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Abstract  In this paper we examine periodic problems driven by the scalar p-Laplacian. Using non-
smooth critical-point theory and a recent multiplicity result based on local linking (the original smooth
version is due to Brezis and Nirenberg), we prove three multiplicity results, the third for semilinear
problems with resonance at zero. We also study a quasilinear periodic eigenvalue problem with the
parameter near resonance. We prove the existence of three distinct solutions, extending in this way a
semilinear and smooth result of Mawhin and Schmitt.
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1. Introduction

Recently, there has been increasing interest in scalar periodic problems driven by the one-
dimensional p-Laplacian. We refer to the works of Del Pino, Manasevich and Murua [7],
Fabry and Fayyad [8], Guo [10] and Dang and Oppenheimer [6]. In all these works the
approach is degree theoretical and they establish the existence of one solution. Only
Del Pino, Manasevich and Murua [7] examine the problem of existence of multiple peri-
odic solutions. Their approach uses degree theory and assumes that the right-hand side
nonlinearity f(¢,¢) is jointly continuous in ¢t € T' = [0,b] and ¢ € R. Their conditions on
f also require that asymptotically there is no interaction between the nonlinearity and
the Fucik spectrum of the one-dimensional p-Laplacian. The study of problems with non-
smooth potential is lagging behind: there are only the works of Adly and Goeleven [2]
(semilinear problems, i.e. p = 2) and of Gasiniski and Papageorgiou [9] (problems with
the p-Laplacian). In both of these papers the approach is variational and is based on the
non-smooth critical-point theory of Chang [4] and its extensions due to Kourogenis and
Papageorgiou [13]. In Gasinski and Papageorgiou [9] the authors prove the existence of
three distinct periodic solutions.
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In this paper, for this problem, we prove three multiplicity theorems, the third concern-
ing semilinear problems (i.e. p = 2). These results use a recent non-smooth extension—
due to Kourogenis, Kandilakis and Papageorgiou [14]—of a local linking theorem of
Brezis and Nirenberg [3]. In the last section we consider a nonlinear periodic eigenvalue
problem driven by the p-Laplacian and for A approaching zero from below, we show that
the problem has at least three distinct solutions. Our result partly extends Theorem 4 of
Mawhin and Schmitt [17], where the problem is semilinear (i.e. p = 2) and the potential
function is C*.

The problem under consideration is the following:

—(|2'(t)[P22'(t))" € 9j(t,x(t)) for almost all t € T = [0, b],
z(0) =z(b), 2'(0)=42'(b), 1<p<oo.

Here 0j(t, ) stands for the Clarke subdifferential of the locally Lipschitz (not necessarily
smooth) potential function j(t, ).

2. Mathematical background

As we have already mentioned our approach will be variational and will be based on
the non-smooth critical-point theory of Chang [4]. The theory of Chang [4] uses the
subdifferential theory of Clarke [5] for locally Lipschitz functions. For the convenience of
the reader we present below the main aspects of this theory that we shall need. Details
can be found in the book by Clarke [5].

Let X be a Banach space and X* its topological dual. By (-,-)x we denote the
duality brackets for the pair (X, X*). A function ¢ : X — R is said to be locally
Lipschitz if, for every bounded open set U C X, we can find ky > 0 such that
lo(x) — ¢(y)| < kullz — yl|x for all x,y € U. Recall that if ¢: X - R LRy {400}
is proper (i.e. dom1 d {z € X :¢(z) < +o0} # (), convex and lower semicontinuous
(i.e. ¢ € TH(X), see Hu and Papageorgiou [11, p. 341]), then 4 is locally Lipschitz in the
interior of its effective domain dom . So if X is finite dimensional, a convex R-valued
function is locally Lipschitz.

Given a locally Lipschitz function ¢ : X — R, we define the generalized directional
derivative ©°(z;h) of ¢ at x € X in the direction h € X, by

(b)) % lim sup Py +th) —oly)

y—x t

t\0
It is easy to see that X 3 h + ¢°(z;h) € R is sublinear, continuous and so by the Hahn—
Banach Theorem, ¢°(x;-) is the support function of a non-empty, weak*-compact and
convex set Op(x) defined by

Op(x) el {z* € X*: (x* h)x < ¢°(x;h) Vh € X}.

The multifunction 9y : X — 2%\ {0} is known as the Clarke or generalized subdiffer-
ential of p. This multifunction has a graph

Gr dp o {(z,2") € X x X : 2" € Dp(x)},
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which is sequentially closed in X x X}.. Here by X’. we denote the Banach space
X* furnished with the weak®-topology. So if z,, = z in X, z} — z* weakly* in X*
and ) € Op(x,) for all n > 1, then z* € dp(x). If ¢,1 : X — R are both locally Lips-
chitz functionals, then 0(¢ + ¢)(x) C dp(x) + 0Y(z) and I(tp)(x) = to(x) for all z € X
and all ¢t € R. If in addition ¢ is convex, then the subdifferential ¢ coincides with the
subdifferential in the sense of convex analysis (see Hu and Papageorgiou [11, p. 267]).
Finally, if ¢ is continuously Gateaux differentiable at x € X (i.e. ¢ € C(X)), then
dplx) = 1¢'(2)}.

Let ¢ : X — R be a locally Lipschitz function. We say that 2 € X is a critical point
of ¢, if 0 € dp(x). Then ¢ d @(x) is a critical value of ¢. It is easy to check that if
x € X is a local extremum (i.e. local maximum or minimum), then z is a critical point,
i.e. 0 € Op(x). It is well known that the smooth critical-point theory uses a compactness
condition, known as the Palais—Smale condition. In the present non-smooth setting, this
condition takes the following form.

A locally Lipschitz function ¢ : X — R satisfies the non-smooth Palais—Smale
condition, if any sequence {Z,}n>1 C X such that {¢(z,)}n>1 is bounded
and m(z,) = 0 as n = +o0o (where m(z,) a inf{||z*||« : z* € 9p(x,)}) has
a strongly convergent subsequence.

If ¢ € CY(X), then because d¢(z) = {¢'(x)} for all x € X, we see that the notion
of the non-smooth Palais—-Smale condition coincides with the classical one (see Mawhin
and Willem [18, p. 130]). Using this condition, Chang [4] proved a deformation theorem
and then obtained a non-smooth version of the classical Saddle Point Theorem (for a
more general version see Kourogenis and Papageorgiou [13]).

Theorem 2.1. If
(a) X is a reflexive Banach space, X =Y @V with dimY < +oo;
(b) ¢ : X — R is a locally Lipschitz functional;

(c) there exists R > 0 such that

max{p(y) :y €Y, |ly[x = B} <inf{p(v) v eV}
(d) ¢ satisfies the non-smooth Palais—-Smale condition;
£ . £
(e) co d inf. e p maxyep ¢(v(y)), with D a {yeY :|lyllx < R} and

rL{yec(D;X):y(y) =y for |yllx = R},

then ¢g > inf, ey p(v) and ¢g Is a critical value of .
Moreover, if ¢y = inf,ey @(v), then there exists a critical point x € V of ¢ with

co = ().
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The next result is a non-smooth generalization of the local linking theorem of Brezis
and Nirenberg [3] and it is due to Kourogenis, Kandilakis and Papageorgiou [14].

Theorem 2.2. If
(a) X is a reflexive Banach space, X =Y @V with dimY < +oo;
(

b) ¢ : X — R is a locally Lipschitz functional which is bounded below;

d) ¢(0) =0 and infzex p(z) < 0;

)
)
(¢c) ¢ satisfies the non-smooth Palais—Smale condition;
(d)
) there exists r > 0 such that

(e

ifx €Y and ||z|x

o(x) <
ifx eV and |z||x <y

< T,
plz) >

0
0
then o has at least two non-trivial critical points.

Remark 2.3. Actually the result of Kourogenis, Kandilakis and Papageorgiou [14] is
more general than the above theorem, since it assumes that ¢ satisfies the non-smooth
Cerami condition (see Kourogenis, Kandilakis and Papageorgiou [14]). Even when spe-
cialized to the non-smooth setting (i.e. ¢ € C*(X)), this is a slight improvement of the
original result of Brezis and Nirenberg [3].

By an eigenvalue A of the minus scalar p-Laplacian x — —(|2’|P~22')" with b-periodic
boundary condition, we mean a A € R such that the problem
—(|2’@®)|P22' (t))" = Mz(t)|P"2x(t) for almost all t € T = [0, b], (EP)
z(0) =x(b),  2'(0) =2'(b),
has a non-trivial solution z, called the eigenfunction corresponding to A. Let S(p) be the

set of these eigenvalues. Evidently, 0 € S(p), i.e. S(p) # 0. A direct integration of (EP)
gives that S(p) consists of the sequence

~(2nm, ¥ (p— 1) (nw)P
w0 = (552) = Gt

where

ar 2m df e [ -1/ \p_ /P
= — d =2(p—1)"P 1—¢P P—9%p—1)"/P—~——
w b an Tp (p ) /0 ( ) (p ) psm(ﬂ/p)

Each eigenvalue is non-negative and 0 is the smallest one (see Mawhin [16]). In what
follows we will need the following function space:

whe(r) & {z e WhP(T) : 2(0) = z(b)}.
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3. Multiplicity results

The problem under consideration is

(HVI)

—(|2'(t)[P~22" (t))" € Dj(t, x(t)) for almost all t € T = [0, b],}
z(0) ==(b),  2(0) =2'(b),

where 1 < p < oo. Here by j(t,{) we denote a function which is locally Lip-
schitz in the ¢ € R-variable and 9j(¢,() is the subdifferential in the sense of Clarke
(see §2). If j(¢,() :foc f(t,r)dr and f(t,-) is continuous, then j(¢,-) € C*(R) and
9j(t,¢) = {je(t, O}

For the first multiplicity result our assumptions on the non-smooth potential j(¢, ()
are as follows.

(H(j)1)- j: T x R+— R is a functional such that
(i) for all ¢ € R, the function T 3 t — j(¢,() € R is measurable;

(ii) for almost all ¢ € T, the function R 3 ¢ — j(¢,{) € R is locally Lipschitz and
J(t,0) = 0;

(iii) for almost all t € T', all ¢ € R and all u € 9j(t, () we have
Jul < alt) + ()¢,
with a,c € L (T), where 1 < r < +oo and (1/7) + (1/r') = 1;
(iv) lmsupj¢|_400(pi(t, €)/ICIP) < 0 uniformly for almost all ¢ € T'; and

(v) there exist p1 > 0 and 0 < p < (1/bP), such that for almost all t € T and all
1c1 < pr we have 0 < pj(t,¢) < plcP.

Theorem 3.1. If hypotheses H(j)1 hold, then problem (HVI) has at least two distinct
non-trivial solutions.

Proof. By virtue of hypothesis H(j); (iv), we can find 8 > 0 and M7 > 1 such that
for almost all t € T and all |¢| > M; we have

J(t,¢) < =(B/p)I¢IP-

On the other hand, from the mean value theorem of Lebourg [15] (see also Clarke [5,
p. 41]) and hypotheses H(j); (ii), (iii), for almost all ¢ € T" and all ¢ € R we have that

3, Ol < ax(t) + e (B)IC]”,

with a; € L' (T) 4, ¢; € L™ (T) 4. So for almost all t € T and all |¢| < M; we have

(¢t Q) < ax(t),
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with as € L(T). Thus, finally, for almost all t € T and all ¢ € R, we can write that

J(t,¢) < =(B/p)ICIP + as(t)
with a3 € LY(T). Let ¢ € WXP(T) — R be defined by

per

df 1., p_ b .
o() & I /0 it (b)) dt.

We know that ¢ is locally Lipschitz (see Chang [4] or Hu and Papageorgiou [12, p. 313]).
Also, for x € WLP(T), we know that

per

1 b 1 s
o) = I~ [ it a0)de > Sy + Ol - o
p 0 p p

1
Z 5 min{1, S}([l2[I} + [|z]I}) — B

with (7 > 0. From this inequality it follows that ¢ is coercive. Therefore, ¢ is
bounded below. Also it satisfies the non-smooth Palais—Smale condition. Indeed let
{@n}nz1 € WLE(T) be a sequence such that |¢(z,,)| < Ms for alln > 1 with some My > 0

per
and m(z,) — 0. Since ¢ is coercive and the sequence {¢(z,)}n>1 is bounded, it also
follows that the sequence {2y }n>1 € W)E(T) is bounded and so, by passing to a sub-
sequence if necessary, we may assume that z,, = x weakly in Wgéf (T) and =, — z in

C(T) (from the compactness of the embedding WE(T) C C(T)). Also let z}, € dp(xy),

n = 1, be such that m(z,) = ||z%|.. The existence of such elements follows from the
weak compactness of sets dp(z,) € W, 2(T) and the weak lower semicontinuity of the

norm functional in Banach space. We have

xy = A(zyn) — up,

with A : WLP(T) — WLP(T)* being the operator defined by

per per
b
(Az),y) = / 2" (6)[P~22 (t)y' (1) At Y,y € Wek(T)
0
and
Un € Sy EAv € L (T) s v(t) € Bj(t, 24()) ace. on T}

We know that A is monotone, demicontinuous, hence maximal monotone (see Hu and
Papageorgiou [11, p. 309]). From the choice of the sequence {zy, }n>1 C WS;}?(T), we have
that

b
(), 2n — ) — / n(E)(in — 2)(8) At < 2lln — 2]

and so
limsup(A(z,,), z, —z) < 0.

n—-+oo

But A, being maximal monotone, is generalized pseudomonotone (see Hu and Papageor-
giou [11, p. 365]) and so (A(zy,),z,) = (A(z), z), hence ||z),||, = ||#||,- Since =], — =’
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weakly in LP(T) and LP(T') is uniformly convex, it follows that x], — 2’ in L?(T) (the
Kadec-Klee property) and so 2, — x in W:2(T). This proves that ¢ satisfies the non-
smooth Palais—Smale condition.

Next we consider the direct sum decomposition

b
WoA(T)=Ra&V withV d {v € WLe(T): / v(t)dt = 0}.
0

per

First let 7 € R be such that |n| < p;. Then from hypothesis H(j)1 (v) we have that

b
wm:—éjmmaga

Also, if v € V, because of the compactness of the embedding WE(T) € C(T), we can

find 0 < p2 < p1 such that if ||v]|1,, < p2, then |v(t)] < py for all t € T'. So, from hypoth-
esis H(j)1 (v), for every v € V with ||v||1,, < p2 we have that

Loy [0
ww:?wm—Amemw

1 1 "
= —[lv"|Ip —/ Jt o) dt = =[5 = =[v]p.
P <oy p " op

But from the Poincaré-Wirtinger inequality (see Mawhin and Willem [18, p. 8]) we have
that
[vlly < bllollf, < O~ [If = b7 (V'] Vo € V.

Recalling the hypothesis on u (see hypothesis H
we have that

—

7)1 (v)), for all v € V with [|v]|1,, < po

1 7
p(v) = VI - EbPIIU’HZ = —(1 = pb?) |||} > 0.

S

Finally, note that by virtue of hypothesis H(j); (iv) we have that

—~

inf{p(z) : x € WLE(T)} < 0.

per

Therefore, we can apply Theorem 2.2 and produce two distinct non-trivial critical points
Z,T € WLE(T) of o. We have 0 € d(z) and so we can find @ € ng(.,i(.)) such that

A7) = @ (3.1)

For all ¥ € C§°(T) we have

b
(A(z),9) = /O a(t)o(t) dt

and so

b b
/ & ()72 ()9 (1) dt = / ()9t d.
0 0

https://doi.org/10.1017/50013091502000159 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091502000159

236 L. Gasinski and N. S. Papageorgiou

Note that (|#'|P=2%') € WL (T) = (W3 *(T))*, where (1/p) + (1/p') = 1 (see, for
example, Adams [1, p. 50]). So we obtain

(=(lz'[P=22")", 9)o = (,9)o,

where by (-,-)o we denote the duality brackets for the following pair of spaces
(WP (T), WP (T)). Recall that C5°(T) is dense in Wy (T'). So we obtain

(|7 ®)P2F (1)) = a(t) € 9j(t, 2(t)) ae. on T. (3.2)

Hence |Z/(-)[P~2z(-) € W' (T') C C(T). From Green’s identity, for every w € W2E(T)
we have

(A(2), w) + ((|2'[P722"),w) = |2 (B)[P>2 (b)w(b) — |2’ (0)[P~>' (0)w(0),
so from (3.1) and (3.2) we have that

|7 (0)P~27 (0)w(0) = [/ (b)[P~27 (D)w(b)  Vw € Wk(T).

per

Let w € WLP(T) be such that w(0) = w(b) = 1. We obtain

|Z'(0)[P~2%(0) = |2’ (b)|P~22' (b)
and so
7'(0) = 2'(b),

i.e. Z is a solution of (HVI).

Similarly, since 0 € dp(Z) we have that T € W)2(T) is another non-trivial solution

of (HVT). Therefore, (HVI) has at least two distinct non-trivial solutions. O

In the previous theorem, hypothesis H(j); (iv) implies that at +oco there is no inter-
action of the non-smooth potential j with the spectrum of minus the periodic scalar p-
Laplacian (see §2). In the next multiplicity result we allow such interaction (resonance)
at +00. More precisely, our hypotheses on the potential j(t, () are as follows.

(H(j)2). j: T x R+ R is a functional such that
(i) for all ¢ € R, the function T > t — j(¢,¢) € R is measurable;

(ii) for almost all ¢ € T, the function R 3 ¢ — j(¢,{) € R is locally Lipschitz and
j(tv 0) =0;

iii) for almost all ¢t € T, all ¢ € R and all u € 9j(t,{) we have
(iii) ; (¢,
ful < aft) + (I,
with a,c € L" (T), where 1 < 7 < +oo and (1/r) + (1/r') = 1;

(iv) limy¢|s 400 (P (2, ¢)/ICIP) = O uniformly for almost all ¢ € T
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(v) limy¢ 5400 (Cu — pji(t,¢)) = +oo uniformly for almost all ¢ € T" and all u € 9j(t, ();
and

(vi) there exist p; > 0 and 0 < p < (1/bP), such that for almost all ¢ € T and all
|| < p1 we have 0 < pji(t, ¢) < pl¢IP.

Remark 3.2. Consider the potential function

Esin ¢ if ¢ <1,

. af ) p
3t €)= t t
mic = Dier + Lsin1+ 40 i1
r P T
If < (1/b°) and @ € L' (T), with (1/r) + (1/r') = 1 and 1 < r < p, then hypothe-
ses H(j)o are satisfied with p; = 1.

Theorem 3.3. If hypotheses H(j)2 hold, then problem (HVI) has at least two distinct
non-trivial solutions.

Proof. By virtue of hypothesis H(j)2 (v) for a given 8 > 0 we can find Mg > 0 such
that for almost all ¢t € T and all |{| > Mg and all u € 95(t, ) we have

Cu—pj(t,¢) = . (3.3)

From Clarke [5, p. 48], we know that for almost all ¢t € T and all ¢ > 0, the function
¢ (j(t,¢)/CP) is locally Lipschitz and we have

b <J(ta C) ) _ Cpaj(ta C) 7 p<p72<j(t, C)
¢p (2
_ Cp—l (Caj(ta C) B p.](t7 C))
&
_ Caj(t’ C) B pj (t’ C) )

Can

So, from (3.3), for almost all t € T', all { > Mgz and all v € 9(j(¢,¢)/(P) we have
p

CP-‘rl :

v =

Since for t € T\ E, with |E| =0, the function ¢ — (j(¢,¢)/¢P) is locally Lipschitz on
[Mg, +00), it is differentiable at every ¢ € [Mg,+00) \ L(t), with |L(t)| = 0 (here by | - |,
we denote the Lebesgue measure on R). We define

d (j(t¢) .
€o(t,Q) & dc< ¢ ) if ¢ € [Mp, +oo) \ (D),
0 if ¢ € L(¢).

For all t € T\ E and all { € [Mg,+00) \ L(t) we have that {,(¢,¢) € 9(j(t,¢)/¢?) and so

(t.0) >
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Let 1,7 € [Mg,4+00), n < 7. Integrating the above inequality over the interval [n,7], we

obtain o )
i) _gttn) B(1 1
nv v v )
Let 77 — +o00. Because of hypothesis H(j)2 (iv) we obtain
ittn) B
v P
and thus 5
Jt,m) < — v = Mg. (3.4)

Since 8 > 0 was arbitrary, it follows that j(¢,n) = —o0 as n — 400 uniformly for almost

all ¢ € T. In a similar fashion we show that j(t,n7) — —oo as 7 — —oo uniformly for

almost all ¢t € T. Therefore, j(t,{) — —oco as |(| — 400 uniformly for almost all t € T'.
Let ¢ € WLP(T) — R be defined by

per

arly o [
¢@—ﬂwp4ﬂmww.

We will show that ¢ is coercive. For this purpose let us assume that this is not true. Then
we can find a sequence {2, }n>1 € WE(T) such that ||z, |1, = 400 and |p(z,)] < M

for all n > 1, with some M3z > 0. Let y, d (zn/l|znll1,2) for n > 1. By passing to a sub-
sequence if necessary, we may assume that

Yn — y weakly in W;e’f (T)
and
Yy =y in C(T).

We have

o(zn) _ Lo _ ’ J(t (1)) dt < M
||$n||l7p b 0 ||xn||1,p ||55n||1,p

Let us fix any 8 > 0 and let Mg > 0 be as at the beginning of this proof. We have

b . .
0 ||$n||1p {lzn]<Ms} ||ffn|\1p (o >Ms} ||33n||1,p

As in the proof of Theorem 3.1, from hypotheses H(j)2 (ii), (iii) and the mean value
theorem (see Lebourg [15]) for almost all ¢ € T" and all { € R we have

3, Ol < ax(t) + e (B¢
with a; € L1(T), and ¢; € L™ (T),. So for some ay € L'(T), we have

'/{zn<Mﬂ} i x"( ) dt /b az(f) dt — 0,

[

/ xmmnﬁﬁo
{

|zn|=>Mpg} ||‘T’ﬂ||17p
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as n — oo because of hypothesis H(j)2 (iv). So we see that

b -

t, xn(t

/wdt%O as n — +oo.
o llzally,

Passing to the limit as n — 400 in (3.5) and using this convergence, we obtain
Iy, =0, ie.y=neR.

If n = 0, then we have ||y}, |, = 0, hence y;, = 0 in LP(T) and so y, — 0 in WLE(T), a
contradiction since ||yn|l1,, = 1 for all n > 1. Therefore,  # 0. This means that for all
t € T we have |x,(t)] = +00 as n — +o00. We claim that this convergence is uniform in
t € T. Indeed let 6 > 0 be such that § < || (recall that y = n # 0). Since y, — 7 in

C(T), we can find ng > 1 such that

lyn(t) —m| <06 VYn=mng, VteT,

and hence
|yn(t)| Z |77‘ —6d=041 >0.

Since by hypothesis ||z,||1, — +o0, for a given £ > 0, we can find ny > 1 such that
lzpllip = 01 >0 Vn>=ng.

If no a max{ng, ny }, then for all n > ny and all ¢ € T we have that

()] [an®)
> = lyn(t)] =61 >0
B 2 auliy |

and so
|xn (t)] = B167.

Because (1 > 0 was arbitrary and §; > 0, we conclude that |z, (t)] = 400 as n — 400,
uniformly in ¢ € T. But for a given 2 > 0, we can find ns > 1 such that

Jjt,xn(t) < —f2 Yn>=ngandaa. teT

(recall that j(¢,{) — —oo as |(| — +oo uniformly for almost all ¢ € T'). Then from the
choice of the sequence {z }n>1 C W2E(T) for all n > n3 we have

o(zn) < Ms Vn =1,
so, in particular,
b
—/ Jjt,zn(t)dt < Mg VYn>1
0

and thus
B2b < Ms.

Recall that B3 > 0 was arbitrary. So let 83 — 400 to obtain a contradiction. Thus ¢ is
coercive.
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In particular, ¢ is bounded below and satisfies the non-smooth Palais—Smale condition
(see the proof of Theorem 3.1).
As in the proof of Theorem 3.1, we consider the direct sum decomposition

per per

b
Wl.,p(T) =RV withV df {1} c Wl’p(T) : / v(t)dt = 0}-
0

Using hypothesis H(j)2 (vi) as in the proof of Theorem 3.1, we can find ps > 0 such that
©(n) <0 for all n € R with || < p2 and ¢(v) > 0 for all v € V with ||v]|1, < p2. Thus
we can apply Theorem 2.2 and obtain two distinct non-trivial critical points of ¢, about
which as before we can show that they are distinct non-trivial solutions of (HVI). O

For semilinear problems (i.e. with p = 2), exploiting the orthogonality relations, we
can allow near the origin interaction with higher parts of the spectrum of minus the
one-dimensional Laplacian with periodic boundary conditions (resonance at the origin).
So we consider the following particular version of problem (HVI):

—2"(t) € 9j(t,x(t)) for almost all t € T = [0, b]7} (HVT)

z(0) = z(b), 2’ (0) = 2/(b).
We impose the following conditions on the non-smooth potential j(t, ().
(H(j)3)- j: T x R — R is a functional such that
(i) for all ¢ € R, the function T' > t — j(¢,() € R is measurable;

(ii) for almost all ¢ € T, the function R 3 ¢ — j(¢,{) € R is locally Lipschitz and
J(t,0) = 0;

(iii) for almost all t € T', all ( € R and all u € 9j(t, () we have
lul < a(t) +c(t)[C],
with a,c € L*(T)y;

(iv) Hmsupye| 400 (7 (¢ ¢)/¢?) < h(t) uniformly for almost all t € T with h € L'(T') such
that fob h(t)dt < 0; and

(v) there exist p; > 0 and 0 < p < Ag41, such that for almost all ¢ € T and all || < p1
we have

AkC* < 24 (t, Q) < ¢
(recall that A\ = (kw)?, with w = (27/b) for k > 0).

Remark 3.4. Consider the potential function
1

e —Crp+l1--= if ¢ < —1,
e

e if ¢ <1,
h(t)¢2 —C¢In¢?+p—h(t) if¢>1

)&

J(t,¢
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If \p < ot < Mew1, p1 = (1/¥/2), h € LI(T), h(t) < 0, for almost all t € T with strict
inequality on a set of positive measure, then j(t, () satisfies hypotheses H(j)s.

Theorem 3.5. If hypotheses H(j)s hold, then problem (HVT ) has at least two distinct
non-trivial solutions.

Proof. Let ¢ : WL2(T) — R be defined by

per

b
(o) & 112 - / J(tx(t)) dt.

Again we have that ¢ is locally Lipschitz. We claim that ¢ is coercive. As before
we argue by contradiction. Suppose that ¢ is not coercive. We can find a sequence
{2n}n>1 C W)E(T) and My such that ||z, 1,2 — +oo and |p(2,)| < My for all n > 1.

Let y, A (@n/||znll1,2) for n > 1. We may assume that

yn —y weakly in WL2(T),

per

yn —y inC(T).

We have that

b .
gt xn(t My
Ll - / U 2n(f)) g (3.6)

lnllf o ll2nllf s

Recall that by virtue of hypothesis H(j)s (iii) and the Lebourg mean value theorem (see
Lebourg [15]), for almost all ¢ € T and all ¢ € R we have that

5t Ol < an(t) + e ()¢, (3.7)
with a; € LY(T) 4 and ¢; € L*(T)+. So

it za ()] o ar(t)
[E [ ([0

+e(®)lya (1), (3.8)

2
1,2

By the Dunford—Pettis Theorem, we may assume that

w — y(-) weakly in L*(T).
||$n||1,2
For all t € {r € T : y(r) # 0} we have that |z, (t)| = +o00 as n — +o0. Let ¢ > 0 and
let us introduce the set

t,xy, (T
Cple) & {t €T :2n(t) # 0 and W < h(t) +5}.
We set xn(t) = xco, (t). We have x,,(t) — 1 almost everywhere on {y # 0} (see hypothe-
sis H(j)3 (iv)). Also for all n > 1 and almost all ¢ € T we have that

J(t zn(t)) 3t zn (1))
|

||$n||i2 l'n(Z)P |yn(t)|2Xn(t) < (h(t) +5)|yn(t)|2Xn(t)'

Xn(t) =
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Passing to the weak limit in L'({y # 0}) and using [11, Proposition 7.3.9, p. 694], we
obtain

() < (h(t) +e)ly(t)]*  a.e. on {y # 0},

As £ > 0 was arbitrary, we also have
(1) < h()ly(®) a.e. on {y # 0}.
On the other hand, it is clear from (3.8) that
v(t) =0 fora.a. te {y=0}

So, finally,

Y(t) <h(B)y®)]* ae.onT

and so

Y(t) = h(t)ly(t)]* ae. onT,

with h € L'(t), h(t) < h(t) for almost all t € T. Then, from hypothesis H(5)3 (iv) and
by passing to the limit in (3.6) as n — +00, we obtain

b b
1113 < / ROl dt < 3 / R(t)dt <0

y=neR

and so

If ) = 0, then as before we have that y, — 0in W}:2(T), a contradiction, since [|yn |12 = 1
for all n > 1. Hence 1 # 0 and we have

b b
0< / h(t)n* dt < n2/ h(t)dt <0,
0 0

a contradiction. This proves the coercivity of ¢, which in turn implies that ¢ is bounded
below and satisfies the non-smooth Palais—Smale condition (see the proof of Theo-
rem 3.1).

Next let

k )
df | 2mi
w2 {o e Wi ;(wnm s Z). e R},
Let p; > 0 be as in hypothesis H(j)3(v). From the compactness of the embedding
Wr}ef( ) C C(T), we know that we can find p; > 0 such that for all v € Wy, with

[[v]l1.2 < p2, we have
Iolloer) = max v(6)] < 1.
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Using hypothesis H(j)3 (v), for all v € W}, we obtain

b
o) = 315 - [ it o®)de < 301 - Fanlolf <0
0

(the last inequality follows from the fact that (||v’||3/||v]|3) < Ak for all v € Wy (see
Mawhin and Willem [18, p. 156])).
Let w € Wik, Again we can find 0 < p3 < p2 such that if ||wl; 2 < p3, then

— < .
lwlleer r?ea%c\w(t)l <m

So we have
b
p(w) = 1|3 - / it w(t)) dt
—Hwl- [ e [ )
{lw|<p1}

{lw|>p1}
From (3.7), for a given s > 2, we can find ¢y € L*(T)4 such that for almost all ¢t € T
and all |¢| = p1 we have

J(t,¢) < e2(t)[C]°.
Thus from hypothesis H(j)s3 (v) we have

p(w) = 3w'l3 = pllwl3 - Bsllwl 2,
for some B3 > 0. As (||w'[|3/[|w]|3) = Akt1 > p for all w € Wit \ {0}, so
p(w) = Ballwllf 2 — Bsllwlli 2,
for some (B4 > 0. Because s > 2, we can find ps < min{ps, 1} such that
o(w) =0 Ywe Wi with Jw|12 < pa.

Therefore, we can apply Theorem 2.2 and obtain two distinct non-trivial critical points
of ¢. We know (see the proof of Theorem 3.1) that these are two distinct non-trivial
solutions of (HVT'). O

Remark 3.6. As we already mentioned in §1, for ‘smooth’ problems (i.e. j(t,) €
C1(R)) only Del Pino, Manasevich and Murua [7] addressed the problem of multiple
periodic solutions. However, their approach is different and uses the Fuéik spectrum
of the scalar p-Laplacian. Moreover, they assume that the right-hand side nonlinearity
f(t,z) (= 04(t,x)) is continuous in both variables (¢,z) € T x R.

When p = 1, note that the map = — 9, (z) = |z|P~2x is no longer a homeomorphism
on R and the resulting differential operator is highly singular and to our knowledge no
work exists in the literature for this case. One can check that in [6-10,13, 16|, which
deal with the p-Laplacian (or extensions of it), it is assumed that p > 1.
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4. An eigenvalue problem

In this section we consider the following nonlinear periodic eigenvalue problem:

= OP 7 ®) = Ma) (1) € 05t 2(1) @“@tET:”ﬂ} (EP);
2(0)=2(b),  2'(0) =2'(b).

We shall show that problem (EP); has at least three distinct solutions as A — 0~ (a
problem near resonance). This way we give a partial extension to the non-smooth case and
the p-Laplacian of a semilinear smooth result of Mawhin and Schmitt [17, Theorem 4].

Our hypotheses on j(t, () are as follows.

(H(j)4). 7: T xR — R is a functional such that
(i) for all ¢ € R, the function T 3 ¢ + j(¢,¢) € R is measurable and j(-,0) € L*(T);
(ii) for almost all ¢ € T', the function R 3 ¢ — j(¢,¢) € R is locally Lipschitz;

(iii) for almost all ¢t € T', all ¢ € R and all u € 9j(t, ) we have
Jul < a(t) + ()¢,
with a,c € L™ (T), where 1 <r < p and (1/r) + (1/r') = 1;

(iv) limy¢|m 400 (Cu — pj(t, ¢)) = —oo uniformly for almost all £ € T" and all u € 9j(t, ¢);
and

(v) there exist M > 0 and & > 0 such that for almost all t € T, all || > M and all
u € 95(t,¢) we have Cu > €.

Theorem 4.1. If hypotheses H(j)y hold, then there exists A > 0 such that for all
A € [=A,0) problem (EP); has at least three distinct solutions.

Proof. For A < 0, let ¢y : WLP(T) — R be the locally Lipschitz functional defined
by

r 1 A b
oxt@) Xl = 2l - [ stea(o)at.
p p 0

From the mean value theorem of Lebourg [15] and hypotheses H ()4 (ii), (iii), for almost
all t € T and all ¢ € R, we have that

|J(t7§)| < al(t) + Cl(t)‘dT’

with a; € L'(T)4, and ¢; € L" (T). So

WV

pa(r) =2 ca(MzllT, — esllzllt,, — e,

for some c3(N), 3, ¢4 > 0 (recall that A < 0). As r < p so ¢, is coercive. So it is bounded
below and satisfies the non-smooth Palais—-Smale condition.
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Now consider the direct sum decomposition

per

b
WL(T) =RV withV < {v € Wo(T) : / v(t)dt = 0}.
0
Using the Poincaré-Wirtinger inequality (see Mawhin and Willem [18, p. 8]), for all
v € V we have that

1 P >\ P b .
ea(v) = —[lV|If = =lvllp = [ (t,0(t))dt
b p 0

1

> —(1 = AP)IVIIF — 5 — callv'll},

for some c5,cs > 0 and thus ) is coercive on V uniformly for A < 0. So we can find
m > 0 such that
oa(v) = —-m VYA<0, YwelV.

Consider the following two disjoint open sets in W}2(T):

b
vt d {:c e Wk / z(t)dt > 0},
0

b
v- & {x S UAE / 2(t)dt < 0}.
0
Next we will show that there exist £, € R and A < 0 such that
or(£&) < —m YA€ [\,0). (4.1)

First, for a given £ € R we have

A b.
@A(ﬁ)——;ﬁlpb—/o J(t, &) dt.

By virtue of hypothesis H(j)4 (iv), for a given 8 > (pm/b), we can find & > § such that
for almost all t € T, all || > & and all u € 9j(¢, () we have

Cu—pj(t,¢) < =P. (4.2)

Also, by hypothesis H(j)4 (v), we can find A < 0 such that for almost all ¢ € T and all
u € 95(t, &) we have R
A& < o (4.3)

So using (4.2) and (4.3), for all u € 95(¢,&) we have

A b
5(&o) = —;586 —/0 J(t, &) dt

b
<3 [eu-pitgni<-Lo<m
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f

Figure 1.

Therefore, if A € [5\, 0), we have that px(§p) < —m. In a similar fashion we can show that
for all A € [A,0), ¢r(—&) < —m. So we have proved (4.1).
Next let "
’tgi = l[}lif ®N-

Note that by virtue of the coercivity of ¢y, the numbers ¥} are finite and because of
the statement proved above, we see that if A\ € [;\, 0), then ¥ < —m. Moreover, since
¢y satisfies the non-smooth Palais-Smale condition, we can find #} € U* such that
oa(z)) =9} for A e [)0). If 23 € bdU% =V, then ¥} > —m, a contradiction since
A €[\ 0). Soz} € UE and so z} are distinct local minima of @y, hence 0 € dypy () for
A e [)0).

Because |y = —m > ¢ (£&p), we can apply Theorem 2.1 and obtain y, € W2R(T)
such that 0 € 9y (ya) and px(ya) = —m > @x(2}), with A € [A,0). Hence yy # x} and
as in the proof of Theorem 3.1, we can check that z3 and y are solutions of (EP); for
all A € [A,0). 0

We will end this section with a simple example illustrating the applicability of our
result. The example is in the spirit of those of Panagiotopoulos [19], analysed there in
the context of mechanical systems.

First, let us consider the following function f : R — R (we drop t-dependence for
simplicity)

1 if ( <0,
FO L1+ ra¢? if0<C<e, (4.4)
1+raC" ' +1In¢ if e <,

where ¢ > 0 and 1 < r < p (see figure 1).
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Figure 2.

Let j : R — R be defined by 5(¢) df fOC (&) dE (see figure 2). Then

TS =Naer + max{¢,cln¢) i ¢ >0,

Note that j is not differentiable at e. At this point f exhibits a jump discontinuity. Let us
define the multifunction f : R — 2% by ‘filling in the gaps’ at the discontinuity point of f
(see figure 3). From Clarke [5, p. 34], we know that j is locally Lipschitz and 85(¢) = f(¢)
for all ¢ € R.

If we are given the problem

— (&' ()P~ (1)) = A(|lz(t) [P~ 22(t)) = f(x(t)) fora.a. teT =10,0],
z(0) = z(b), 2'(0) = 2/ (b),
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aj<z>Tf(z>

are’ "1+ 21}

are’ "1+ l-‘r

1
e——T
— — } — 7
-1 1 e
—1.1L

Figure 3.

which need not have a solution (due to the discontinuity of f), we replace it with the
multivalued problem

—(|2' () [P722' (t)) = M|z (t)[P~22(t)) € 9j(x(t)) for a.a. t €T =0, b],} (45)
z(0) = z(b), 2'(0) = 2/(b). )

It is easy to verify that j satisfies hypotheses H(j)4 and so, by Theorem 4.1, there exists
A > 0 such that for all A € [—A,0), problem (4.5) admits at least three distinct solutions.
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