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Abstract. We consider the Markov chain on a compact manifold M generated by
a sequence of random diffeomorphisms, i.e. a sequence of independent Diff*(M)-
valued random variables with common distribution. Random diffeomorphisms
appear for instance when diffusion processes are considered as solutions of stochastic
differential equations. We discuss the global dynamics of Markov chains with
continuous transition densities and construct non-random stable foliations for ran-
dom diffeomorphisms.

1. Introduction
Let u be a probability measure on the space Diff’ (M) of C?-diffeomorphisms of
a compact Riemannian manifold M. By a sequence of random diffeomorphisms we
mean a sequence F,, F,, ... of independent Diff’ (M)-valued random variables with
common distribution u. Random diffeomorphisms appear for instance when
diffusion processes are considered as solutions of stochastic differential equations,
see [Ku] and [Ki, chapter V]. Probability measures

P(x,T)=u{feDiff (M): fxel'}, T'cM,
giverise to arandom walk X, = F,X,,_,. Moreover, since F, is arandom diffeomorph-
ism, we obtain a Markov chain v, = DF,v,_, in the tangent bundle TM. By the
Oseledec multiplicative ergodic theorem (see Theorem 3.1 below, [Os], [Ru], {L]),
if x does not belong to an exceptional set, then for almost every sequence w =
(f1, /2, - ..) the characteristic exponent

.1
x(x,0,v) = lim —In | Df, e - - Dfyo]

exists for every vector ve T,M. Moreover, there is a filtration
{0}= V?x,w)c ‘/(lx,m)C o ‘/z(x,m)= TxM

such that the characteristic exponent is constant on V{, ,\V{:.) In general
x(x, w, v) depends non-trivially on w. However, under certain natural assumptions
(see Theorem 3.3 below and [Ki, chapter II1)), if x does not belong to an exceptional
set, then x(x, w, v) almost surely does not depend on w for all ve T.M and there
exists a non-random DF,-invariant filtration of subspaces

{0}=LicLic---cL,=TM
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such that x(x, w, v) = A;(x) is constant on L'\ L, with probability 1. In the ergodic
case the A;’s do not depend on x.

The main purpose of this paper is to construct non-random foliations invariant
under random diffeomorphisms. Denote by F" the composition F, o- - -° F;. Accord-
ing to a version of the stable manifold theorem (see Theorem 4.1 below,
[Ru], [P], [FHY)), if x(x, @, v) = A <0 for ve V|, )\ Vi’ then the set

{ye M:limsup % In (dist (F"(w)x, F"(w)y))=A}

is a submanifold tangent to V{, ,,, at x. The main result of this paper is Theorem
4.2 below. It states that, under certain integrability conditions, if the transition
probabilities P(x, -) have continuous densities, then the subbundle L’ is integrable
for any j with A; < 0. Its integral manifolds W, foliate the supports of probability
measures on M that are invariant under the random walk X, and ergodic. The
corresponding foliation is invariant under any fesupp (u). Although any vector
tangent to a leaf W, is exponentially contracted by DF"(w) with probability 1, the
entire leaf W, or any non-random part of it may not be contracted by F"(w) (see
Example 4.7). However, for any x, if @ does not belong to a set of measure 0, then
there is a neighbourhood of x in WY, that is exponentially contracted by F"(w).

Note that if a non-degenerate diffusion process is represented by a sequence of
random diffeomorphisms (or in this case a stochastic flow), then the transition
probabilities do have continuous densities. The main results and auxiliary statements
of this paper hold true if the continuity of the transitional densities is replaced by
the weaker assumption that they are bounded. Moreover, it is sufficient to assume
that the transition probabilities have bounded densities with respect to a continuous
(non-atomic) measure. The continuity assumption allows us to simplify many proofs
and to make the probabilistic arguments in § 2 self-contained. In § 2 we discuss the
global dynamics of Markov chains with continuous transition densities. Some of
the results of this section are well known for more general Markov chains, e.g.
Harris or recurrent chains (see [Or], [Re, chapter 6]). In § 3 we study the invariant
filtrations in the tangent bundle and prove, in particular, the Holder continuity of
the non-random invariant subbundles L. § 4 contains our main result, the integrabil-
ity of the subbundles L’ for which A; <0. In § 5 we prove a general theorem on the
Holder continuity of invariant subbundles for partially non-uniformly hyperbolic
dynamical systems.

This paper was written during the visits of the first author to the Hebrew University
of Jerusalem in June 1985 and 1986 and the visits of the second author to the
University of Maryland in September 1985 and 1986. Both authors were supported
by BSF Israel-USA Grant # 84-00028, and the second author was supported by
NSF Grant # DMS-82-04024 and by DARPA under NIMMP.

2. Markov chains with continuous transition densities
In this section we review the necessary properties of Markov chains with continuous
transition densities. The arguments we give below are very similar to those usually
applied in the classical case of finite Markov chains.
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Let { X, } be a Markov chain on a compact Riemannian manifold M with transition
probabilities P(x, I'), i.e. if X,, = x then X, ., €' with probability P(x, I') {cf. [Re]).
From now on we assume that transition probabilities have continuous transition
densities, i.e. there exists a non-negative function p(x, y) continuous in both variables
such that for any measurable subset = M and any xe M

P(x,T) =J p(x,y) dm(y),

where m is the normalized Riemannian volume in M. Let P*(x, T') be the probability
of reaching T from x in k steps and let p*(x, y) denote the continuous density of
P*(x,T),

P¥(x, F)=J p (%, y) dm(y).

r

2.1. Definition. A Borel probability measure Q on M is called invariant under {X,},
or simply, invariant if

Q)= J P(x,T) dQ(x)

for any measurable I'c M.

The existence of invariant measures for Markov chains with continuous transition
densities is well known. Actually a weaker condition that the measure P(x, - } depends
continuously on x in the weak topology implies the existence of invariant measures.

2.2. LEMMA. If the family of Borel measures P(x, -) depends continuously on x in the
weak topology, then there exists at least one invariant Borel measure.

Proof. Denote by P* the operator in the space of measures which acts by the formula
(P*n)(T) = JM dn(x) P(x,T).
Let n be an arbitrary Borel probability measure on M and let
=y T (P

Since the space of probability measures on a compact M is compact in the weak
topology (see [Ro, p. 100]), there is a subsequence n; such that 7, >" p and also

1 2 w
P*n, ==Y (P*)n->"p.
n; k=1

Let P denote the induced action in the space of functions:

(Pg)(x) =J g(y) P(x, dy).

Then for a continuous function g the function Pg is also continuous and

J' gdP*nn,=j Pgdnniﬁ_[ Pgdp=J gdP*p.
M M 1= g M M

Therefore, P*7, >" P*p and hence P*p =p, i.e. p is invariant. O
: p.
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The continuity of p(x, y) easily implies that any invariant measure Q has continuous
density g(x). Indeed

Q) =J

M

P(x,I') dQ(x) = I dm(y) JM p(x,y) dQ(x),

T
so that

q(y) =J plx, y) dQ(x).

We shall call g an invariant density.

2.3. Definition. A measurable subset I' = M is called invariant under {X,}, or simply,
invariant if

P(x,I)=1
for m-a.e. (m-almost every) xeT.

2.4. Definition. An invariant measure Q is ergodic if for any invariant set I, either
Q(I'Y=0o0r Q(I') = 1. We will refer to the density of Q as an invariant ergodic density.

For an invariant measure Q with density g we write
A, ={xe M: q(x)>0}.

The open set A, is invariant since

0=Q(M\Aq)=J dm(y)f q(x)p(x, y) dm(x)
M\A, M

= I dm(y) J q(x)p(x, y) dm(x),
M\A, A

q

and therefore p(x, y) =0 if xe A, and ye M\ A,. Hence P(x, A;) =1 when x€ A,.
Moreover, by the continuity of p(x, y),

P(x,A)=1 forany x € A,, (2.1)

where A, is the closure of A,.

2.5. PROPOSITION. Let q be an invariant ergodic density. Then there exists an integer
T called the period of the Markov chain for which:

(i) A, is the union of disjoint open sets A}, 0=<i=<T—1, such that if xe A, and
p(x,y)>0, then y € A}, where j=(i+1) mod T, and

o= atamt=1;

q

(ii) for every compact subset K — Aiq there are N = N(K) and 6 =8(K)>0 such
that pN'(x, y)> 8 for any xe A}, and ye K.

We shall need the following auxiliary facts.

2.6. LEMMA. Let p'(x, y)>0 and p’(y, z)>0 for some x, y, ze M and integers i, j.
Then p' ™/ (x, z)> 0.
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Proof. Recall that the functions p*(x, y) are continuous and that

p'(x, 2) =J p'(x, v)p’ (v, 2) dm(v),
M
the integrand being positive in a neighborhood of v=y. ]

2.7. LeMMA. Forany xe A, and any ye A,

def
n(x, y)=——inf {n: p"(x, y)> 0}
is finite and the function n(x, y) is upper semicontinuous in (x, y).

Proof. For x€ A, let
U(x)={y: n(x,y) <oo}.

The set U(x) is clearly open, non-empty and contained in A,. By Lemma 2.6, U(x)
is invariant. Hence, by the ergodicity of g, U(x) = A, and n(x, y) is finite for any
xe A,,yeA,. If p*(x, y)> 0 then, by the continuity of p, p“(X, §) > 0 for any (%, )
close enough to (x, y), and hence n(X, y) < n(x, y). O

Proof of Proposition 2.5. For xe A, let
I(x)={i: p'(x, x)>0}.

By Lemma 2.6, i+j€ I(x) for any i, je I(x), i.e. I(x) is an additive semigroup and
a simple number theory argument shows that for some big enough i, the elements
of I(x) greater than i, form an arithmetic progression with difference T(x) equal
to the greatest common divisor of I(x). Let y€ A,. By Lemma 2.7, there exist k and
n such that p*(x, y)>0 and p"(y, x)>0, and hence k+ne I(y). It follows from
Lemma 2.6 that I(x) > k+ n+ I(y). Therefore, T(x) divides T( y). By the symmetry,
T(x)=T(y). Hence T(x) is a constant which we denote by T.

Fix xo€ A, and set A, ={y: p*""(x,, y)>0 for some k}, i=0,1,..., T—1. By
Lemma 2.7, |J/ A, =A,. Every A} is open since it is the union of open sets.
Furthermore, the sets A} are disjoint. Indeed, let y € A, N A}. Then p*"*(xo, y) >0
and p'""(x,, y)>0 for some k and L By Lemma 2.7, there is an n such that
p (¥, x0)>0. It follows from Lemma 2.6 that both n+kT+i and n+IT+j are
divisible by T, and hence i—j is divisible by T. Thus i=j. If " (xy, x)>0 and
p(x, y)>0 then, by Lemma 2.6, p*"""*'(x,, y) >0. It follows from above that the
sets A}, are cyclically permuted by the Markov chain and so Q(A})=1/T which
concludes the proof of (i).

By Lemma 2.7, for any x, y € A} there is an n such that p"(x, y) >0 and, by (i),
all such n’s are multiples of T. Recall that I(x,) contains an arithmetic progression
{T(i(x,)+ k)}r-o. Fix a compact subset K Af,. By Lemma 2.7, there exists Ny(K)
such that if xefif, and ye K then p*(x, x,)>0 and p'(x,, y)>0 for some k, I <
No(K). Therefore, the set {n: p"(x, y)>0} contains an arithmetic progression
{T(@(x, y)+k)}r-o, where i(x, y) < i(x) +2No(K)/ T+1. Let N be the integral part
of i(xp)+2No(K)/T+1 and 8§ =min, 4 ,cx pN(x,y). Since p™"(x, y) is con-
tinuous in (x, y), it follows that 8 >0, which proves (ii). O
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As is well known, Proposition 2.5(ii) implies the following convergence of transition
densities (cf. [D, p. 197]).

2.8. ProposiTiON. Under the assumptions of Proposition 2.5, for any compact subset
K < A}, with m(K)>0, there exist y(K),0<y(K)<1, and C(K)>0 such that for
any x€ A}, y € K and any positive integer k

[pN T (x, y) = Tq(y)| = C(K)(¥(K))".
Proof. To simplify the notation set 7= N(K)T. Define

M (y)=maxp“(x,y),  M(y)=min p"“(x,y).

xe/iq xeA,
We have
Mi.(y) = max J PT(x, 2)p" " (2, y) dm(z)
xe€Aq A;
Smaggj p7(x, 2)Mi(y) dm(z) = M (y).
xeA, A‘q
Similarly

M ()= M (y).
Therefore there exist the following limits
M(y)=lim Mi(y)=M(y) = lim Mi(y).

For x, ze A} let
B.={ve Ay p'(x,0)—p"(z v)>0}

and
B_={ve Aiq: pT(x,v)—p7(z, v)<0}.
Since
J P7(x,0) dm(u)=j p"(z,0) dm(v) =1,
we have
L (p"(x,v)—p"(z,0)) dm(v) = —J (p"(x,v)—p7(z,v)) dm(v). (2.2)
Thus

pE TV (x, y)—p (2, y) = J , (p™(x,v)—p"(z,v))p"" (v, ) dm(v)
=M, (») . (p"(x,0)=p7(z,v)) dm(v)

+Mi(y) L (p™(x,v)=p"(z, v)) dm(v)

=(M(y) - Mi(»)) J‘B (p7(x, v) = p7(z,v)) dm(v). (23)
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By Proposition 2.5(ii),
'[B p'(x,v)dm(v)<1-6(K): m((A;\B+) ~K)
and +

J' p(z,v) dm(v)=8(K) - m(B,nK).

Therefore, the last integral in (2.3) does not exceed 1—8(K)m(K). Since x and z
were arbitrary, we see that

Mi(y) = Mici(3) = (1= 8(K)m(K))(Mi(y) - Mi(y)).
Hence
M(y)=M(y)=lim p“(x,y)
and
IM(y)—p“(x, y)|= C(K) - (y(K)),

where C(K)=max p"(x,y) and y(K)=1-68(K) - m(K). By the invariance of g
and by Proposition 2.5(i),

q(y)= L q(2)p*(z, y) dm(Z)=J 1 q(2)p"(z,y) dm(2)

q Aq

k>

= | aemorane =250 0

2.9. THEOREM. There exist only finitely many different probability invariant ergodic
measures Q,, Q,,..., Q, with densities q,,q,,...,q,, the corresponding sets

Ags s /i,,’ being disjoint. For any invariant probability measure Q

Q=3 Q(4,)Q.
We will need the following lemmas.
2.10. LEmMA. For any invariant density q
m(A,)=(max p(x,y))™".
x,ye M
Proof. By (2.1), if xe A, then
'[ p(x,y)dm(y)=1,
A

q

and the lemma follows. 1

2.11. LemMA. Let Q be an invariant probability measure with density g and B< A,
be an invariant subset with 0 < Q(B) < 1.

Then there exist normalized invariant measures Q, and Q, with densities q, and g,
such that A, N A, =, A, v A, =A, and

Q=0(A4,)Q+Q(A,)Q:.
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Proof. By the invariance of Q and B,

Q(B) =J dQ(x) P(x, B) =J dQ(x) P(x, B)

q

= J dQ(x) P(x, B)+J dQ(x) P(x, B)

A\B

= Q(B)+J dQ(x) P(x, B).
A\B
Hence P(x, B)=0 for Q-a.e.xe A,\B, and since Q and m are equivalent on
A,, P(x,B)=0 for m-ae xeA\B Therefore, by the invariance of
A, P(x, A\B)=1 for m-a.e. xe A)\B, i.e. the set A,\B is invariant. Now let Q,
be the normalized restriction of Q to B and Q, be the normalized restriction of Q
to A,\B. It is easy to see that both measures Q, and Q, are invariant and mutually
singular. Being invariant, Q, and Q, have continuous densities g, and ¢,. The
corresponding sets A, and A,, obviously have the desired properties. O

Proof of Theorem 2.9. Let Q, and Q, be two invariant ergodic measures with densities
g, and g, and let xe A, N A,,. Then P(x, A, N A,)=1by (2.1), and A, N A, is
an open non-empty invariant set. Since Q;(A, N A,,) >0, then, by the ergodicity,
Qi(A, N A,)=1,i=1,2 Therefore, q, = g, by Proposition 2.8. Now the first state-
ment of the theorem follows from Lemma 2.10. The second statement follows
immediately from Lemmas 2.10 and 2.11. O

The following result implies that the union of the supports of ergodic invariant
measures A=|_J,_, A, (see Theorem 2.9) attracts the Markov chain X,,.

2.12. THEOREM. Letq,, ..., q, be the densities of the ergodic invariant measures and
A, A, ..., A, be the corresponding sets. Then

de

f r
N(x,w)*‘“inf{n: X, (w)e U A, = A, Xo(a)):x} <00

with probability 1. Moreover Ee®N™*) <o for some 8> 0.

Proof. If x€ A then N(x, w)=0. If xe A\A then N(x, w)=1. Let now xe M\A
and set

U(x)={y: p*(x, y)> 0 for some k> 0}.
The set U(x) is open and invariant. Assume that U(x) n A=@.Then U(x) n A=Q
and hence U(x) n A=, Since U(x) is also invariant, Lemma 2.2 implies that

there exists an invariant measure supported by U(x). This contradicts Theorem 2.9.
Therefore U(x) n A# < and for each xe M

def

k(x)

Clearly k{x) is upper semicontinuous and

inf {k: p*(x, y)> 0 for some ye A} <.

K =sup k(x)<o0.

xeM

Since A is invariant, P¥(x, A)> & for some 6 >0 and every x € M. It follows that
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P**(x, A)> 6. We have
P{N(x, ®)>n(K+1)}= P{X,(k+1 € M\ A}

=J P¥*Y(x, dz,) j ce J P¥*\(x, dz,)
M\A M\A M\A

=(1-6)"
This last inequality together with the Borel-Cantelli lemma implies the statement
of the theorem. O

3. Invariant filtrations for random diffeomorphisms
For the convenience of the reader we formulate here a version of the Oseledec
multiplicative ergodic theorem for random diffeomorphisms.

Let M be a compact Riemannian manifold, F;, F,, ... be a sequence of indepen-
dent random C’-diffeomorphisms with a common probability distribution w in
Diff? (M) and X, be a random variable independent of all F, with values in M and
distribution Q. Then X, =F,°F, ;o---o F X, is a Markov chain on M with
transition probabilities

P(x,T)=u({feDiff* (M): fxeT})
for any x € M and any Borel I'c M. Set
(Q, v) = (Diff* (M)", u™)
and let 8 be the shift transformation in €}

0(fi, /o )=(Lo, f5,.. ).
For xe M and w =(/f,, f5,...)€Q define 7: (M xQ)-> (M x ) by the formula

(x, w)=(f,x, Ow).

Suppose Q is invariant under {X,} in the sense of Definition 2.1, then the measure
(Q x v) is r-invariant. Indeed, for any measurable A< M and ® < () we have

Oxv(r ' (Ax D))
=Qxv({(x, w)=(x, (fi,w)): fixc A 0'ecd})

=V(¢)'J‘ . QUf'A) du(f1)=V(<I’)J J. Ty71a du(f1) dQ(x)
Diff’ (M) M

Diff? (M)
=v(P) _[ r({fit fixe A}) dQ(x) = v(P) '[ P(x, A) dQ(x) = v(P)Q(A).
We shall use the following abbreviation
Fw)=F,(0)° F,y(w)o- o Fi(w).
3.1. THEOREM (see [0s], [Ru], [Le]). Suppose that
JJ In"| D.f|| du(f)dQ(x) <o, (3.1)

where || D, f]| is the norm of the differential at x and In™ a =max (In a, 0). Then there
is a subset A of full Q X v measure in M X Q such that for every (x, w) € A there exists
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a filtration of linear subspaces
0= V?X,w) = V(IX,m) c-eVin=TM
and a sequence of real numbers called characteristic exponents
—0= x1(x, @) <xa(x, @) <+ - < x(X, w) <00
with the properties

1
(1) lim ;111 | DF" ()] = x.c(x, w);
(ii) ifve sz,m)\ VE;,‘w) then
1
lim —In | D.F"(w)v| = xi(x, @);
n->w N

(iii) the functions x =x(x, ), d;=d,(x, ) =dim V{x,w, —dim V{.',, and x;=
xi{x,w),i=1,2,..., k, are T-invariant;
(iv) the subspaces Véx,w) depend measurably on (x, w) and are DF-invariant
DxF(w) V:x,w) = V:'(X, w)s

(v) the asymptotic behaviour of the exterior power is described by the following
formula:

lim ~ In [(DF™ (@)= ¥ di(x, 0)xi(x, @) +1- x(x, @),
n->w n

i=j+1

where I+ Y di(x,w)=rand 0<I=d;(x, w).

i=j+1

3.2. CoroLLARY (see c.f. [FHY, Proposition 1], [P, Theorem 1.1.1]). Let (x, )€ A
and set x, = F'(0)x, w, = 0", A = x;(x, ®), & = xi+1(X, ®), A < . Then foranya>0
there is a function C(n)= C(x, w, a, n)= 1 such that for all n, k=0
(i) | D., F¥(w,) vl = C(n) e v for any ve V. ..

(ii) | Dy, F*(w,)w| = C7'(n) e ¥*||\w|| for any w from the orthogonal complement
(Vi om)™ of Vis, 0, in T, M;

(iii) the angle between D, F*(w,) V(.. . ,and D, F*(w,)( Vi, ..,)" is greater than
C~\(n) e—ak;

(iv) the function C(x, w, a, n) can be chosen to depend measurably on (x, w, a) and
to satisfy C(n)= C(0) e*".

The following result produces a non-random DF-invariant filtration.

3.3. TueoreM [Kil. Suppose Q is ergodic (see Definition 2.4) and

H (In | Dof] +10* | Dof ') dQ(x) du(f) <co. (3.2)

Then for Q-a.e. x € M there exists a measurable filtration of (non-random) subspaces
0=Lclic.--cLi=TM
and a sequence of (non-random) numbers

—O<TA < - <)y <00
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such that
1
(i) lim —In || D,F"(w)| = A QXxv-ae;
n

n—->oC

(ii) ifve Z\L" then
1
lim ;ln |D.F"(w)v] = A; Qxv-ae.

(iii) the subspaces L), depend measurably on x and are DF-invariant
D.F(o)L, = Lx(,), QX v-a.e.

In [C] a similar result was proved under stronger assumptions.

The next result establishes a relation between the random filtration given by
Theorem 3.1 and the non-random filtration given by Theorem 3.3. The functions yx;
are clearly 7-invariant, and hence constant for an ergodic Q. Therefore, there exist
=i <i;<:-- <i=« suchthat A;=x, (x, ) Q X v-a.e. The next statement follows
immediately from Theorems 3.1 and 3.3.

3.4. CoroLLARY [Ki]. (i) L. c Vfo,w) Q X v-a.e. and filtration L is the maximal non-

random subfiltration of filtration V in the sense that for Q-a.e. xe M and any ve T M
v{weQ:ve Vin NI} =0

(x, @)

(ii) Let (Q™, v™) be the direct product of m =dim M copies of (Q}, v), then
N vy, won = Lk
n=1
for Q x v™-almost every (x, w,, w,, ..., w,).

Let r> 0 be the injectivity radius of M. If dist (x, y) <r, denote by P(x, y): T.M ~»
T,M the parallel translation from x to y along the unique shortest geodesic connect-
ing x and y. For any points x, y€ M and tangent vectors ve T.M, we T,M define

. o]l +|wl if dist (x, y)=r
dist (v, w) = o g
lv—P(y, x)w|| if dist (x, y)<r.
For E,.« T.M and E, < T M define
dist(E, E,) = max mi)rsl dist (v, w). (3.3)

loll=1 fjwi=1
If D,: TM-T;M and D,: T,M > T;M are linear maps, define
DI +1ID,||  if max (dist (x, y), dist (£, ) =r
| D= P(y,X)° D, o P(x,y)| otherwise.
3.5. Definition. Let A< M. A family {E,}, x€ A, of subspaces E,< T, M is called

Holder continuous in x with exponent a, 0 <a =1, and constant C, >0, if for any
x,yeA

dist (Dy, D,) ={ (3.4)

dist (E,, E,) = Cy(dist (x, y})*.
For a diffeomorphism f: M - M and for a number o, 0 <o <1 define
dist (D, f, D, f)

llDf||a=Slip IIDxf||+S:£>—(W- (3.5)
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3.6. LEemMA. Let

J1n+||Df||ad#(f)d:db<m. (3.6)

Then

(i) for any 6>0 and v-a.e. we () there exists Cs(w) such that | DF,(w)|,=<
Cs(w)e®™, n=1,2,...;

(ii) for v-a.e. w € Q) there exists C(w) such that

[l |DF ()|, =<C(w) e, n=1,2,.... (3.7)
i=1
Proof. Let u, = u{f:In" | Df|,> én}. Then

°0>J In* || Df ||, du(f) = 20 (= fnsr) =8 § Hon

n=1
and (i) follows from the Borel-Cantelli lemma.
To prove (ii) note that, by the ergodic theorem, for v-a.e. 0 €Q

Lin [l IDR@I —— [ 01D dut =5 0

3.7. THEOREM. Let u satisfy (3.2) and (3.6), let Q be an ergodic invariant measure
with the corresponding set A,, and let the transition probabilities P(x, I') have continuous
densities p(x, y). Then the subbundles L., j=1,2, ..., 1, from Theorem 3.3 are defined
and Hélder continuous on A,
Proof. By ergodicity, the characteristic exponents x,,..., X, are constants on a
subset A< A of full Qx v-measure in M x{). Fix i<k and set a =(x;+;—Xx;)/3-
Consider the following sets
An={(x w)eA: C(x, ®,4,0)=N, C(w)= N},

AN((D):{XG M: (x’ (I))GAN},
where C is the function introduced in Corollary 3.2. Note that (Q X v)(AN)~>1 as
N -0,

3.8. LEMMA. For any N >0 there exist Cy, an >0 such that

dist (Vix w) Viy ) = Cn (dist (x, y))*~
for any (x, w),(y, w)€ Ay, ie. Véx,m) is Holder continuous in x on Ay.
Proof. 1t follows from Corollary 3.2 and Lemma 3.6(ii) that the assumptions of
Corollary 5.3 are satisfied for v-a.e. sequence of diffeomorphisms w ={f,, f,...}€
£, fie supp (u). Therefore the subspace V{, ., = E is Holder continuous in x on
the set A v (w) with exponent and constant dependingonlyon y;+a= A, ;s —a=pu,
a=%(Xi+1_Xi), and N J

We will now show that L is Hélder continuous in x on a subset of M of large
Q-measure. To do that we fix ¢ >0 and choose N so that

(Oxv)(An)=1—¢

https://doi.org/10.1017/50143385700004107 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004107

Dynamics of Markov chains 363

Then
(OXv™H{(x, @y,..., 0n): (X, w,) € Ay for some n} =< me,
where m = dim M. Therefore
(QOxv™){(x,w,...,0,): (x,w,)EAN,n=1,2, ..., m}=1—me.

Hence, by Corollary 3.4(ii) and Lemma 3.8, there is a set A, < M xQ™ such that

(i) N Vi, =L forany (x,0,,...,w,)€A,;
n=1]
(ii) the subspaces V7. . . n=1,2,..., m, are uniformly Holder continuous in x;
p {x, w,) y

(iii) (@xv™)(A,)=1—me.
By ergodicity, dim L, is constant Q-a.e., denote it by d. By the Fubini theorem,
there is an m-tuple (0}, 03, ..., %) and a subset I', © M, Q(T',) = 1 — me, such that
the subspaces V, , = V(ifx‘wg), n=1,...,m, are uniformly Holder continuous in x on
T'., their intersection is L), and dim L), =d for any x€T,.

3.9. LEMMA. Forany x €T, there exists r= r(x) > 0 such that I’ is Holder continuous
with some constant and exponent on I, B(r, x), where B(r,x)< M is the ball of
radius r centred at x.

Proof. We first use a coordinate chart at x to identify a small neighbourhood U of
x in M with a small neighbourhood in R™. This allows us to identify any subspace
of T,M, ye U, with the corresponding subspace of T,M. Denote by V;, the
orth(?gonal complement of

V,,=V}

(ywn)

yel.NUn=1,2,..., m It is easy to see that the subspace V;, depends Holder
continuously on y eI, since V, , does. Foreveryn=1,2,..., m fix a basis e,;(x), i =
1,2,..., k,, of Vi, Denote by e,(y) the orthogonal projection of e,(x) onto
V5 .,y N U. Then the subspace V, , is the space of solutions of the following
linear system:

<v9em'(y)>=0, i=1a""kru

where (, ) denotes the standard inner product in R™. Recall that L), =("_, V, , and
hence the subspace L, is the set of solutions of the system of linear equations

(v, e,;(y))=0, i=1,...,k,,n=1,..., m 3.7)

The coefficients of this system are Holder continuous functions of y e I', N U. Since
dim L, = d, the dimension of the space of solutions of (3.7) is d. In particular, there
is a subset of m —d equations which is equivalent to the whole system (3.7) at x
and a non-zero (m —d)-minor of that subsystem at x. If r(x) is small enough, the
corresponding minor is uniformly bounded away from 0 for ye B(r,x)NI', and
the corresponding subsystem is equivalent to (3.7). Any scheme of solving m—d
linear equations applied consistently to different y € B(r, x) N I', will produce a basis
of L) depending Holder continuously on y. This implies the Hélder continuity of
L’ on B(r,x)NT.,. O
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Let 'c T, be a closed subset with
QI =1-2me.

Cover I by finitely many balls B(r(x;)/2,x;),i=1,2,..., Ny, where r(x;) are from
Lemma 3.9. By Lemma 3.9, the subspace L, is Holder continuous on each intersection
I'. N B(r(x;), x;). Let C, be the worst constant and a be the worst exponent. If
x, ye ' and dist (x, y) <3 min; r(x,), then x and y lie in one of the balls, and therefore

dist (L}, L) = C,(dist (x, y))*.
For a bigger constant C, we have

dist (L), L)) = Cy(dist (x, y))° forany x, yeT.
We will now use the invariance of L’ under the random diffeomorphisms to show
that L’ is Holder continuous on A,. Since the invariant density q is positive on A,
and since Q(I')=1-2me, we can choose ¢ so small that the volume of I is big
enough: _ .
m(L)>m(A,)(1—-(3pm(A,)) ),

where p =max p(x, y). Then for any x€ A,

P(x, A\\I') = J

AN
On the other hand, by (2.1), P(x, A,) =1 and therefore P(x, I') > %. Denote by #(C)
the set of diffeomorphisms f such that sup, | D.fll = C and for any z, we M and

any subspaces S.< T.M, S,, < T.M
dist (D,f7'S,, D,.f7'S,) = C(dist (S,, S,,) +dist (z, w)).
Choose C; so that u(F(C;))>3. Then for any x, y € Aq there is a diffeomorphism

fo=f€ F(Cs) such that fx, fye[. Therefore if L) and L, are defined, then for
f=1,, we have

dist (L%, L)) = Cs(dist (L, L},) +dist ( fx, fy))
= G(Co+ D) (dist (fx, )" = C(C,+ 1) C5(dist (x, y))°,
Hence the distribution L’ is Holder continuous in x with constant C,, = C3"*(C,+1)
and exponent a on the set of full Q-measure in A, where it is defined. By the

uniform continuity, L can be defined for any x € A, so that L’ is Hélder continuous
and invariant under any f e supp (u). O

rP(x, y) dm(y)=p- m(A\D) <3.

We extend by continuity the subbundles L/, 1=<j=<1, to the set A, and in what
follows use the same notations for the extended subbundles. Since L is DF-invariant,
the statement of Corollary 3.4 holds for any x ¢ Aq.

3.10. CoroLLARY. Using the notations of Corollary 3.4, if x€ A, then < V{,
v-a.e. and there exists a subset Q7 of full v™-measure in Q" such that (., V¢, , = L%
Sfor any (w,, ©,3, ..., w,) QY.

4. Invariant foliations for random diffeomorphisms

In this section we prove that if A; =y, <0, then the subbundle I’ is integrable, see
Theorem 4.2 below. Its integral manifolds WY, are contracted in a certain probabilistic
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sense and form a foliation W’ invariant under any diffeomorphism from the support
of w. Throughout this section we assume that M is compact.

The version of the stable manifold theorem for a sequence of random diffeomorph-
isms Fy, F,,..., F,,...formulated below follows immediately from Theorem 5.1
in [Ru] and Theorem 5.1 in [Ru 1]. We keep the notations of Theorem 3.1 introduced
at the beginning of § 3.

4.1. THE STABLE MANIFOLD THEOREM (see also [P], [FHY]). Let (3.6) be satisfied
and let (x,w)e A and £<0 satisfy x;(x, w)<£&<x;y1(x, w). Then there exist 6=
8(x,w)>0 and R = R(x, w, £)> 0 such that

(i) Wi ., ={y:dist(x,y)<6 and dist (F"(w)x, F"(w)y)=< Re* dist (x, y) for
all n=0} is a C'-submanifold tangent to V|, ,,, at x and diffeomorphic with the unit
ball in Vi, .);

(ii) (y, w)€A for any ye W¢, ,,, and the tangent space T,W¢, ., is V(. .;

(iii) for any y, ze W§, ), dist (F"(w)y, F"(w)z) =< Re*™ dist (y, z) for all n=0;

(iv) the functions R™'(F"(w)x, 8"w, ¢) and 8(F"(w)x, 8"w) may decrease only
subexponentially in n;

(v) denote by W the connected component of F\(w)x in the intersection of
F\(w)W¢, ., with the ball of radius 8(F,(w)x, 6w) centred at F,(w)x; then W<

Wir (s, o0)-
The main result of this section is the following theorem.

4.2. THEOREM. Let u satisfy (3.2) and (3.6), let Q be an ergodic invariant measure
with the corresponding set A, and let the transition probabilities P(x, I'} have continuous
densities p(x, y). Suppose A; = x; <O0.

Then the subbundle {L} is integrable in the following sense. There exists a foliation
W’ of A, into C' complete submanifolds W/, without boundary such that the tangent
space T,W/, is L, for any point xe A,. The foliation W’ is invariant under any
diffeomorphism f from the support of n. For any x € A, and v-almost every w there
exists a neighbourhood W, (., of x in W, such that

1 )
lim sup — In diam (F"(0) W% .(.)) = A,.
n

Proof. We first give an outline of the argument. For an x € A, and a typical sequence
w of diffeomorphisms f, € supp () we will construct a special sequence of norms
[l .. The non-uniformly hyperbolic sequence of matrices D, _f,+1, Xn = f,Xa_1, Xo =
x, will be uniformly hyperbolic if the norms || |||, are used. Then, after establishing
certain properties of the norms || |||, we will use them to prove that any piecewise
smooth curve, tangent to L’ and passing through x, is exponentially contracted by
the sequence of diffeomorphisms { f,}, see Lemma 4.5 below. This geometric property
will imply the integrability of L.

Fix x€ A, and w € @ = (Diff> (M), @ ={£,}, such that L= V{,__, cf. Corollary
3.10, (x, @} € A (see Theorem 3.1), and the numbers x; (x, @) < x; +,(x, ) are typical
values (recall that, by ergodicity, the exponents are constant Q X v-a.e.). Let ¢, : N ~>
M be the exponential map at x,, = f"x, f" =f,, o - - - o f1, restricted to a neighbourhood
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N cR™ =T, M of the origin, m = dim M. By the compactness of M, we may choose
N so small that all ¢,’s are one-to-one with uniformly bounded first and second

derivatives of ¢, and ¢, . Setf,, =¢,'°f,°@,_;: ¥>R™ and introduce the following
notations:

T,=Dofuri, Es=Des'(Ve,,), Ei=(Ed),
E,.=T,E, D¢n+1(v(f"*‘x 0" e )), EL . =T,E,,
To=Tyi - T,y Se=TiE;, Us=TE:,

where n, k=0, T =id, S° =id, U® =id. Set

A =X, M= Xi+
—aX -)t)
2+5> 10 /°

where « is the Holder exponent of I/. By Corollary 3.2 there is a function C(n)
such that for all n, k=0

and fix a > 0 such that

a<min< (4.1)

|Skv*||= C(n) e** X 0v°|, v’ e ES, (4.2)
[Um" = C7 (n) e~ 0|, o€ E}, (4.3)
v’ =Cmlof, llv*ll= C(nm)|v], (4.4)
where v=0v"+v", v° e E;, v c E,,
1< C(n)= C(0) e". (4.5)

The following sequence of norms is usually called the Lyapunov metric or the metric
adjusted to the dynamical system:

[l = & e AH2@%||Skv|, vie ES, n=0, (4.6)
k=0

llo“ll, = ¥ e 22k (Uk_0 v, vie EY, n=0, 4.7)
k=0

llollz = o’z + o2 forv= 0"+ 0" v e ES, v“e EX  (4.8)

4.3. LEMMA [BN]. The sequence of norms {|| ||.} satisfies

@ 180 M= €20 lr v° € E3,
@) U0 loor = e 20", 0" EZ,
(iii) slloll=|lvll. = C, e**"|v|, where C;=2C*(0)/(1—e*).
Proof. We have

ms v |Hn+1 E eA(p.+2a)k||S +15 v |I<eA+2a Z e—(A+2a)(k+1)“Sk+1vs”<e/\+2a|”v”|m
and hence (i) holds. Similarly

n+1
MU llnsr = P eH T (Unsr )T U

U+ T (U)o

= e |0l
and hence (ii) holds.
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To prove (iii) we first note that the zero terms in the right-hand sides of (4.6) and
(4.7) are ||v°| and ||v*||. Therefore ||v°||. = ||v°|| and ||v"||, = | v*|. This implies the
left inequality in (iii) since

ol =lv*ll+ "]l =2 max (lv°fl, lfo*|l)-
To prove the right inequality observe that, by (4.2) and (4.5),
C(0)

e o)
lo*lla= 5 e *20KC(n) e v | = —2;
k=0 1—e

e |[v¥].
Similarly, by (4.3) and (4.5),
" C(0
llo*ll.= ¥ e“?**C(n—k) e” ™ k|o¥| S—(*:)s,; e v*|.

k=0 1—e

By the last two estimates, (4.6) and (4.7),
5112 u||2
2 < CZ 0 2an( ”U || + ”U ” )
I”vI” = ( ) € (1 _ —a)2 (1 _e—Za)Z

C? c*0
(1’3 T ol*= ——( O oo, O
) —-e )

=2C0) e**" =

Denote by dist, and length, the distance in R™ and the length of curves induced
by the norm || ||,. Then, by Lemma 4.3(iii)

tdist (y, z) =dist, (y, z) = C, e*" dist (y, 2) (4.9)
for any points y, ze R™, and
1length (o) <length, (o) = C, e**" length (o) (4.10)

for any piecewise smooth curve o. For any matrix T and any vector v we have, by
Lemma 4.3(iii)

NTollnsi=Cy e P To| = Cy VYT - Jof| <2C, ™ T - flo]l
and hence
N Tolnsr=2Cy 20N T - o], (4.11)
Let y € & be such that ¢,(y)<c A,. Set
L(y)=(De,) (L, ()
Since L’ is Holder continuous with exponent « and constant C,, the distributions

7, are uniformly Holder continuous with the same exponent a and constant C..

4.4. LEMMA. Lete,(y)e Ajandletve I:{,(y) and denote by v* and v" the components
of v that are parallel to E; and E}, respectively, v=1v’+v". Then

llo*l

= C, " (dist, (,0)*
ol
for some constant C,.

Proof. Denote by v* the component of v perpendicular to E;. Since L~{,(0)C E;
and L, is Holder continuous, by (4.9)

llo*ll= Cx(dist (3, 0))° |v]} = 2Cx(dist, (¥, 0))*[lv]|
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for a constant C,. Therefore by (4.4) and (4.5)
[v¥]| = C(m)[lv™ ]| =2C(0)C; e™(dist, (y,0))|v].
Hence, by Lemma 4.3(iii),
u 2an u
llv lllnSCM-: 0¥
ol 2wl

Denote by f" the composition f~,, o foiyor- -ofl.

=4C(0)C, **"(dist,(y,0))" O

4.5. LEMMA. Let w in addition satisfy Lemma 3.6(i) and let 8 be such that
A+2a<B<min(—6a/a, —3a/c), (4.12)

where a is the Hélder exponent of L’ and a satisfies (4.1). Then there exists € > 0 such
that for any piecewise smooth curve y:[0,1]-> N with y(0)=0, length(y)=<¢ and
y(t)e Di(y(1)), te[0, 1], the following holds:

(i) f"(y())e N for1e[0,1], n=0,

(ii) length, (f" o y)<e”" lengthy (y), n=0,

(iii) length (f" o y)=<2C, e”"length (y), n=0.
Proof. We first prove (i) and (ii) by induction in n. For n=0, (i) and (ii) are
obviously true. Suppose (i) and (ii) hold for some positive integer n. Set v,(f)=
S (y(1)), t€[0,1], and denote by T,(¢) the differential D, (t)f,... Let C, be an
upper bound for the first and second derivatives of f,,. We have for any t€[0, 1]

IIITn(t)Yn(t)|||n+1S|||(Tn(t)_ Tn))’n(t)”ln+l+I'lTHYn(t)|||n+l (413)
By (4.11) and (4.10)
I”( Tn(t)_ Tn)yn(t)|“n+l
<2C, " [T = T, - [[9a(0)]l

=2C, &V Df, 1| (2 length, (7.))7 - [17a(O]la- (4.14)

Denote by v,(t) and y,(t) the components of y,(t) parallel to E; and E}, respec-
tively. Then

T (Ot = Ta ¥l Ml w1+ T ¥ n(El1- (4.15)

It follows from (4.11) and Lemma 4.4 that
IT (Ol =2C, " [ T| - flya(oll,
=2C, &V Dol ¥ (D

<2C, &V C, | Df, ||, (length, (y,)° ()]l (4:16)
By Lemma 4.3(i),

Ny (Oller = 70Ol = €2 Fu (D]

Set § = a in Lemma 3.6(i). We now put together (4.13)-(4.16) and use the inductive
assumption to obtain

N T () Vu(Ollnsr <[ Csl| Dfiillo (exp ((2a + aB)n) - &7
+exp ((Sa+aB)n)e®)+e* 1 |17 (Dl
=[CsCulw)(exp (3a+aB)n)e”
+exp ((6a+aB)n)e)+e* ] |[¥a( Ol
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where Cs is a constant and C,(w) is from Lemma 3.6. By our choice of a and B8
(cf. (4.1) and (4.12)), it follows from the last estimate that for small enough >0

N T () Yo (Ol = 21 ¥ (D]
This implies (ii) with n replaced by n+1 since

lengthn+1 (7n+1) = J' “'Tn(t)yn(t)lunle dt

Statement (i) follows from (ii) if e is less than half the radius of the biggest ball
centred at the origin and contained in . Statement (iii) follows immediately from
(ii) and (4.10). O

We are ready now to prove the integrability of L’. Let x € A,. Then, by Corollary
3.10, there is a subset Q7 of full »™-measure in 1™ such that

M V:'x,w")=L’,} for any (w,, w,, ..., w,) € QY. (4.17)
n=1

Since Q is ergodic we may assume that the characteristics exponents are constant
for all w,’s. Fix such a collection (@, ..., »,,) and a number a > 0 satisfying (4.1)
with A = x; , u = x; + 1. Choose B <A +3a satisfying (4.12) and set £ =\ +4a <.
By Theorem 4.1, there are local stable manifolds W¢, ,,, n=1,..., m. Denote by
W, . the set of points lying on piecewise C'-curves y:[0, 1]-> M such that y(0) =
x, y(1)e L’,,,,0=t=1, and length (y) <e. If ¢ is small enough, we can lift such a
curve v to the neighbourhood /= R™ = T .M, apply Lemma 4.5 and obtain that

length (F"(w)° y)=<2C,C} e”" length (), (4.18)

where C, is an upper bound for the norm of the differential of the exponential map
restricted to W and for the inverse. Assume now that ¢ is less than the sizes §(x, w,)
of the local stable manifolds W¢, .,.,,n=1,2,..., m. Thenby Theorem 4.1 and (4.18)

i m P def
WX,EC m W(x, w,) W.

n=1

We use a coordinate chart at x to identify a small neighbourhood of the origin in
R™ Recall that dim L/, =d. Let y,ze W, < W, y# z. Then the unit vector 5=
(z—y)/||z— |l is close to Vé'x' »,, for every n. Therefore 7 is close to L’ and does
not belong to the orthogonal complement L of L. Let P, denote the (m —d)-plane
parallel to L, and passing through ye U, P, = L)*. For a tangent vector we L/, at
x let P, be the (m—d+1)-plane {tw+z: teR, ze P.}. If U is small enough, then
for any ye P, N U the intersection L’;ﬂ P, is one-dimensional and there is a
unique vector v, (y) € Ljy N P, whose projection onto the t-axis in P, is w. Clearly
v,(-) is a continuous vector field on UN P,,, which depends continuously on w.
Consider now the differential equation y =v,(y) in UN P, ,. We claim that for a
small enough U there is a unique integral curve y =g, (¢) passing through x. To
see that, note that any such curve is tangent to L’ and therefore lies in W. Suppose
there are two different integral curves y = g,(1),i=1, 2, g,(0) =0, g,(t,) # g.(t,). Let
m denote the orthogonal projection onto L. Then w(g,(1))=m(g,(1))=1tw; i..
g.(t)—g(t)e L}, which is a contradiction.
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Since v,, depends continuously on w, the uniqueness of g,, implies that it depends
continuously on w. If w, and w, are not collinear, then the integral curves g,, and
g., lie in different planes and hence g,, (t) # g,,(t) for any > 0. Therefore, if U is
small enough, then the restriction ¢ of the map w-g,(1) to LN U is a homeo-
morphism. Since no two points from W/, , have the same projection on L, for a
small ¢ and properly chosen U the image of ¢ is W/, and the plane L is clearly
tangent to the image at x. Let y€ W/ ;, £ <e. Then the above argument shows that
for §<e—£ the set W, ; is a C’-submanifold that coincides locally near y with
W/ . and is tangent to L at y. It follows that W’ . is a d-dimensional C'-
submanifold tangent to L.

Let W’ denote the set of points lying on piecewise C'-curves passing through x
and tangent to L. It follows from above that each set W, is a complete submanifold
of A, which depends continuously on x in the C'-topology. Clearly the sets W,
partition A,. Since L’ is invariant under any diffeomorphism f from the support
of measure u, we have that f(W%)= W/, and hence the foliation W’ with leaves
W’ is also invariant under any such diffeomorphism. This finishes the proof of
integrability of L.

Let x€ A,. Then the set {w: L, < V;fx‘w)}=ﬂx has full »-measure by Corollary
3.10. If weQ, and £(x, w)=¢e(w) is small enough, then, by Lemma 4.5, the set
W/, . (. is contained in the local stable manifold W¢, .,,. Hence, by Theorem 4.1

1 )
lim sup — In diam (F"(w) W/ ())<= A;.
n

n—->aoo

This finishes the proof of Theorem 4.2. [

Since A; <0 and therefore, by Corollary 3.4, any vector tangent to L’ is exponentially
contracted by DF"(w) with probability 1, one may wonder whether the size £(x, w)
of the ‘stable’ manifold W’,;, «(w) Can be chosen independently of w and whether the
global integral manifolds W7, are exponentially contracted by F"(w) with probability
1. An obvious sufficient condition for this to be true is given in Remark 4.6. However,
as Example 4.7 shows, in general the answer to both questions is negative.

4.6. Remark. Let A; <0 and assume that

1 ;
lim ~In | DF"(w)|L’||=A <0 v-a.e.,
n-x N

where A < A;.,. Then for a.e. w all vectors are uniformly contracted by DF"(w) and
hence any global integral manifold W is exponentially contracted by F"(w) with
asymptotic rate A.

4.7. Example. Let f be a diffeomorphism of the circle S' which we view as the
interval [0, 1] with the ends identified. Then 1 =length ( ([0, 1])) =J'(l) [f(x)| dx. By
the Jensen inequality,

0=In I ()] dx = J In |f(x)] dx,

with equality if and only if |f/|=const. Assume now that f does not preserve the
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Lebesgue measure, i.e. || is not constant. Then

Il In|f(x)| dx <O0. (4.19)

0
Let 6,,n=1,2,...,be a sequence of independent random variables uniformly
distributed on [0, 1] and consider the sequence of independent random diffeomorph-
isms F,x=f(x)+6,(mod 1), n=1,2,....Then for each x the transition probability
P(x, ) of the Markov chain X, = F,X,,_, is the Lebesgue measure m, and hence m
isinvariant under X,,. Set F" = F, o+ - -o Fy and let y = y(x, w) denote the characteris-
tic exponent. Since m is obviously ergodic, the ergodic theorem implies that

.1 n , N -
x(x, ©) = lim ~In|(F"()Y(x)| = lim - T In|FL(F*"'%)|
n—ooc n—>o0 k=1

=["mlrola

0

for a.e. w. The last integral is negative by (4.19), and hence x <0. It follows from
Theorem 4.2 that for any x € S' and a.e. sequence of diffeomorphisms w there is a
neighbourhood W, . of size £ = e(x, ®) that is exponentially contracted by F"(w).
Suppose that £(x, w)=£,>0 for some x and v-a.e. w. Then &(Fx, 6w) = ag, for
a.e. w, where a =min |f’|. Therefore, by the definition of F,, e(x, w)= as, for a.e.
(x, w). Hence there exist finitely many points x,, ..., x; such that their ae, neigh-
bourhoods cover S' and e(x;, w) = ag, for v-a.e. w. It follows that there is an w
such that F"(w) contracts the whole circle exponentially. This is a contradiction.
Hence the size of the local stable manifold is really random in this case. O

4.8. Remark. Recall that stochastic flows generated by stochastic differential
equations can be represented as compositions of independent identically distributed
random diffeomorphisms. In this case the integrability condition (3.6), which was
used in the proofs of Theorems 3.7 and 4.2, follows from Sobolev’s embedding
theorems provided the coefficients of stochastic differential equations are smooth
enough. Moreover, even if the coefficients are not smooth enough, the main auxiliary
statement, Corollary 5.3, can be obtained by using Gronwall’s inequality and
arguments similar to Totoki’s proof of the multidimensional-time generalization of
Kolmogorov’s criteria for the path continuity of stochastic processes (see [E, p. 302]).

5. Appendix: Holder continuity of invariant subbundles

5.1. Definition. Let A be a (not necessarily complete) metric space, H be a (separ-
able, complete) Hilbert space and {E.}, x€ A, be a family of subspaces, E, < H.
The family {E,} is called Holder continuous in x with exponent a,0<<a <1, and
constant L, L>0, if for any x, ye A

def
dist (E,, E,)== sup inf dist(p, w)=L- (dist (x, y))"
veE, weE,
foli=1 [wl=1

Let X be a metric space, diam (X)=<1, H be a Hilbert space and {T;(x)},i=
0,1,...,x€e X, be a sequence of families of bounded linear operators T;(x): H - H.
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Set
T"(x)=T,(x)e - -oTy(x).

5.2. THEOREM. ForC>1and A < ulet Ac,, < X be the (maybe empty) set of points
x for which there exists a splitting

H=E\®E}*
such that for any positive integer n
IT"(x)vl=Ce™[lof  ifveES,
[T (x)w||=C" e*"||w| ifwe EX*.

Suppose there is a > max (A, 0) and 0< B =<1 such that
IT"(x) = T"(y)] = e™(dist (x, »))*

for any positive integer n and any x, y € X.
Then the family {E}} is Holder continuous in x on Ac,, with exponent
((A=p)/ (A —a))B and constant 3C? e**.

Proof. Set
Ki={ve H:|T"(x)v| =2Ce""|v|}.

Let ve K%, v=0"+0v", where v* € E}, v* € E}*. By the triangle inequality
[T ()l = | T"(x)(0* + o) || = [ T" ()0 | - [ T"(x)0* | = CT" e[ o*] ~ Ce*" | v].

Therefore
o] = Ce (I T"(x)o] + Ce*"[[v])) =3C? 7| v]

and

dist (v, E})=3C? " " v]. (5.1)
Fix a,> max (a, A) and set

y={(A—-a)/B.
Let x, y€ Ac, .. Since y <O, there is a unique non-negative integer n = n(x, y) such
that
e < dist (x, y)=e™. (5.2)

For any we E}}
IT")wl =T (»)wl+T"(x) = T"(p)]| | w]
= Ce™|lw| + e™(dist (x, y))* || w
=(Ce'"+ e )| w||<2Ce*"||w].

Hence we K} and E} < K. By symmetry, E; < K. It follows from (5.1) and (5.2)
that
dist (B, E})=3C? e ™" =<3C? e* *(dist (x, y))(A —p)/y

=3C% e A (dist (x, y)) (A W/ Aa B D

5.3. COROLLARY. Let M be a Riemannian manifold with injectivity radius r >0 and
let {f},i=1,2,...,be a sequence of differentiable maps f,: M - M such that the
differentials Df; satisfy

0 IDfl.=Ce™, n=1,2,..., (5.3)

where a,C,>0,0<o=1. Set ff=f,0f,_1°c---of;. Fix C>0 and A <u and let
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Ac, s . be the (maybe empty) set of points x for which there exists a splitting
TM=E.®E\"
such that for any positive integer n
IDof"vll=Ce* vl ifve EX,
IDfwll=C " e* |l ifwe EL".
Then the family { E}} is Hélder continuous in x on Ac., , with constant 3C* e*™ and
exponent & =((A — )/ (A —b))o, where b=In (2C7)+2a—a Inr+|A|.

Proof. We will need the following lemma.

5.4. LEMMA. Forn=1
dist (D, f", D,f") = e” (dist (x, y))°. (5.4)
Proof. Assume that dist (f"x, f"y)=r for some n=0. Then, by (3.5),

r=dist (/"% f"y) = T1 | DAl - dist (x, )

and hence, by (5.3), dist (x, y) = rC;' e °". Therefore, by (3.4), (3.5), (5.3) and by
the choice of b, for any m = n we have

dist (D, f™, D, f™) =2 [] | Dfillo=2C, e“" = e™ (dist (x- y))°,
i=t

where we used the inequality dist (D, f™, D,f™) < | D.f™ ||+ D,f™|.
Hence it suffices to prove (5.4) when dist (f'x, f'y) <rforall i=0,1,..., n. Note
that (5.4) follows from (5.3) and the inequality

dist (D, /", D,f") = (H |lDf.«uU) - (dist (x, ))° (5.5)

which we now prove by induction. For n =1 (5.5) follows from (3.5). Assume now
that (5.5) holds true for n=k For n=k+1 using (3.4), (3.5) and the inductive
assumption we have:

dist (D, f*"', D, f**")
=D S =Py, 5 %) o Px, y)|
=Dy fiesr © D, f*
= P(f* "y, £ ') Dytfirr o P(f*%, f19) o P(f*9, f%) o Dy f* o P(x, p)|
< | Dytefirr o Def * = P "1y, f5 %) © Dytyficer o POS*%, f*p) e Diof |
PGy, £ %) 0 Dty o P(f*%, f*y) e Dof*
= P(f "y, £ %) o Dytyfier o P(f%, f19) 0 P(f*9, f*%) o Dy f* < P(x, y)|)
=dist (Dpxefirrs Dyxfiar) ”Dxfk“ + | Dpyfai| - dist (Dxfk, Dyfk)
= (1Dficll =sup [ Dfica])) - (dist (S % )7 DS

#sup DSl - (1L 10AL) - aist (30)°

k+1 2
= (T 2l ) (st (5,97
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dist (f*5.S*») =TT [1Dfl o

Fix any points x, y€ Ac,, and set

T(x)=D.f,  T(y)=P(f'y,fx)e D,f'° P(x,y).

Identify the tangent spaces T, M by any sequence of isometries with H = T,M and
consider the discrete set X =|_J_, (f"x U f"y) with the following distance function:
dist’ (f'x, f'y) = dist (f'x, f'y) if this distance is not greater than r, and the distance
is r in all other cases. By Theorem 5.2 and Lemma 5.4,

{BN]
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dist (E}, E})=3C? e* *(dist (x, y))*. O
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