
BULL. AUSTRAL. MATH. SOC. 20F28

VOL. 31 ( 1 9 8 5 ) , 349-354.

INDECOMPOSABLE 2-GROUPS WITH ALL
AUTOMORPHISMS CENTRAL

M.J, CURRAN

This paper provides examples of indecomposable 2-groups with

non-abelian automorphism groups in which every automorphism is

central.

The papers by Ma I one [4] and the author [/] give examples of non-

abelian p-groups with non-abelian automorphism groups in which every

automorphism is central, and provide background material on the

significance of these results. The groups given in these examples,

however, all have an abelian direct factor and Ma I one questions in [4]

whether there are indecomposable p-groups with the same property. When

p = 2 , the groups numbered 91, 92 and 99 in the Hal I and Senior tables

[3] are indecomposable and the only groups in the tables with all their

automorphisms central. But in each case the full automorphism group is

abelian (see [7]). However, this paper shows that each of these groups can

be generalized to give an indecomposable 2-group with non-abelian auto-

morphism group in which every automorphism is central. The notation used

is standard and that of Gorenstein [2].

Consider the following groups:
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2m 2m 2 2 2m~1

G = (a, b, c, d I a = b = a = a = 1, [a, a] = d, [b, a] = a

[a, d] = 1, (a, b, d) abelian, m > 2) ;

G2 = {a, b, c | a = b = a = 1, [a, b] = a , [b, c] = b2

[a, c] = 1, n > 2} ;

G3 = {a, 6, c | a
2 = bk = c2 = 1 , [a, fc] = a2 , [b, c] = Z>2,

[a, e] = 1, r > s, r > 3, s > 1) .

When m = 2 , n = 2 , r = 3 and s = 1 , the groups G , G , G

become the groups 91, 92, 99 respectively of the Hall and Senior tables,

and as noted above these groups have abelian automorphism groups. When

s = 1 , G becomes the group discussed by Struik [5], and this group, as

the main result of [5] shows, has an abelian automorphism group. Thus, the

proposition below, besides giving the groups promised in the abstract, also

provides a unified proof that these automorphism groups are abelian.

We begin with a lemma, containing some obvious facts about G , G

and G .

LEMMA 1. (i) Z[G^) = (a2, b2, d) ; Z[G^ = (a2, b2, c2) = Z{G^ .

(ii) For 1 5 i S 3 j each G. has an abelian subgroup A. of index

,2
2

2
where A = (a, b, d) ; A~ = (a, b , c ) = /l_.

r/n-1 p»-l p n - l p r - l
(Hi) G'x = (ad , d) ; G'z = {bd , c ) ; G'^ = <a , bd) .

Now wri t ing G for G. and A for A. ( l < t < 3) we summarize

some proper t ies of G .

LEMMA 2. (i) Z{G) = $(£) .

(ii) G' 5 Z(G) .

(Hi) A is a characteristic subgroup of G .

Proof, (i) follows since G/G' has rank 3 and G/Z(G) is an
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elementary" abelian group of order 8 .

(ii) is obvious.

(Hi) A is characteristic since i t is the only abelian subgroup of

index 2 in G . For if B were another such subgroup, then G = AB

implies \G : A\ = \B : A n B\ and so \G : A n B\ = k . But

A n B 5 Z(G) and y e t \G : Z(G)\ = 8 , a c o n t r a d i c t i o n .

PROPOSITION. G = G. ( I 5 t 5 3) is an indedbmposable 2-group with
Is

all automorphisms central. Further, the automorphism groups of G , <?„, G

are abelian when m = 2 , n = 2 , s = 1 respectively, and non-abelian

otherwise.

Proof. G = ( a, b, c> cannot be the direct product of two non-abelian

groups. But if G has an abelian direct factor H say, then

H < Z(G) = $(G) , so H is trivial. Thus G is indecomposable.

Let 6 be an arbitrary automorphism of G which maps the generators

a, b, c of G onto a, b, a respectively. We show each of the elements

a a, b B, a a lies in the centre of G . Thus g g f 2(C) for any

g € G , and so 8 is a central automorphism.

Firstly, note every element in G can be written uniquely in the form

ilk
a be z , for some integers i, j, k with 0 < i, j , It 5 1 and some

s € Z(G) . Since Z(G) is characteristic and a, b, a € G\Z{G) , each of

- - - iik

a, b, a is of the form a be z , where {i, j, k) t (0, 0, 0) . We now

examine the 3 cases. For convenience in this discussion i, j, k, I, t,u

are all integers with 0 5 i , j, k, I, t, u 5 1 , and z , z, , z € Z(G) .

(l) G = G . Since a, b (. A , a characteristic subgroup,

a = a V i f l , b = a
kblzb , where (i, j) * (0, 0) , (k, 1) # (0, 0) .

However u (A) n G' = \<2 / is characteristic in G , so j' = 0 and

Z- = 1 . That is, a = as , 5 = a bz. . Now c I A so e = a £>wes
a b r e

2 -
But a has order 2 , so t = u = 0 and s = 1 . That i s , a = cz

c c
Finally, from a defining relation for G and using the fact that
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G' 5 Z(G) :

m-l m-l , , ... _
a2 = a2 = [5, 5] = [a*Z>, eJ = [ a \ e ] [h , e] = <tad , so k = 0 .

Thus a = az , 5 = fcs, , c = az , where z = 1 .

(2) G = G . As in ( l ) since a , e € /I and tf U) n G' = \a I ,

a = aa z , a = oz . Now b k A , so 5 = a bauz-, . But G' i s

characteristic so t = 0 . That i s , 5 = £>e"j3fe . Finally, from the

defining relations for G and using the fact that G' < Z(G) :

b [a J = 5 = [ 5 , e ] = ]ba , a] = [b, a] = b , so M = 0 ;

on-l M-l . . n - 1 n - 1 .
c = 52 = [5, 5] = [aC

J, fcj = [a, b]\a3, b] = c2 [b2 ) J ,

s o 3 = 0 .

Thus 5 = az , 5 = 2?s, , a = ozo .

a = a a z , 5 = a c

where ( £ , j ) t ( 0 , 0) , (fc, I) t ( 0 , 0) . However, a has o r d e r 2

(3) G = G . As in ( l ) since a, a (. A , a = a a z , a = a a z ,
5 a. c

s 2s

and a has order 2 where r > 8 , so i = 1 , k = 0 and 3 = 1 .

That is 5 = ocz , a = az . Now b \ A so 5 = a bcUz, . However b

has order 1* so t = 0 . That is B = ba z, . Finally, from the defining

relations for G and using the fact that G' £ Z(G) :

2
r -1 - 2 r X

I, 5] = \ac , bo j = [a , i>]["e , £>] =

so ,7 = 0 ;

= [6 , c] = [fee", CJ = [5, 5] =

s 2 if M = 0 ,

2 2
c z* if u = 1 ,
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so u = 0 and z, = 1 . Thus S = az , 5 = £>2, , e = ez where

2 2S

Thus in each case all automorphisms are central. Further, each of the

possibilities listed above for a, B, a occur as the image of an

automorphism of G . For a, 5, a satisfy the same relations as a, b, a

and G = <a, b, c> = (az , bz-,, cz , z , z,, z ) = <a,5,e> , since

Z{G) < $(G) . In particular, suppose m > 2 in G , n > 2 in (?„ and

s > 1 in G . Then let 0. (l < i « 3) be the automorphisms which map

2 —1 2
a to ab In G , b to b in G , a to ae in G

respectively, and let î . (l 2 i 5 3) be the automorphisms which map b
Is

2 2 2P"S

to ba in G , a to ab in G , e to ca in G

respectively (where all other generators are fixed by these automorphisms).

Now an easy calculation shows 6.IJJ. t i>-Q. , for 1 5 i 5 3 , so Aut G.

is non-abelian.

Finally, let m = 2 in G , let n = 2 in G and let 9 be an

arbitrary (central) automorphism of G = G. (1 s i S 2) as listed above.

2 2 2
Then a , b , c are fixed by 9 since Z{G) has exponent 2 , and

d € G' is also fixed. Thus 9 fixes Z(G) and so 02 = 1 , that is

Aut G is (elementary) abelian. If s = 1 in G , then any (central)

automorphism 9 of G as listed above is of form a = a g

(0 5 j £ 2r~1-l) , bQ = Z><7fa , e
9 = ogc , where ? a, gb, gQ € G^ and are

fixed by any automorphism of G . Clearly any two automorphisms of this

form commute so Aut G is abelian.
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