
BOOK REVIEWS C O M P T E S RENDUS CRITIQUES 

Riemann Su r f aces , by L a r s V. Ahl fors and Leo Sar io . P r i n c e t o n 
M a t h e m a t i c s S e r i e s 26, P r i n c e t o n Univers i ty P r e s s , i 9 6 0 , xi + 382 
p a g e s . 

H e r m a n n Weyl ' s "Idee d e r RLemannschen F l a c h e " was followed 
only r e c e n t l y by o t h e r p r e s e n t a t i o n s of the subject , a f t e r r e s e a r c h in 
the t h e o r y of s e v e r a l c o m p l e x v a r i a b l e s had r e v e a l e d the unique pos i t ion 
in m a n y r e s p e c t s of ana ly t ic mani fo lds of one complex d imens ion and 
thus led to i t s definite f o r m . Since 1953 the following c o m p r e h e n s i v e 
t r e a t m e n t s of the subject have a p p e a r e d : Nevan l inna , " U n i f o r m i s i e r u n g " ; 
Schiffer-Spencer , , "Func t i ona l s of F in i te R i e m a n n S u r f a c e s " ; the t h i r d 
r e v i s e d . e d i t i o n of Weyl' s c l a s s i c a l t r e a t i s e ; Sp r inge r , " In t roduct ion 
to R i e m a n n S u r f a c e s " ; P f luge r , " T h é o r i e d e r R i e m a n n s c h e n F l a c h e n " ; 
and a c h a p t e r in B e h n k e - S o m m e r , " T h é o r i e d e r ana ly t i schen Funkt ionen 
e i n e r komplexen V e r a n d e r l i c h e n " . It i s inevi tab le that some p a r a l l e l s 
wi l l be d rawn be tween the p r e s e n t l a t e s t addi t ion and i t s p r e d e c e s s o r s . 

S p r i n g e r , Behnke , and the p r e s e n t vo lume have the a p p e a r a n c e of 
t ex tbooks (though only S p r i n g e r con ta ins e x e r c i s e s ) , whi le the o the r 
w o r k s a r e a d d r e s s e d r a t h e r to s p e c i a l i s t s only. The n e c e s s a r y topology, 
g roup t h e o r y , and Hi lbe r t space theory a r e a l l developed f rom the 
beginning . An ou t s t and ing fea tu re i s the ca re fu l s e p a r a t i o n of topologi ­
ca l , c o n f o r m a i , and m e t r i c a s p e c t s of the t h e o r y , which wil l be a p p r e ­
c i a t ed m o s t by t hose r e a d e r s who have t r i e d to d i sen tang le the f i r s t 
t h r e e chap te r s^ in P f luge r in th i s r e s p e c t . The f i r s t c h a p t e r on the 
topology of s u r f a c e s occup ie s m o r e than 100 p a g e s , and in my opinion 
it would be wi l l w o r t h b a s i n g an i n t roduc to ry c o u r s e in topology on th i s 
c h a p t e r a l one . S impl i c i a l homology p r e c e d e s s i ngu l a r homology, and 
happi ly t h e s e concep t s a r e p laced in t h e i r g e o m e t r i c a l context r a t h e r 
than be ing b a s e d on l ine i n t e g r a l s {notwithstanding Weyl ' s and P f luge r ' s 
" u r s p r û n g l i c h e Auf f a s sun g " ). B e s i d e s conta in ing s t a n d a r d m a t e r i a l on 
cove r ing s u r f a c e s and c l a s s i f i ca t ion of po lyhed rons th i s c h a p t e r i s 
r e m a r k a b l e for a de ta i l ed d i s c u s s i o n of the concep t of ideal boundary 
a long the l i n e s of F r e u d e n t h a l 1 s " E n d e n t h e o r i e " . F ina l ly the e x i s t e n c e 
of a t r i a n g u l a t i o n on e v e r y su r face sat isfying the second ax iom of 
countabi l i ty i s shown by pu re ly topologica l m e t h o d s . Cohomology r e ­
m a i n s fo rma l ly undef ined, a l though it i s l a t e r impl ic i t ly u sed . 

Methods u s e d to p rove the ex i s t ence of h a r m o n i c and ana ly t ic 
funct ions and d i f f e ren t i a l s a r e th ree fo ld : P e r r o n 1 s subha rmon ic func­
t i o n s , Weyl ' s o r thogona l p ro j ec t i on in H i l b e r t s p a c e , and S a r i o ' s p r i n ­
c ipa l funct ions . The a l t e r n a t i n g m e t h o d (Nevanlinna 1 s m a i n tool) i s 
r e j e c t e d a s "too t e d i o u s " . 
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In the chapter on c lass i f i cat ion theory use i s made of Parreau 1 s 
methods concerning pos i t ive harmonic functions, a s we l l as of the 
method of ex tremal length and Pfluger' s analytical modules . The tricky 
and spicy e x a m p l e s dev i sed by Japanese and other mathemat ic ians in 
order to differentiate between the var ious 0 - c l a s s e s rece ive careful 
treatment — a very w e l c o m e feature since they are not eas i ly a c c e s s i b l e 
e l s e w h e r e . 

The chapter on differentials contains recent general izat ions of the 
c l a s s i c a l theory to open sur faces , the mos t remarkable of which i s 
Ahlfors 1 extension of Abel1 s theorem. Behnke1 s and Stein' s resu l t s 
are ment ioned, but without proof. The book terminates with the m o s t 
extens ive bibliography of al l the previously mentioned works (more than 
forty pages in smal l print). 

There are a few m i s s i n g topics which I would have l iked to be in­
cluded: Heinz Huber* s definition and propert ies of surfaces with d i scre te 
modular spectrum, h i s general izat ion of the great P i card theorem, some 
notions on qua s i - conformai mappings and Te ichmul ler space , and some 
geometr i c a spec t s of the mapping theory between Riemann surfaces , 
such a s analytic homotopy c l a s s e s . On the last subject, however , we 
have been p r o m i s e d a new publication in the Ergebn i s se s e r i e s by M. 
Heins . 

I noticed v e r y few e r r o r s or m i s p r i n t s ; it i s unfortunate, however , 
that an outstanding art ic le by Alfred Huber (On subharmonic functions 
and differential geometry in the large) i s attributed to Heinz Huber. 

Although in general motivat ion i s careful ly provided,the book 
occas iona l ly suffers from a weakness shared by many advanced text ­
books: a new concept wi l l not be properly understood u n l e s s examples 
not only for the occurrence of the phenomenon in question are presented 
but a l so e x a m p l e s for i t s non-occurrence . Surely a student reading for 
the f irs t t ime the definition of "locally countable space'1 i s eager to have 
an example of space which does not have this property (or at l eas t w i s h e s 
to be told where to find one). 

It i s regrettable that in many un ivers i t i e s the theory of Riemann 
sur faces i s taught m e r e l y as a short appendix to the course in e l e m e n ­
tary c o m p l e x a n a l y s i s , and then often by the s c i s s o r s - a n d - g l u e method 
only. A c o u r s e or s eminar based on the present book would provide the 
advanced student with a beautiful sense of unity between such var ious 
f ie lds a s topology, a lgebra , differential geometry , Hilbert space theory, 
and numerous other a s p e c t s of ana lys i s . 

Heinz G. Helfenste in, Univers i ty of Ottawa 
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