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Abstract
Here it is proved that if Q(x, y, z, , u) is a real indefinite quinary quadratic form of type (4, 1) and
determinant D, then given any real numbers xq, yo, Zo» 7o, 4 there exist integers x, y, z, ¢, u such that
0<QO(x+ xpy +ypz+2zpt+lou+ )< (8|D|)l/5.
All critical forms are also obtained.
1980 Mathematics subject classification (Amer. Math. Soc.): 10 E 20.

1. Introduction

Let Q(x,, x5, ..., x,) be a real indefinite quadratic form in » variables with
signature (r, n — r), 0 < r < n and determinant D # 0. It is known (see Blaney
(1948)) that there exists a real number k, depending upon n and r only, such that
given any real numbers ¢, ¢,, - . ., ¢, the inequality

0<Q(x, + ¢pp X+ Cpy v .. r X, + ¢,) < (x| D))"

has a solution in integers x,, x5, ..., x,. Let ', ,_, denote the infimum of all
such numbers x. Davenport and Heilbronn (1947) proved thatT',, =4.T,, = 4
was proved by Barnes (1961) and T', , = 8 was obtained by Dumir (1967). Dumir
(1968a, b) has also shown that I';;, = 16/3 and T,, = 16. The authors (1980)
proved that I';, = 16. In this paper we prove that 'y, = 8. All the critical forms
are also obtained. More precisely we prove:
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THEOREM. Let Q(x, y, z, t, u) be a real indefinite quinary quadratic form of type
(4, 1) and determinant D (< 0) then given any real numbers xy, yo, Zo, tg, U, there
exist integers X, y, z, t, u such that

(1.1) 0<Q(x + x0y +¥g 2+ 2ps t + 1o, 0 + Up) < (8|D|)l/5.
The sign of equality in (1.1) is necessary if and only if either
(12)  O(x,y,z,t,u) ~pQ, =plxy + 22+ 2 + u* + zt + tu + uz)
or
(1.3) O(x,, z, t, u) ~ pQ, = p(x* + y? + 2% + 1* — 4u?),
where p > 0.
For Q,, the sign of equality in (1.1) is necessary if and only if (xg, yo, Zg, tg, tg)

= (0, 0, 0, 0, 0) (mod 1) while for Q, it is needed if and only if (xg, Yo, Zg Lo, Up) =
1111 1) (mod 1).

22 22 22202

2. Some lemmas

In the course of the proof we shall use the following lemmas:

LeMMA 1. If Q is as in the theorem, there exist integers x,, y,, 2y, t,, u, such that
(2.1) 0 < Q(xp, 1> 21 11, ) < (8D,
The sign of equality in (2.1) is necessary if and only if Q ~ pQ,, p > 0.

This follows from some results of Watson (1968), Jackson (1969) and Op-
penheim (1953a). Also see Watson (1958).

Let @(y, z, t, u) be a real indefinite quaternary quadratic form of type (3, 1)
and determinant D (< 0). We need the following results:

LEMMA 2. Given any real numbers yg, zy, to, u, there exist (y,z,t, u) =
(Vo> 2¢» Ly Ug) (mod 1) siech that
(2.2) lo(y, z, t, w)| < (|D|/3)"/*.

This is a theorem due to Dumir (1967).
LEMMA 3. There exist integers y,, z,, t,, u, such that

(2.3) 0 < @(¥y 23 1y, uy) < (4| D])"*

except when @(y, z, t, u) ~ p@, = p(y2+ yz + 22 + tu) and (¥, 2, t, ) ~ pp,
=p(y*+ 22+ tu), p > 0.
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This is Theorem 2 of Oppenheim (1953b).

LEMMA 4. There exist (y, z, t, u) = (Yo Zg» Lo Ug) (mod 1) such that
(2.4) 0 < —@(», 2, 1, u) < (22|D))"*.

This follows from Theorem 1 of the authors (1980).

LEMMA 5. Let Y(z, t, u) be a real indefinite ternary quadratic form of type (2, 1)
and determinant D (< 0). Then given any real numbers zy, t,, u, there exist
(2, t, u) = (24, to, ug) (mod 1) such that

(2.5) [¥(z, ¢, w)] < (27|D|/100)"/>.

This is a theorem due to Davenport (1948).

LEMMA 6. Let y(z, t, u) be as in Lemma 5. Let ¢ =3, } or 3. Then given any
real numbers zg, ty, u, there exist (z, t, u) = (2, ty, ug) (mod 1) such that

(2.6) —e(AD)'? <Yz, t, ) < (f(c)|D])'/?,
where f(3) = zsl—':,, f3) =35 and f(3) = ;—Z The sign of equality in (2.6) is necessary
if and only if c =% and y ~ pyy, p > O where Y, = z> + 1> — 4u®. For y, the
equality is needed if and only if (zg, to tg) = (3, 3, 3) (mod 1).

For ¢ =% and %, the result follows from a theorem of Dumir (1969). For
¢ =3, it is due to the authors (1979).

LemMMa 7. Let a, B, and d be real numbers with d > 1. Then given any real
number x,, there exists x = x, (mod 1) such that

(2.7) 0<(x+a)-p82<d

provided

< (d—-1?*/4 ifdisan integer,

< [d]2/4 if d is not an integer.
Further strict inequality in (2.8) implies strict inequality in (2.7).

(2.8) ,32{

This is Lemma 6 of Dumir (1968a).

LEMMA 8. Let n be an integer » 1. If d) is an increasing function of d for
d >nandif

2.9) f(dy< (d—1?/4 ford >n+1,
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then forn <d <n + 1,
(2.10) fd) <[d]*/4.

This obvious lemma is useful in many calculations.

3. Proof of the theorem

Let
3.1 m= inf o(x,y, z, t, u).
X, ¥, 2, t, uEZ,
Q(x,y,2z,t,u)>0
By Lemma 1,

0<m< (8D

If m = 0, the result follows from a result of Watson (1960). So we can suppose
that m > 0 in the rest of the paper. Let 0 <¢, <% be a sufficiently small
number. Then we can find integers x,, y,, 2, ¢, %, such that

m 5
Q(x1 y1 2y tyy U) = 1= < (SIDDV ;

where 0 <& <¢ and g.cd. (x, ¥, z}, £}, ¥;) = 1. By a suitable unimodular
transformation we can suppose that

0(1,0,0,0,0) = m/ (1 — ¢)
and write

Q(x,y,z,t,u) = m(1 — e)'l{(x +th+gz+ht+gul+o0yzt, u)},
where |h| <3, |g| <31, |W| <3, |g'| <3 and @(p, 2z, ¢, u) is a real indefinite
quadratic form of type (3, 1) with determinant
(3.2) D(m/ (1 — &) < -%.

Equality in (3.2) occurs if and only if Q ~ pQ, (by Lemma 1). Also by definition
of m, we have, for any integers x,y,z,t, u either Q(x,y,z,t,u) <0 or
Q(x,y, z, t, u) > m. Because of homogeneity it suffices to prove:

THEOREM A. Let Q(x,y, z, t,u) = (x + hy + gz + k't + g'u)*> +

(v, z, t, u), where (v, z, t, u) is a real indefinite quaternary quadratic form of
type (3, 1) and determinant D such that

63  p<-g (p=-gyamdobiyo~0)
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and
1 1 1

! 4 l
(3.4) M<z. lg<y lgl<3,  Wi<3.

Suppose further that for integers x, y, z, t, u we have

(3.9) either Q(x,y,z,t,u) <0 or Q(x,y,z,t,u) > 1 — ¢,
where ¢ (> 0) is sufficiently small. Let
(3.6) d = (8|D))"°.

Then given any real numbers X, Yo Zg tp Yo there exist (x,y,z,t u) =
(Xp Yo 2o tp Ug) (mod 1) satisfying

3.7 0<Q(x,y,2,t,u) < d.

The sign of equality in (3.7) is necessary if and only if Q ~ Q, or Q,. For Q,,
equality occurs if and only if (xg, Yo, Zg» Lo Ug) = (0, 0, 0, 0, 0) (mod 1) while for

QZ it occurs l:fand Onb) lf (xO’ Yo 2o tO’ uO) = (%’ ’;_7 %, %r %) (mOd l)'

3.1. Proof of Theorem A.

LEmMMA 9. If Q(x,y, z,t,u) is as defined in Theorem A, then for integers
¥, z, t, u we have

(3.8) either @(y,z,t,u) <0 or @(y,z,t u)> % - &

This result and its proof is similar to Lemma 4.1 of Dumir (1969).

Lemma 10. If Q= Q,, then (3.7T) is true with strict inequality unless
(Xg» Vo Zo» o Ug) = (0, 0, 0, 0, 0) (mod 1), in which case equality is necessary.

PROOF. Here |D| =1, so thatd = 1.

Case (i). (xgp, yo) Z (0, 0) (mod 1). Suppose without loss of generality that
Xo Z0 (mod 1). Choose (z, t, u) = (2, t;, 4g) (mod 1) arbitrarily, x = x,
(mod 1) such that 0 < |x| <3 and then choose y =y, (mod 1) to satisfy

1
0<xy+22+12+u2+zt+tu+uz<|x|<§<d=1.

Case (ii). (xg, o) = (0, 0) (mod 1). First we deal with the case when (zq, 7y, #g)
Z (0, 0, 0) (mod 1). Without loss of generality we can suppose that z, 2= 0
(mod 1). Choose z =z, (mod 1) such that 0 < |z|] <. Now choose =
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to(mod 1) suchthat 0< |t + z/3| <3 and u =u, (mod 1) such that 0 <
lu+t/2 + z/2| <3.Take x =y = 0. So that
OK<xy+22+0C2+ > +z2t+ tu+ uz
=xp + (2/2+ t/2+ u)’ + 3(t + z/3)*/4 + 22%/3
1 31 2 1 29
ate etz eyt

Now let (xg, Yo, 2gs 2o o) = (0, 0, 0, 0, 0) (mod 1). Then equality is needed in
(3.7) because xy + z2 + t2 + u? + zt + tu + uz takes integral values only.

<

Since from (3.3), d = (8| D|)"/* > 1 and d = 1 if and only if Q ~ Q,, we can
suppose that 4 > 1 in the rest of the paper.

LEMMA 11. Let v, = d — 3 and v, > 0 be a real number satisfying

< (d- 1)2/4 if d is an integer,
(3.9) vy 5 S i

<[d]/4 if d is not an integer.
Suppose that we can find (y, z, t, u) = (yg, Zg, 1o Up) (mod 1) such that
(3'10) -V, <‘P()’, z, t, u) < Y

then for any x,, there exists x = x, (mod 1) satisfying (3.7). Further strict
inequality in (3.10) implies strict inequality in (3.7).

PrOOF. If 0 < @(y, z, ¢, u) < »,, choose x = x, (mod 1) such that
1
|x+hy+gz+h’t+g'u|<§,

so that

1
O<Q(x,y,z,t,u)<vl+z=d.

Strict inequality holds if we have strict inequality in (3.10). If ~r, < @(y, z, ¢, )
< 0, then the result follows from Lemma 7 with a = hy + gz + h’t + g'u and
132 = -@(y, 2, 1, u).

LeEMMA 12. If d > 11, then (3.7) is true with strict inequality.

ProOOF. By Lemma 4, there exist (, z, , #) = (¥, Zg» tp #g) (mod 1) such that

0 < -¢(y, z, 1, u) < (22|D|)"/*
that is

- (11d°/4)"* < @(y, z, t, u) < 0.
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Then the result will follow from Lemma 11, if we have

d—-17%/4 if
(lld5/4)1/4< ( , )/ d > 12,
[4]°/4 if 11 <d < 12.

f(d) = (11d°/4)"/# is an increasing function of d for d > 1. By Lemma 8, it is
enough to verify the above inequality for d > 12. This verification is easy and
we omit the proof.

LeMMA 13. If 4 < d < 11, then again (3.7) is true with strict inequality.

PROOF. By Lemma 2, there exist (y, z, t, ¥) = (¥, Zg, lo Uy) With

lo(y, 2, 8, w)| < (ID|/3)"/* = (d5/24)"/*.

The result will follow from Lemma 11, if we have

G.11) (d5/24)/* < d - %
and

s e |(d—1P/4 ifS<d< 11,
(3.12) (d°/24) /" < {[d]2/4 faod<s

We observe that by Lemma 8, it is enough to verify (3.12) for 5 <d < 11
Verification of these inequalities is easy and is left to the reader.

ReMaRrk. For 1 < d < 4, we shall repeat the procedure of reduction described
in Section 3. We shall use Lemma 3 on the homogeneous minimum of positive
values of quaternary forms of type (3, 1). So we first dispose of the exceptional
forms.

LeMMA 14. If ¢(y, z, t, u) ~ p@, or pp,, 1 < d < 4, p > O,then again (3.7) is
true with strict inequality .

PROOF. Case (i). ¢ ~ pp,. It is enough to consider

¢ =pp, = p(y* +yz + 22 + ).
So that
Q(x,y, 2, t,u)y =(x+ hy +gz+ h't + g’u)2 + o(y? + yz + 22 + tu).
If g0, then by (3.4) we get 0<Q(0,0,0,0,1) =g? <;<1—e This

contradicts (3.5). Therefore g’ = 0. Similarly A’ = 0. Consideration of the values
of Q at the points (0,0, 1, -1, 1) and (0, 1, 0, -1, 1) gives g = k = 0. Therefore
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O(x,y,z, t,u) = x2 + p(y* + yz + z2 + tu) and |D|=3p*/16. Here p =
(16|D|/3)"/* = (2d®/3)"/* < 2d for d < 4.

Subcase (i). (ty, up) Z (0, 0) (mod 1). Without loss of generality we can sup-
pose that 75,2 0 (mod 1). Choose (x,y, z) = (xg, Yo, 2g) (mod 1) arbitrarily,
t =t (mod 1) such that 0 < |¢| <31 and then choose # = u, (mod 1) satisfying

0<x®+p(y*+yz+ 22+ ) < plt] < p/2 <d.

Subcase (ii). (¢, uy) = (0, 0) (mod 1). Take ¢t = u = 0. Choose x = x, (mod 1)
such that |x| <31, z = z, (mod 1) such that |z| <} and y =y, (mod 1) such that
|y + z/2| <3.So that

0< x>+ p(y?+yz + 22 + tu)
= x4 p(y +z/2)* + 3 - pz2/4 + ptu < Tp/16 +% <d.
(It can be easily checked that 7p/4 < 4d — 1, for d < 4.) Therefore (3.7) is
satisfied with strict inequality unless x = 0, y + z/2 =0, z = 0. In this case

change x to 1, then (3.7) is satisfied with strict inequality.
Case (ii). ¢ ~ pg,, p > 0 is similar and is left to the reader.

3.2. Proof of Theorem A continued

From now on we can suppose that 1 <d < 4 and @(y, z, t, u) ~ pp, or pp,,
p > 0. By Lemma 3, there exist integers y,, z,, f,, 4, with g.c.d. (¥, 25, £, 4)) = 1
such that

(3.13) 0<a=@(yy 2y ), u)) < (4|D|)l/4 = (d5/2)1/4'

Also from (3.8) we have a > % — &. By a suitable unimodular transformation we
can suppose that ¢(1, 0, 0, 0) = a. So we can write

o(y,z,t,u) = a{(y + 2+ i+ fu)l + (8, u)},

where

(3.14) % —e<a<(d/2)"*

and Y(z, t, ) is a real indefinite ternary quadratic form of type (2, 1) and
determinant D/a*.

In view of Lemma 11, it is enough to prove that there exist (y, z, t, u) =
(Yo 2g» to» Up) (mod 1) such that

(3.15)  —v/a<(y+fr+ft+ful + Yz t,u) < (4d — 1)/4a,
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where
9
1 if 3 <d <4,
(3.16) v=11 f2<d<3,
1 .
) ifl <d<2.

Let uy=@d ~ 1 — a)/4a and A = (4d — 1 + 4v)/4a. Using (3.14) one can
easily verify that u; > 0 and A > 1.

LEMMA 15. Let p, > O be a real number satisfying
(A= 1*/4+ v/a if \is an integer,
2 [7\]2/4 +r/a if A is not an integer.

Suppose that there exist (z, t, u) = (zq, 1y, ty) (mod 1) such that

3.17) -y <Y(z, 1, u) <

Then we can find y =y, (mod 1) satisfying (3.15). Further strict inequality in
(3.17) implies strict inequality in (3.15).

The proof is similar to that of Lemma 11, so we omit it.

LEMMA 16. If 3 < d < 4, then (3.17) and hence (3.15) holds with strict inequal-
ity. '
PROOF. In this case » =3, so that A = (d + 2)/a.
By Lemma 6, we can find (z, ¢, u) = (z,, t, #,) (mod 1) such that
~(ID1/3a%)"? <¥(z, t,u) < §(|D| /3a%)" = g(d5/24a‘)'/3.
Then (3.17) will hold with strict inequality if we have
8 (15 104, 4)1/3
(3.18) 5(‘1 /24a*)’" < (4d — 1 — a)/4a
and
2 9 ey - .
A-1D/4+ 29 if A is an integer,

24
4

(3.19)  (d%/24a%)'” <

[)\]2/4 + if A is not an integer.

A simple calculation yields the inequality (3.18). So we proceed to verify (3.19).
Letn<A=(d+2/a<n+1,n=1,23,....Then (3.19) will be satisfied if
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we have

(3.20) d’/24 < a(% + nza/4)3 = g(a) (say).

Sincea > (d + 2)/n + 1, we have

g(a) > g((d +2)/ (n + 1)) = (d + 2)(n + 1)*43{9(n + 1) + n*(d + 2)}°.
We shall have (3.20) if

Wd) = d*&%(d +2)/ (n + 1)) > %

For fixed n, h(d) is a decreasing function of d and 4 < 4, therefore
h(d) > h(4) =6 -27-43(n + 1)‘4{3(n +1)+ 2nz}3 > %

because n > 1. This proves (3.20) and hence (3.19).

LemMma 17. If 2 < d < 3, then again (3.17) and hence (3.15) is satisfied with
strict inequality.

PROOF. In this case » = 1, so that A = (3 + 4d)/4a. Let n < (3 + 4d)/4a <

n+1,n=12,....Inview of Lemma 15, it is enough to prove that there exist
(z, t, u) = (zq, ty, ug) (mod 1) such that
(3.21) ~(n’/4 + 1/a) <y(z,t,z) < (4d — 1 — a)/4a.

Case (I). n > 2. By Lemma 5, there exist (z, ¢, u) = (z¢, o, 4p) (mod 1) such
that

[¥(z, 1, w)| < (271D|/100a*)"° = (274°/800a%)""".
Then (3.21) will hold if we have

(3.22) (274°/800a%)'* < (4d — 1 — a)/4a
and
(3.23) (274°/800a%)'> < n?/4 + 1/a.

We omit the straightforward verification of these inequalities.
Case (II). n =1 that is 1 < (3 + 4d)/4a = A < 2. By Lemma 6, with ¢ =1,
we can find (z, ¢, u) = (2, 1y, 4p) (mod 1) such that

-%(32(15/429(14)‘/ > <Yz, 1, u) < (32d°/429a%)'">.
Then (3.21) will hold if we have
(3.24) (32d%/4294%)'° < (4d — 1 — a)/4a
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and

(3.25) (324°/429a%)"? < 2(n*/4 + 1/a) = (a + 4)/2a.

Since (4d — 1 — a)/4a < (a + 4)/2a for a > 3+ 4d)/8 and d < 4, it is
enough to verify (3.24), which can be easily done.

Lemma 18. If 1 < d < 2, then again (3.17) and hence (3.15) is true.

PRrOOF. In this case » =%, so that A = d/a. Also from (3.13), A = d/a <
8/(3 — 4¢) < 3, on taking ¢ sufficiently small. We distinguish two cases:

Case (i). 2 < A < 3. In this case [A’/4 + »/a = (1 + 4a)/4a. So we have to
prove that there exist (z, ¢, ) = (zy, tg, 4y) (mod 1) such that
(3.26) ~(1+4a)/4a <y(z,t,u) < (4d — 1 — a)/4a.
By Lemma 6, with ¢ =3, there exist (z, t, ¥) = (zq, #y, #o) (mod 1) such that

——21-(32d5 /429a%)'? < Y(z, 1, u) < (32d°/4294%)".

Then (3.26) will hold with strict inequality if

4d-1—-a 1+ 4a
4a > 2a

(32d5/4294%)"" < mm( ) = (4d — 1 — a) /4a.

This will be so if and only if
g(a) = a(d — (1 + a)/4)’ > 32d°/429.
g(a) is an increasing function of a for d/3 < a < d/2, therefore
g(a) > g(d/3) = %d{d — (1 + d/3)/4)® > 32d°/429

if h(d) = (11d — 3)°d~ > 12°- 32/143, which is true for 1 <d < 2.
Case (ii). 1 < A < 2. In this case [A]’/4 + »/a = (1 + a@)/4a. By Lemma 15,
it is enough to prove that there exist (z, ¢, ) = (2, t,, 4,) (mod 1) such that

3.27) -(1+a)/4a <Y(z,t,u) < (4d — 1 — a)/4a.
By Lemma 6, with ¢ =3, there exist (z, #, u) = (2, #o, #,) (mod 1) such that

—%(27IDI /32a%)'* < Wz, 1, u) < (27|D|/32a%)">.

Then (3.27) will follow if we have

(27|D|/32a%)"” = (27d°/2564*)'> < min((4d — 1 — a)/4a, 3(1 + a)/4a).
Now (4d — 1 — a)/4a < 3(1 + a)/4a if and only if d < 1 + a, which is true.
(Strict inequality holds unless d = 2, a = d/2 = 1.) So it is enough to verify that

(3.28) (274°/256a%)"> < (4d — 1 — a)/4a.
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We shall have (3.28) if and only if
(3.29) g(a) = a(d — (1 + a)/4)’ > 27d°/256.

g(a) increases or decreases according as a < d — % ora>d-— % and since

d/2<d—3,d/2 <a<(3d°"4 (3.29) will be true if
min{ g(d/2), g((4°/2)""*)} > 274°/256.
Now g(d/2) = d(1d — 2)*/1024 > 27d°/256 if f(d) = (1d — 2’d~* > 108. f(d)
increases or decreases according as d <3 or d > 2. Therefore
f(d) > min(f(1), f(2)) = f(2) = 108,
and strict inequality holds unless d = 2. The inequality g((d*/2)'/%) >
27d° /256 can be easily verified.

Therefore (3.29) is satisfied with strict inequality unless d =2, a = d/2 = 1.
Hence (3.27) is true. Equality holds in (3.27) only if d = 2, a = 1, and v, z, #,,
ug are such that equality is needed in (2.6).

This completes the proof of Lemma 18.

4. The case of equality

LEMMA 19. For d > 1, the sign of equality in (3.7) is necessary if and only if
Q ~ Q,. For @, it is so if and only if (xo, ¥o, 2o, to, Ug) = (i’ 2 5, 5, 5) (mod 1).

Proor. Equality can hold in (3.7) only if it holds in (3.15). This happens only
if d=2,a=1andy, z, 1, uy are such that equality is necessary in (2.6) (see
Lemma 18). Thus we must have ¢ ~ py;, = p(z2 + > — 4u®), p >0 and
(20t Up) = (3, 5, 2) (mod 1). Then 4p> = |D|/a* = d°/8a* = 4 so thatp = 1.
Therefore (v, z, t, u) = (y + fz + f't + f"u)’ + 22 + 12 — 4u’,

By a suitable unimodular transformation we can suppose that

1 (4 1 ” l
(@1 fl<z. If1<3.  If1<5

Again for equality to occur in (3.15), the following inequality

_%<F(y,z’t’u)=(y+y0+f(z+%)+f(t+ )+f”( ;))2

1\? 1\2 1\2 1 7
+(Z+—2-) +(I+E) —4(u+5) <d—z—z
should not have any solution in integers y, z, ¢, and u. Now
1 _ TN A i P S B
3 <F0.0.00) = (y4p+irf e L) 4 qeg-1<g
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is solvable for integer y unless

4.2) Yo+ f/2+f/2+f"/2 E% (mod 1).

Similarly considering F(y, -1, 0, 0), F(y, 0, -1, 0) and F(y, 0, 0, —1) for equal-
ity to occur we must have

(43) Yo J/2+ F/2+f"/2= 5 (mod 1),
(4.4) Yo+ fI2—f/2+ )2 = % (mod 1),
(4.5) Yo+ /24 f )2 )2 = % (mod 1).

Subtracting (4.3), (4.4) and (4.5) from (4.2) we get
f=f=f"=0(mod 1).
Then from (4.1) we have

1
f=r=f"=0 ys=7 (modl).

Therefore @(y, z, t, u) = y> + 22 + 2 — 4u?, and (Yg, 2o toy Ug) = (3, 3. 3, 3

27 2% 22 2
(mod 1). Hence
Q(x,y,z, buy=(x+ hy + gz + h't + gu)l +y + 22+ 2~ 4
Again if equality is necessary in (3.7), the following inequality

1 1 1 1
0<Q(x+xo,y+§,z+5,t+5,u+5)<d—2

should not have any solution in integers x, y, z, ¢, u. Proceeding as above, one
can see that this is solvable unless

h=g=h =0 (mod 1).
Since [h| <1, g <3, |W| <3,|g| <3 from (3.4), we must have

h=g=Hh=g =0 and on%(modl).

Hence Q(x,y,z,t,u) = x> + y2 + 22 + 1 — 4u? and (x4, Yo 2 oy Up) =

(3, 3, 3, 3, 1) (mod 1). Considering congruences modulo 8, one can see that the

sign of equality is necessary in this case.

The proof of Theorem A follows from Lemmas 10-19, and thus our theorem
is proved.
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