dv,
T—o0 Re—1
=/ f ( e )) av' dv,,
Rn— 1

where h, (v, &) = h(v, a, £ — a?). Note that &, is a function on (R*~1 — {0}) x R. By [9,

Lemma 3.6],
/ [ ( e )) dv' du,
Rn—1
~1 2y ,n—39r
= hvn (rk e, & —v)r'" " — d¢ dm(k)
v, Jk IR Jo 2r
* -1 n—3 dr
= h(rk™"er, n, §)r" " ——d¢ dn,
rRJk JrR Jo 2r
after appropriate changing of variables. O

COROLLARY 5.4. Let f be a continuous bounded function on R with compact support.
Set h(v, &,5) = Jr(|vll, &, s). Then we have

1 ~
lim / h(% qo(v), lo(v)) dv=cpg-1 / f(g) du(g).
Rn G/T

T>o0 TH3
Proof. Using the change of variable
v=>1,...,05) — V1,8, V3,...,Vp),
where ¢ = qo(x1, . . ., X,), the desired claim will follow. ]

COROLLARY 5.5. Let Vr 1.5(q,1) denote the volume of the subset of R" consisting of
vectors v for which ||v|| < T, q(v) € I, and1(v) € J. Then

. Vr.1,s@q, D
im

Jim SIS = C@ DI ).

where C(q, 1) is a constant depending only on q,l, and |- | denotes the length of an
interval.

Proof. This follows from Corollary 5.4. For details, see [2]. O]

Let us now turn to the proof of the main theorem. Let gy € G be such that q = qgo and
1= lgo. Consider the space C of all functions on (R” \ {0}) x R x R that vanish outside of
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a fixed compact set and equip it with the topology of uniform convergence. It follows from
Proposition 5.3 that the functional L : C — R defined by

1 v
L(h) = 1 Y 1
) Tl>moo Tn=3 ./Rn <TaQO(v), o(v)) dv

is continuous. Let x denote the characteristic function of {v € R" : |Jv| € (1/2, 1)} x
[a, b] x [c, d]. Note that

> x(e™"v, qolgov), lo(gov))

vezZl
counts the number of v € Z" satisfying e'/2 < ||v| <e', a < qo(gov) < b and
¢ <lp(gov) < d. Given € > 0, there exists iy, h_ € C such that

h_(gov. ¢, s) < x(gov. ¢, 5) < hy(gov,¢,s) and |L(hy) — L(h-)| <e.

One can easily verify that every compactly supported radial function is of the form
Jr(llvll, ¢, s) for some compactly supported function f defined on R, with the similar
arguments in [9, p. 109]. By Proposition 5.2, Theorem 2.3, two variations of Siegel’s
integral formula (Theorems 3.4 and 3.5, depending on the orbit closures) and Proposition
5.3, there exists ty such that for ¢t > fy, we have

e "IN hae ™ gov, qo(gov), lo(gov)) — L(hx)| < €. (5.2)
vezZn
Clearly, for ¢ sufficiently large, we have
o1 /R hi (e~ gov. Qo(gov). lo(go)) — L(hs)| < €. (5.3)

We note that when we apply Theorem 3.5, since we are considering J¢ functions for f
supported on R” , we have that f(xe,) = 0 for any x € R. After applying Theorem 2.3, it
follows that

cp,q_le(”’”/ f(gogD) dir(g)
F/Tp
=cpq-1e" / flgovydv+ Y f(gomkogy en))
R meZ—{0)

— g1 [1; fydv+ Y f(mkoey)

meZ—{0}

=cpg1e" I [ fv)dv
R
so that we can apply Proposition 5.3. It follows that for every 6 > 0, for t > £y, we have

a —9)/R h—(e™"v, qo(gov), lo(gov)) dv < Y x(e"v, qo(gov), lo(gov))

vezZl

<(1+06) /R €, Qo(gov). lo(gov)) d,
5.4
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which implies that for sufficiently large T > 0,
(1—8) vol(q~ ' () NI7'(J) N Br) <N7.1.5(q, 1) < (1 +6) vol(q~ ' (I)NI~'(J) N Br).

Now, the theorem follows from Corollary 5.5.

6. Counterexamples

In this section, we provide counterexamples showing that Theorem 1.2 does not generally
hold when (p, ¢) = (2, 2) and (2, 3). The construction is based on the existence of forms
of signature (2, 1) and (2, 2) for which equation (1.1) fails, as proven in [9].

Let us first consider the (2, 2)-case. For an irrational positive real number 3, set
qp(x1, X2, X3, Xa) = (X +x3) — Bx3 — (Bx3 + x4)7, 61
lg(x1, x2, X3, x4) = Bx3 + x4.

We claim that (qg, Ig) belongs to .#. It is clear that both forms are irrational. Suppose

that A1qg + )»2]%, is a rational quadratic form. By considering the ratios of the coefficients

of monomials xf and x3x4, and the term xlz, we conclude that

A s
—1+—2,—2ﬁ<1——2>
Al

must both be rational. This implies that g is rational, which is a contradiction. It is also
clear that the restriction of qg to the kernel of lg is indefinite. This shows that the pair

(g, Ig) is of type I.
Now, consider the quadratic form

ay =} 3 - P2

Given any ¢ > 0 and interval I = (a, b) C R, of [9, Theorem 2.2] provides a dense set of
irrational values for B C R such that for every 8 € B, there exists ¢ > 0 and a sequence
T; — oo such that

Ny (T) > cTj(log T;)'

holds for all j > 1. Choose B € (1/2,1) and I = [B~", 2]. Then we can find a subset
L;C 73 of cardinality at least cT (log Tj)l_g such that for every x = (x1, x2, x3) € L},
we have

xPxd—pAidelph2lL xf a4 < TJ.Z.

For every (x1, x2, x3) € L, choose x4 € Z such that |x3 + x4| < 1. Note that this also
implies that for j sufficiently large, we have

Ixal = 1+ Bx3| = 1+ BIT;| < |Tjl.
From here, we conclude the following inequalities:

qp(x1, X2, X3, X4) = Q,é(XLJCz, x3) — (Bx3 +x4)? € [1,2], ©62)

Ig(x1, x2, X3, x4) = Bx3 + x4 € [—1, 1].
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Moreover,
”(-xl’ -x29 x3’ -x4) || S \/ET/.

Setting I = [—1, 2], J = [—1, 1] and adjusting the constant c slightly, the claim follows.
Forms of signature (2, 3) can be dealt with in a similar manner by considering the pair

Qg (x1, X2, X3, X4, X5) = (X7 +x3) — B(x3 + x3) — (Bx3 + Bxs + x5)%,

lg(x1, x2, X3, X4, x5) = Bx3 + Bx4 + xs.

We omit the details.
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