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TOTALLY DISCONNECTED, NILPOTENT,
LOCALLY COMPACT GROUPS

G. WILLIS

It is shown that, if G is a totally disconnected, compactly generated and nilpo-
tent locally compact group, then it has a base of neighbourhoods of the identity
consisting of compact, open, normal subgroups. An example is given showing that
the hypothesis that G be compactly generated is necessary.

It is known that every totally disconnected, locally compact group, G, has a com-
pact, open subgroup, see [2, 4] or [5]. The study of such groups would be greatly
simplified if there always existed a compact, open, normal subgroup in G. However
there are many totally disconnected groups for which that is not the case; the first
example was found by van Danzig, [2]. Work in [6] shows that this example is funda-
mental in the sense that, if G has an element x which does not normalise any compact,
open subgroup, then G has a closed subgroup, containing x, which is very much like
van Dantzig's example.

If G is nilpotent and compactly generated in addition to being totally discon-
nected, then it does have a compact, open, normal subgroup, [3], Theoreme 2, and this
fact has proved useful for the study of the representation theory of nilpotent groups,
[1]. A stronger statement is proved below, where it is shown that such groups have
sufficiently many compact, open, normal subgroups to form a base of neighbourhoods
of the identity. This answers a question of Alan Carey. Also, an example is given of a
totally disconnected, nilpotent (not compactly generated) group which does not have
a compact, open normal subgroup. In the example every element, x, normalises some
compact, open subgroup but the subgroup depends on x.

The proof of the main theorem requires the following result from [6].

LEMMA 1. Let G be a locally compact group, V be a compact, open subgroup of
G and x be in G. Then there is an integer, k, such that, putting U = f] xnVx~n,

we iave
U = K+K- = K-K+,
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where K+ = f) xnUx~n and K- = ft x~nUxn.

This lemma is the first step in the structure theory for totally disconnected groups
described in [6]. Note that, if it should happen that xUx~x = U, then K+ — U = K- .

In general, xK+x-1 D K+ and x~1K-x D K_.

LEMMA 2 . Let G be a nilpotent locally compact group and x be in G. Then

for each compact, open subgroup V of G there is an open subgroup U C V such that

xUx'1 =U.

PROOF: Choose U as in lemma 1. As in lemma 1, let K+ — f| xnUx~n. Then

U = K+K- and xK+x'1 D K+. n>°

Suppose that xK+x'1 \ K+ ^ 0 and choose z\ £ xK+x*1 \ K+. Then x~1z\x 6
K+ and so z% = Z\x~1z^1x E xK+x*1 \ K+. Now define elements ZJ inductively
by ZJ+1 = ZJX~1ZJ1X, j = 1, 2, 3, . . . . Then ZJ G xK+x~l \K+ for every j . In
particular, ZJ ̂  1 for every j , which contradicts the fact that G is nilpotent. Therefore

x-1 = K+.

By a similar argument we also have that xK-x~1 = K- and so

1 = (xK+x-1)(xK.x-1) = K+K_ = U. n

We have then that each element a; of a totally disconnected, nilpotent group G nor-

malises some compact, open subgroup but that subgroup may depend on x. However,

if G is compactly generated, then we can find a subgroup normalised by all elements

of G.

THEOREM . Let G be a compactly generated, totally disconnected, nilpotent group

and let V be a neighbourhood of 1 in G. Then V contains a compact, open, normal

subgroup of G. In other words, G has a base of neighbourhoods of 1 consisting of

compact, open, normal subgroups.

P R O O F : Let

G = G° DG1 D-DGnD Gn+1 - {1}

be the lower central series of G. Let Un be a compact, open subgroup of G contained

in V. Since Gn C Z(G), we have

xUnX-1 - Un, (x£UnU Gn).

We shall construct compact, open subgroups {/;, i = n, n — 1, . . . , 1, 0, such that

Ui-! C Ui and

(1) xUix'1 - Uu (xeUnU G').
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Then UQ will be the desired compact, open subgroup of G contained in V.

Now suppose that Ui satisfying (1) has been found for some i ^ 1. Since G is
compactly generated, G%~x is compactly generated, see [3], and so we may choose z\,

z2, . . . , zp in G*"1 such that {UnZjYj=i covers a generating subset of G ' " 1 . In the
next paragraph a recursive construction is given which yields compact, open subgroups
W0 = Ui,W1,W2l... Wp such that for j = 1 , . . . , p ,

(2) xWjX~l = Wi, ( ^ ^ U G - ' U K , . . . , ZJ }).

Then, since Wp is normalised by every x in Un and by z\, z2, . . . , zv and since
{UnZj}?=1 covers a generating subset of Gl~1, Wp satisfies

xWpX-1 = Wp, (xeUnU G'-1).

Hence we may take Ui-i = Wp.

We now give the construction of the Wj's. Suppose that, for some j , Wj-i

satisfying (2) has been constructed. Since ZJ belongs to Gl~1, we have, for every x in
G and every k, that xz* = ZjXw, where w is in G*. Hence

1 = z$xwWi-1vi-1x-1zrk = z^xWj-1x-1zJk,

Jbecause w belongs to G*, and this last is equal to z^Wj-izJ for every a; in E/nUG'U

{zi,..., ZJ-I} . Hence for every m we have

m

for every x in Un U G* U {zi , . . . , Zj-i}. By the argument of lemma 2 there is an m ^ 0
such that

Jb=O

u n
as well. Therefore there is a group Wj = f| zfWj^Zj satisfying (2). •

t=o
We now give an example of a nilpotent, totally disconnected, locally compact group

which does not have a compact, open, normal subgroup. This example shows that the
hypothesis that G should be compactly generated is necessary.

Let F = (a,b,h : a2 = 1 = b2; ab = ba; h2 - 1; and ha - bh). Then F is an
eight element group such that [F,F] = {l,ab} = Z, which is the centre of F. Hence
F is a nilpotent group.
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Now let G be the set of all functions g : N —> F such that g(n) 6 { l , a} for all

but finitely many values of n. Then G becomes a nilpotent group when equipped with

the coordinatewise product and the sets

U(n,g) = {f £G: f(m) = g{m), m^n; f{m) <E { l , a } , m > n}

form a base of a locally compact, totally disconnected topology on G.

Let H be an open, normal subgroup of G. Then there is an integer n such that H

contains the open subgroup Un = {g £ G : g(m) = 1, m ^ n; g{m) £ { l , a} , m > n}.

Since H is normal, it follows that for each m> n H contains a function g such that
g(m) = b. Hence H cannot be compact and so G contains no compact, open, normal
subgroup. U
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