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COMPUTABLE REDUCIBILITY OF EQUIVALENCE RELATIONS
AND AN EFFECTIVE JUMP OPERATOR

JOHN D. CLEMENS , SAMUEL COSKEY , AND GIANNI KRAKOFF

Abstract. We introduce the computable FS-jump, an analog of the classical Friedman–Stanley jump
in the context of equivalence relations on the natural numbers. We prove that the computable FS-jump is
proper with respect to computable reducibility. We then study the effect of the computable FS-jump on
computably enumerable equivalence relations (ceers).

§1. Introduction. The backdrop for our study is the notion of computable
reducibility of equivalence relations. If E,F are equivalence relations on N we say
E is computably reducible to F, written E ≤ F , if there exists a computable function
f : N → N such that for all n,n′

n E n′ ⇐⇒ f(n) F f(n′).

This notion was first studied in both [6, 8]; it has recently garnered further study for
instance in [7, 9, 10, 13] and numerous other works including those cited below.

Computable reducibility of equivalence relations may be thought of as a
computable analog to Borel reducibility of equivalence relations on standard Borel
spaces. Here if E,F are equivalence relations on standard Borel spaces X,Y we say
E is Borel reducible to F, writtenE ≤B F , if there exists a Borel functionf : X → Y
such thatx E x′ ⇐⇒ f(x) F f(x′). We refer the reader to [12] for the basic theory
of Borel reducibility.

One of the major goals in the study of computable reducibility is to compare the
relative complexity of classification problems on a countable domain. In this context,
if E ≤ F we say that the classification up to E-equivalence is no harder than the
classification up to F-equivalence. For instance, classically the rank 1 torsion-free
abelian groups (the subgroups of Q) may be classified up to isomorphism by infinite
binary sequences up to almost equality. Since this classification may be carried out
in a way which is computable in the indices, there is a computable reduction from
the isomorphism equivalence relation on c.e. subgroups of Q to the almost equality
equivalence relation on c.e. binary sequences.

A second major goal in this area is to study properties of the hierarchy of
equivalence relations with respect to computable reducibility. The computable
reducibility quasi-order is quite complex: for instance it is shown in [5, Theorem 4.5]
that it is at least as complex as the Turing degree order, and in [1] that its theory is
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COMPUTABLE REDUCIBILITY AND AN EFFECTIVE JUMP OPERATOR 541

equivalent to second order arithmetic. In a portion of this article we will pay special
attention to the sub-hierarchy consisting of just the ceers. An equivalence relation
E on N is called a ceer if it is computably enumerable, as a set of pairs. Ceers were
called positive equivalence relations in [8], subsequently named ceers in [13], and
further studied in works such as [2–4].

As with other complexity hierarchies, it is natural to study operations such as
jumps. One of the most important jumps in Borel complexity theory is the Friedman–
Stanley jump, which is defined as follows. If E is a Borel equivalence relation on the
standard Borel space X, then the Friedman–Stanley jump of E, denoted E+, is the
equivalence relation defined on XN by

x E+ x′ ⇐⇒ {[x(n)]E : n ∈ N} = {[y(n)]E : n ∈ N}.

Friedman and Stanley showed in [11] that the jump is proper, that is, if E is a Borel
equivalence relation, thenE <B E+. Moreover they studied the hierarchy of iterates
of the jump and showed that any Borel equivalence relation induced by an action of
S∞ is Borel reducible to some iterated jump of the identity.

In this article we study a computable analog of the Friedman–Stanley jump, called
the computable FS-jump and denoted E+̇, in which the arbitrary sequences x(n)
are replaced by computable enumerations φe(n). In Section 2 we will give the formal
definition of the computable FS-jump, and establish some of its basic properties.

In Section 3 we show that the computable FS-jump is proper, that is, if E is a
hyperarithmetic equivalence relation, then E < E+̇. We do this by showing that any
hyperarithmetic set is many-one reducible to some iterated jump of the identity, and
establishing rough bounds on the descriptive complexity of these iterated jumps.

In Section 4 we study the effect of the computable FS-jump on ceers. We show
that if E is a ceer with infinitely many classes, then E+̇ is bounded below by the
identity relation Id on N, and above by the equality relation =ce on c.e. sets. This
leads to a natural investigation of the structure that the jump induces on the ceers,
analogous to the study of the structure that the Turing jump induces on the c.e.
degrees. For instance, we may say that a ceer E is high for the computable FS-jump
if E+̇ is computably bireducible with =ce . At the close of the section, we begin to
investigate the question of which ceers are high for the computable FS-jump and
which are not.

In the final section we present several open questions arising from these results.

§2. Basic properties of reducibility and the jump. In this section we fix some
notation, introduce the computable FS-jump, and exposit some of its basic
properties.

In this and future sections, we will typically use the letter e for an element of N
which we think of as an index for a Turing program. We will use φe for the partial
computable function of index e, andWe for the domain of φe .

Definition 2.1. Let E be an equivalence relation on N. The computable FS-jump
of E is the equivalence relation on indices of c.e. subsets of N defined by

e E+̇ e′ ⇐⇒ {[φe(n)]E : n ∈ N} = {[φe′(n)]E : n ∈ N}.
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542 JOHN D. CLEMENS, SAMUEL COSKEY, AND GIANNI KRAKOFF

When E is defined on a countable set other than N (or computable subset thereof)
we define E+̇ similarly, considering ϕe to have its range in the domain of E;
formally we may compose ϕe with a computable bijection from N to the domain
of E. Furthermore we define the iterated jumps E+̇n inductively by E+̇1 = E+̇ and
E+̇(n+1) = (E+̇n)+̇.

We remark that we could also have definedE+̇ by working with domainsWe rather
than ranges ran(φe). While each choice has conveniences, we use Definition 2.1 due
to its analogy with the Friedman–Stanley jump.

We mention here that several other jumps of equivalence relations have been
studied in the case of ceers. The halting jump and saturation jump were introduced
in [13]. The halting jump of E, denoted E ′, is defined by setting x E ′ y iff x =
y ∨ φx(x) ↓E ϕy(y) ↓. The halting jump and its transfinite iterates are investigated
extensively in [3]. The saturation jump of E, denoted E+, is defined on finite subsets
of N where x and y are saturation jump equivalent if their E-saturations are equal
as sets. The saturation jump may be viewed as a finite-sequence version of the
computable FS-jump. As observed in [13] it is not always the case that E < E ′ and
E < E+. It is worth noting that the computable FS-jump dominates the saturation
jump under computable reducibility, and dominates the halting jump for ceers E.

Unless explicitly stated otherwise, any further use of the word “jump” will refer
to the computable FS-jump.

We are now ready to establish some of the basic properties of the computable
FS-jump. In the following, we let Id denote the identity equivalence relation on N. It
is worth noting that, although several of these results are direct analogues of results
in Section 7 of [13], our results apply to an arbitrary equivalence relation E and not
only ceers (unless stated otherwise).

Proposition 2.2. For any equivalence relations E and F on N, we have:

(a) E ≤ E+̇.
(b) If E has only finitely many classes, then E < E+̇.
(c) If E ≤ F then E+̇ ≤ F +̇.

Proof. (a) Let f be a computable function such that for all e we have that φf(e) is
the constant function with value e. (To see that there is such a computable function f,
one can either “write a Turing program” for the machine indexed byf(e) or employ
the s-m-n theorem. In the future we will not comment on the computability of
functions of this nature.) Then e E e′ if and only if [e]E = [e′]E , if and only if
f(e) E+̇ f(e′).

(b) Note that if E has n classes, then E+̇ has 2n classes.
(c) This is similar to [13, Theorem 8.4]. Let f be a computable reduction from

E to F. Let g be a computable function such that φg(e)(n) = f(φe(n)). Then it is
straightforward to verify that g is a computable reduction from E+̇ to F +̇. 	

Slightly less trivially we also note the following.

Proposition 2.3. For any E with infinitely many classes we have Id ≤ E+̇+̇.

Proof. We define a reduction function f that works simultaneously for all
equivalence relations E with infinitely many classes. Given n, let f(n) be a code
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for a machine such that the sequence of sets Si = φf(n)(i) consists of all n-
element subsets of N. Clearly since E+̇+̇ is reflexive we have that n = n′ implies
f(n) E+̇+̇ f(n′). Conversely suppose n 
= n′, and assume without loss of generality
that n < n′. Then for all i ∈ N we have that [φf(n)(i)]E+̇ is a code for at most
n-many E-classes. On the other hand since E has infinitely many classes, there
exists i ∈ N such that [φf(n)(i)]E+̇ is a code for exactly n′-many E-classes. It
follows that {[φf(n)(i)]E+̇ : i ∈ N} 
= {[φf(n′)(i)]E+̇ : i ∈ N}, or in other words,

f(n)���E+̇+̇ f(n′). 	

In the following, we let E ⊕ F denote the equivalence relation defined on N×
{0, 1} by (m, i)(E ⊕ F )(n, j) iff (i = j = 0) ∧ (m E n) or (i = j = 1) ∧ (m F n).
Finally, we let E × F denote the equivalence relation defined on N× N by
(m, n)(E × F )(m′, n′) iff m E m′ ∧ n F n′.

Proposition 2.4. (E ⊕ F )+̇ is computably bireducible with E+̇ × F +̇.

Proof. For the forward reduction, given an index e for a function into N×
{0, 1}, let φe0(n) = m if φe(n) = (m, 0) and let φe1(n) = m if φe(n) = (m, 1); φei
is undefined otherwise. Then the map e → (e0, e1) is a reduction from (E ⊕ F )+̇

to E+̇ × F +̇. For the reverse reduction, given a pair of indices (e0, e1) we define
φe(2n) = (φe0(n), 0) and φe(2n + 1) = (φe1(n), 1). Once again it is easy to verify
(e0, e1) → e is a reduction from E+̇ × F +̇ to (E ⊕ F )+̇. 	

In the next result we will briefly consider the connection between the computable
FS-jump and the restriction of the classical FS-jump to c.e. sets. In the literature,
the nth iterated classical FS-jump of Id is usually denoted Fn. For our purposes it
will be convenient to regard each Fn as an equivalence relation on P(N). Thus we
officially define F1 as the equality relation on P(N). Letting 〈·, ·〉 be the usual pairing
function N2 → N, and let A[n] denote the nth “column” of A, that is, A[n] = {p ∈
N : 〈n, p〉 ∈ A}. We then officially defineA F2 B iff {A[n] : n ∈ N} = {B [n] : n ∈ N}.
Similarly for all n we can officially define Fn on P(N) by means of a fixed uniformly
computable family of bijections between Nn and N. So defined, Fn is naturally Borel
bireducible with the literal nth iterated classical FS-jump of Id.

Next, recall from [7] that for any equivalence relation E on P(N) we can define
its restriction to c.e. sets Ece on N by

e Ece e′ ⇐⇒ We E We′ .

In particular, (F1)ce is =ce , which figures prominently in the theory of computable
reducibility. We are now ready to state the following.

Proposition 2.5. For any n, we have that Id+̇n is computably bireducible with
(Fn)ce .

Proof sketch. For n = 1, we need to show that Id+̇ is computably bireducible
with =ce , which amounts to the effective equivalence of a c.e. set being either the
domain or the range of a partial computable function. Namely, let f and g be
computable functions so that Wf(e) = ran(ϕe) and ran(ϕg(e)) =We ; then f and g
provide the respective reductions. For the induction step, it is sufficient to show
that for any n we have that ((Fn)ce)+̇ is computably bireducible with (Fn+1)ce . For
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notational simplicity, we briefly illustrate this just in the case when n = 1. For
the reduction from ((F1)ce)+̇ to (F2)ce , we define f to be a computable function
such that for all n we have (Wf(e))[n] =Wφe (n). For the reduction from (F2)ce to
((F1)ce)+̇, we define g to be a computable function such that for all n we have
(Wφg(e)

)[n] = (We)[n]. 	

We shall make frequent use of the particular case that Id+̇ is computably
bireducible with =ce .

To conclude the section, we define transfinite iterates of the computable FS-jump.
The transfinite jumps allow one to extend results such as the previous proposition
into the transfinite, and they also play a key role in the next section. For the definition,
recall that Kleene’s O consists of notations for ordinals and is defined as follows:
1 ∈ O is a notation for 0, if a ∈ O is a notation for α then 2a is a notation for α + 1,
and if for all n we have φe(n) is a notation for αn with the notations increasing in O
with respect to n, then 3 · 5e is a notation for supn αn. We refer the reader to [17] for
background on O.

Definition 2.6. We define E+̇a for a ∈ O recursively as follows:

E+̇1 = E,

E+̇2b = (E+̇b)+̇,

E+̇3·5e = {(〈m,x〉, 〈n, y〉) : (m = n) ∧ (x E+̇φe (m) y)}.

We remark that it is straightforward to extend Proposition 2.5 into the transfinite
as follows. Given a notation a ∈ O for α, we may use a to define an equivalence
relation Fa on P(N) which is Borel bireducible with the α-iterated FS-jump Fα .
We then have that Id+̇a is computably bireducible with (Fa)ce . We do not know,
however, whether Id+̇a and Id+̇a′ are computably bireducible when a and a′ are
different notations for the same ordinal.

The following propositions will be used in the next section.

Proposition 2.7. If E+̇ ≤ E then for any a ∈ O we have E+̇a ≤ E.

Proof. We proceed by recursion on a ∈ O. It follows from our hypothesis
together with Proposition 2.2(b) that E has infinitely many classes. By Proposi-
tion 2.3, we have Id ≤ E+̇+̇ and hence Id ≤ E. From this we can see that E × Id ≤
E+̇+̇ as follows. Suppose h : Id ≤ E and define h′ by arranging forWh′(e,n) = {0, 1},
φh′(e,n)(0) = a code for {e}, and φh′(e,n)(1) = a code for {h(n), h(n + 1)}. Since
h(n) and h(n + 1) are distinct for each n, we can distinguish {h(n), h(n + 1)} from
{e} and recover e and n from h′(e, n), so that h′ : E × Id ≤ E+̇+̇. Hence we have
E × Id ≤ E, and we may fix a computable reduction function g : E × Id ≤ E.

Now letf : E+̇ ≤ E and define uniformlyfa : E+̇a ≤ E as follows. Letf1 be the
identity map. Given fa : E+̇a ≤ E apply Proposition 2.2(c) to get f+

a : (E+̇a)+̇ ≤
E+̇, then define f2a = f ◦ f+

a . To define f3·5e it suffices to find a reduction from
E+̇3·5e to E × Id and compose with g; this follows from the fact that we have each
E+̇ϕe (n) uniformly reducible to E by the effectiveness of the recursion. 	

Proposition 2.8. If E × Id ≤ E then for any a ∈ O we have E+̇a × Id ≤ E+̇a .
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Proof. We proceed by recursion ona ∈ O, noting that the induction will produce
the reduction functions effectively from a. Suppose first thatE+̇a × Id ≤ E+̇a . Then
E+̇2a × Id = (E+̇a)+̇ × Id ≤ (E+̇a)+̇ × Id+̇, which is bireducible with (E+̇a ⊕ Id)+̇

by Proposition 2.4. Since the hypothesis implies Id ≤ E, this is reducible to (E+̇a ⊕
E+̇a)+̇, which is reducible to (E+̇a × Id)+̇, and hence reducible to (E+̇a)+̇ = E+̇2a .
For E+̇3·5e , we assume that E+̇ϕe (m) × Id ≤ E+̇ϕe (m) uniformly in m, from which we
see that E+̇3·5e × Id ≤ (E × Id)+̇3·5e ≤ E+̇3·53

. 	
Since a computable bijection from N× N to N shows Id× Id ≤ Id, we get:

Corollary 2.9. For any a ∈ O we have Id+̇a × Id ≤ Id+̇a .

§3. Properness of the jump. In this section we establish the following main result.

Theorem 3.1. If E is a hyperarithmetic equivalence relation on N, then E < E+̇.

Since we have E ≤ E+̇ for each equivalence relation E, this amounts to showing
that no hyperarithmetic equivalence relation is a fixed point of the computable
FS-jump. We will in fact establish the following stronger result.

Theorem 3.2. Let E be an equivalence relation on N which is a fixed point for the
computable FS-jump. Then E is an upper bound in the m-degrees for all hyperarithmetic
sets.

The proof will proceed by showing that iterated jumps of the identity have cofinal
descriptive complexity among hyperarithmetic sets. Specifically, we will show that
every hyperarithmetic set is many-one reducible to Id+̇a for some a ∈ O. The proof
will involve an induction on the hyperarithmetic hierarchy, and we will utilize a
particular type of many-one reduction which we now introduce.

Definition 3.3. Given a relation E on N, we define the relation ⊆E by setting
e ⊆E e′ if the following holds:

∀n[φe(n) ↓ ⇒ ∃m(φe′(m) ↓ ∧φe(n) E φe′(m))].

We write e ⊇E e′ when e′ ⊆E e. Note that when E is an equivalence relation, ⊆E
is a quasi-order and we have e E+̇ e′ iff e ⊆E e′ and e′ ⊆E e.

Definition 3.4. Given a set P and an equivalence relation E, we say that P is
subset-reducible to E+̇ if there is a computable function h and e0 ∈ N so that for
all n we have h(n) ⊆E e0, and P(n) ⇐⇒ h(n) E+̇ e0. We call the pair (h, e0) a
subset-reduction.

If P is subset-reducible to E+̇ then it is clearly many-one reducible; we will show
that every hyperarithmetic set is subset-reducible to some iterated jump of Id. Since
in general P may be many-one reducible to E without Pc being reducible to an
iterated jump of E, we wish to only use “positive” induction steps, i.e., an inductive
construction of the hyperarithmetic sets starting from computable sets and involving
only effective unions and intersections. Also, since we need to uniformly produce
reducing functions throughout the construction of a set, we want to consider the
entire construction at once. To this end we introduce the notion of a computable
Borel code for a hyperarithmetic set. There are many different presentations of
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computable Borel codes, all of which give the same collection of sets; the following
definition is a slight variation of that given in Chapter 27 of [15].

Definition 3.5. A computable Borel code is a pair (T,f) where T is a computable
well-founded tree on N so that t � n ∈ T for all n for non-terminal nodes t, and f
is a computable function from the terminal nodes of T to N. Given a computable
Borel code (T,f), the set B(T,f) is defined by recursion on t ∈ T as follows. If t
is a terminal node, then Bt(T,f) = ranφf(t), and if t is not a terminal node, then
Bt(T,f) = {n : ∀p∃q(n ∈ Bt�〈p,q〉(T,f))}. We let B(T,f) = B∅(T,f).

The following characterization then follows from the fact that a set is hyperarith-
metic if and only if it is Δ1

1, together with the Kleene Separation Theorem and the
hyperarithmetic codes used in its proof (see, e.g., [17, Chapter II] and [15, Theorem
27.1]).

Theorem 3.6. A set B is hyperarithmetic if and only if there is a computable Borel
code (T,f) such that B = B(T,f).

From this characterization, we see that it will suffice to consider three types of
inductive steps as described in Lemmas 3.8–3.10. We begin by considering the case
of a Σ0

3 set because it allows us to produce slightly better complexity bounds, as
discussed later in this section, and introduces key ideas used in the subsequent
proofs.

In the following, we will say that e is an index for an enumeration of the c.e.
set W if ranφe =W . We will repeatedly utilize the fact that we can effectively
enumerate theE+̇-classes of the c.e. supersets of a given set, i.e., {[e]E+̇ : e ⊇E e0} =
{[Wi ∪ e0]E+̇ : i ∈ N}, where we useWi ∪ e0 to denote an index for an enumeration
of ranφe0 ∪Wi . The analogous statement with ⊆E replacing ⊇E does not hold, as
illustrated in Proposition 3.12, which is why we repeat this process twice to handle
existential quantification. Recall that =ce is computably bireducible with Id+̇.

Lemma 3.7. Let P be Σ0
3. Then P is subset-reducible to (=ce)+̇.

Proof. Choose i0 with P(n) ⇐⇒ ∃q∀m φi0 (〈q,m, n〉) ↓, so that

P(n) ⇐⇒ ∃q {〈q,m, n〉 : m ∈ N} ⊂Wi0 .
LettingWg(q,n) =Wi0 ∪ {〈q,m, n〉 : m ∈ N}, we then have

P(n) ⇐⇒ ∃q Wg(q,n) =Wi0 ,

withWg(q,n) ⊃Wi0 for all q and n. Then

P(n) ⇐⇒ ∃q {Wi ∪Wg(q,n) : i ∈ N} = {Wi ∪Wi0 : i ∈ N},
with {Wi ∪Wg(q,n) : i ∈ N} ⊂ {Wi ∪Wi0 : i ∈ N} for all q and n. Hence

P(n) ⇐⇒ {Wi ∪Wg(q,n) : i ∈ N ∧ q ∈ N} = {Wi ∪Wi0 : i ∈ N},
with {Wi ∪Wg(q,n) : i ∈ N ∧ q ∈ N} ⊂ {Wi ∪Wi0 : i ∈ N} for all q and n, and
equality holding only when there is q withWg(q,n) =Wi0 .

Let h(n) be such that φh(n)(〈i, q〉) is an index for an enumeration ofWi ∪Wg(q,n)
and let e0 be such that φe0(i) is an index for an enumeration ofWi ∪Wi0 . Then we

have P(n) ⇐⇒ h(n) (=ce)+̇
e0, with h(n) ⊆=ce e0 for all n. 	
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Lemma 3.8. Suppose Q is subset-reducible to E+̇, and P(n) ⇐⇒ ∃q Q(〈q, n〉).
Then P is subset-reducible to E+̇+̇+̇. Moreover, there are computable functions Ψ
and � so that if (φi , d0) is a subset-reduction from Q to E+̇, then (φΨ(i), �(d0)) is a
subset-reduction from P to E+̇+̇+̇.

Proof. Let (f, d0) be a subset-reduction from Q to E+̇. We then have

P(n) ⇐⇒ ∃q Q(〈q, n〉)
⇐⇒ ∃q f(〈q, n〉) E+̇ d0

⇐⇒ ∃q {[m]E : m ∈ ranφf(〈q,n〉)} = {[m]E : m ∈ ranφd0}
⇐⇒ ∃q {[e]E+̇ : e ⊇E f(〈q, n〉)} = {[e]E+̇ : e ⊇E d0},

with {[e]E+̇ : e ⊇E f(〈q, n〉)} ⊃ {[e]E+̇ : e ⊇E d0} for all q and n. Let j be such that
φj(n,q)(i) is an index for an enumeration of Wi ∪ ranφf(〈q,n〉) for each n, q, and i,
and let j0 be such that φj0(i) is an index for an enumeration of Wi ∪ ranφd0 for
each i. Then we have

P(n) ⇐⇒ ∃q j(n, q) E+̇+̇ j0,

with j(n, q) ⊇E+̇ j0 for all n and q. Hence

P(n) ⇐⇒ ∃q {[e]E+̇+̇ : e ⊇E+̇ j(n, q)} = {[e]E+̇+̇ : e ⊇E+̇ j0},
with {[e]E+̇+̇ : e ⊇E+̇ j(n, q)} ⊂ {[e]E+̇+̇ : e ⊇E+̇ j0} for all n and q. Hence we also
have {[e]E+̇+̇ : ∃q e ⊇E+̇ j(n, q)} ⊂ {[e]E+̇+̇ : e ⊇E+̇ j0} for all n, and we claim that

P(n) ⇐⇒ {[e]E+̇+̇ : ∃q e ⊇E+̇ j(n, q)} = {[e]E+̇+̇ : e ⊇E+̇ j0}.
To see this, note if equality holds then [j0]E+̇ must be an element of the left-hand
set, so there must be q0 with j0 ⊇E+̇ j(n, q0). Since j(n, q) ⊇E+̇ j0 for all q, we thus
have j(n, q0) E+̇+̇ j0, so that P(n) holds.

Finally, let h be such that φh(n)(〈i, q〉) is an index for an enumeration of
Wi ∪ ranφj(n,q) for each n, q, and i, and let e0 be such that φe0(i) is an index
for an enumeration of Wi ∪ ranφj0 for each i. Then h(n) ⊆E+̇+̇ e0 for each n, and
P(n) ⇐⇒ h(n) E+̇+̇+̇ e0, so that (h, e0) is a subset-reduction of P to E+̇+̇+̇. The
construction from h and e0 is uniform in f and d0, so we can produce the functions
Ψ and � as described. 	

Lemma 3.9. Suppose E × Id ≤ E, Q is subset-reducible to E+̇, and P(n) ⇐⇒
∀pQ(〈p, n〉). Then P is subset-reducible to E+̇. Moreover, there are computable
functions Ψ and � so that if (φi , d0) is a subset-reduction from Q to E+̇, then
(φΨ(i), �(d0)) is a subset-reduction from P to E+̇.

Proof. Let (f, d0) be a subset-reduction from Q to E+̇, and let g be a reduction
from E × Id to E. Define h so that h(n) is an index for an enumeration of {g(m,p) :
m ∈ ranφf(〈p,n〉) ∧ p ∈ N} and let e0 be an index for an enumeration of {g(m,p) :
m ∈ ranφd0 ∧ p ∈ N}. For all n and p we have f(〈p, n〉) ⊆E d0, so that h(n) ⊆E e0,
and for all n we have

P(n) ⇐⇒ ∀p Q(〈p, n〉)
⇐⇒ ∀p f(〈p, n〉) E+̇ d0
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⇐⇒ ∀p {[m]E : m ∈ ranφf(〈p,n〉)} = {[m]E : m ∈ ranφd0}
⇐⇒ {[(m,p)]E×Id : m ∈ ranφf(〈p,n〉) ∧ p ∈ N} =

{[(m,p)]E×Id : m ∈ ranφd0}
⇐⇒ {[g(m,p)]E : m ∈ ranφf(〈p,n〉) ∧ p ∈ N} =

{[g(m,p)]E : m ∈ ranφd0 ∧ p ∈ N}
⇐⇒ h(n) E+̇ e0,

so that (h, e0) is a subset-reduction from P to E+̇. The construction of h and e0 is
uniform, so we can produce the functions Ψ and � as described. 	

Lemma 3.10. Suppose a = 3 · 5e ∈ O, and for each n we have that (hn, en) is a
subset-reduction from A[n] = {p ∈ N : 〈n, p〉 ∈ A} to (E+̇φe (n))+̇, with the sequences
〈hn〉n∈N and 〈en〉n∈N computable. Then A is subset-reducible to (E+̇a)+̇. Moreover,
there are computable functions Ψ and � so that (Ψ(〈hn〉n∈N), �(〈en〉n∈N)) provides the
subset-reduction.

Proof. Define h so that for each n and p, h(〈n, p〉) is an index for an enumeration
of {〈n, q〉 : q ∈ ranφhn(p)} ∪ {〈m, q〉 : q ∈ ranφem ∧m 
= n}, and let e be an index
for an enumeration of {〈m, q〉 : q ∈ ranφem ∧m ∈ N}. Then (h, e) provides the
desired subset-reduction since {〈n, q〉 : q ∈ ranφhn(p)} ⊆E+̇a {〈n, q〉 : q ∈ ranφen}
for all n and p, with {〈n, q〉 : q ∈ ranφhn(p)} (E+̇a)+̇ {〈n, q〉 : q ∈ ranφem} iff p ∈
A[n]. The existence of Ψ and � is clear. 	

We now prove the key result for establishing properness of the jump.

Theorem 3.11. For each hyperarithmetic set B there is a ∈ O with B ≤m Id+̇a .

Proof. We will show that for each computable Borel code (T,f) there is aT ∈ O
so that B(T,f) ≤m Id+̇aT . For notational convenience we let Bt = Bt(T,f) for
t ∈ T . We will recursively define at ∈ O and let Et = Id+̇at and establish by effective
induction on t ∈ T that Bt is subset-reducible to E+̇

t via (ht, et), with computable
maps t → at , t → ht , and t → et .

For t a terminal node we have Bt = ranφf(t) and we set at = 1 soEt = Id andE+̇
t

is bireducible with =ce . Fix a single et for all terminal t so that ranφet = N, and let
ht(n) be such that ranφht (n) = N if n ∈ ranφf(t) and ranφht (n) = ∅ if n /∈ ranφf(t).
Then (ht, et) is a subset-reduction from Bt to E+̇

t .
Now let t be a non-terminal node, and assume at�〈p,q〉, ht�〈p,q〉, and et�〈p,q〉 have

been defined for all t � 〈p, q〉 ∈ T . Fix a computable pairing function (x, y) →
〈x, y〉 with computable coordinate functions (〈x, y〉)0 = x and (〈x, y〉)1 = y, so
that 〈0, 0〉 = 0. Define Rt so that Rt(〈q, 〈p, n〉〉) ⇐⇒ Bt�〈p,q〉(n), and so that
Bt(n) ⇐⇒ ∀p∃q Rt(〈q, 〈p, n〉〉).

We first adjust ordinal ranks to produce an increasing sequence so that we can
take their supremum in O. Let ãt,0 = at�〈0,0〉 and let

ãt,m+1 = ãt,m +O at�〈(m)0,(m)1〉 +O 2,

where +O is addition in O. Then let ãt = 3 · 5it where φit (m) = ãt,m for all n.
Observe that if � : E ≤ F then the map �̃ : E+̇ ≤ F +̇ as produced in the proof
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of Proposition 2.2(c) will satisfy e ⊆E e′ ⇐⇒ �̃(e) ⊆F �̃(e′). Hence we can
uniformly replace Et�〈p,q〉, et�〈p,q〉, and ht�〈p,q〉 by Id+̇ãt,〈p,q〉 , a corresponding
ẽt�〈p,q〉, and a corresponding map h̃t�〈p,q〉, respectively, while maintaining the
conditions for subset-reductions.

Letting At be such that A(m)
t = Bt�〈(m)0,(m)1〉 for each m, we then can effectively

produce a subset-reduction from At to (Id+̇ãt )+̇ by Lemma 3.10. Since At is
computably isomorphic to Rt in a uniform way, we can do the same for Rt . Letting
St(m) ⇐⇒ ∃q Rt(〈q,m〉), we then uniformly produce a subset-reduction from
St to (Id+̇ãt )+̇+̇+̇ by Lemma 3.8. Recalling that Id+̇a × Id ≤ Id+̇a for all a ∈ O by
Corollary 2.9, we can then apply Lemma 3.9 to effectively obtain a subset reduction
(ht, et) from Bt to (Id+̇ãt )+̇+̇+̇. Letting at = ãt +O 22, this completes the induction
step for t. 	

We are now ready to conclude the proof of Theorem 3.2. Since the hyperarithmetic
sets have no hyperarithmetic upper bound in terms of m-reducibility, this gives the
main theorem of the section, Theorem 3.1, as an immediate corollary.

Proof of Theorem 3.2. Suppose E+̇ ≤ E. By Proposition 2.2(b) we can assume
that E has infinitely many classes. Thus by Proposition 2.3 we have Id ≤ E+̇+̇ ≤ E.
Hence by Proposition 2.7 we have Id+̇a ≤ E+̇a ≤ E for all a ∈ O. But now by
Theorem 3.11, every hyperarithmetic set is m-reducible to Id+̇a for some a ∈ O, and
hence m-reducible to E. 	

The proof of Theorem 3.11 does not give optimal bounds on the number of
iterates of the jump required. With a bit more care, we can show that every Π0

α set is
reducible to Id+̇a for some a ∈ O with |a| = α. We believe that the optimal bound
should be that every Π0

2·α set is reducible to Id+̇a for some a ∈ O with |a| = α.

Lemmas 3.7 and 3.9 show that (=ce)+̇ (and hence Id+̇+̇) is Π0
4-complete, and we can

show by an ad hoc argument that (=ce)+̇+̇ is Π0
6-complete. The difficulty is that our

induction technique requires two iterates of the jump at each step in order to reverse
the direction of set containment twice. We would prefer to use ⊆E rather than ⊇E
throughout, but we do not see how to effectively enumerate c.e. subsets of a given
c.e. set up to E+̇-equivalence, whereas we can enumerate c.e. supersets. The natural
attempt to do this fails as shown in the following example.

Proposition 3.12. There are E and e0 so that {[e]E+̇ : e ⊆E e0} 
= {[Wi ∩ e0]E+̇ :
i ∈ N}, whereWi ∩ e0 denotes an index for an enumeration of ranφe0 ∩Wi .

Proof. Let E be =ce , and letA ⊂ B be c.e. sets withB – A not c.e. Let e0 be such
that

ranφφe0 (j) =

⎧⎪⎨
⎪⎩
{k}, if j = 2k + 1,
{k, k + 1}, if j = 2k + 2,
∅, if j = 0,
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and let e be such that

ranφφe (k) =

⎧⎪⎨
⎪⎩
{k}, if k ∈ B – A,
{k, k + 1}, if k ∈ A,
∅, if k /∈ B.

Then e ⊆E e0 but there is no i with e E+̇ e0 ∩Wi . For if there were, we would have
k ∈ B – A iff ∃x(x ∈Wi ∧ x = φe0(1 + 2k)) so that B – A would be c.e. 	

We have shown that the computable FS-jump of a hyperarithmetic equivalence
relation is always strictly above the relation, so there are no hyperarithmetic fixed
points up to bireducibility. If we consider non-hyperarithmetic equivalence relations
we can find fixed points of the jump.

Definition 3.13. Let ∼=T be the isomorphism relation on computable trees.

Here we can use any reasonable coding of computable trees by natural numbers.
Then ∼=T is a Σ1

1 equivalence relation which is not hyperarithmetic. In [10, Theorem
2] it was shown that ∼=T is Σ1

1 complete for computable reducibility, that is, ∼=T is Σ1
1

and for every Σ1
1 equivalence relation E, E ≤∼=T . We can see that ∼=T is a jump fixed

point, i.e., ∼=+̇
T is computably bireducible with ∼=T . More generally:

Proposition 3.14. Any Σ1
1 or Π1

1 complete equivalence relation E is a jump fixed
point, i.e., E+̇ is computably bireducible with E.

Proof. It suffices to show that E+̇ is Σ1
1 (resp. Π1

1) for any Σ1
1 (resp. Π1

1)
equivalence relation E. This follows immediately from the fact that E+̇ is a
conjunction of E with additional natural number quantifiers. 	

Corollary 3.15.
∼=T is a jump fixed point.

We note that although every hyperarithmetic set is many-one reducible to Id+̇a for
some a ∈ O, we do not know whether every hyperarithmetic equivalence relation E
satisfies E ≤ Id+̇a for some a ∈ O.

§4. Ceers and the jump. Recall from the introduction that E is called a ceer if
it is a computably enumerable equivalence relation. In this section, we study the
relationship between the computable FS-jump and the ceers.

We begin with the following upper bound on the complexity of the computable
FS-jump of a ceer. In the statement, recall that if E is an equivalence relation and
W ⊂ N, then W is said to be E-invariant if it is a union of E-equivalence classes.

Proposition 4.1. If E is a ceer, then E+̇ ≤ =ce . Moreover, we can find a reduction
whose range is contained in the set {e ∈ N :We is E-invariant}.

Proof. We define a computable function f such thatWf(e) = [ranφe]E . To see
that there is such a computable function f, one can let f(e) be a program which, on
input n, searches through all triples (a, b, c) such that a ∈ ranφe and (b, c) ∈ E, and
halts if and when it finds a triple of the form (a, a, n). Since it is clear that e E+̇ e′

if and only if [ranφe]E = [ranφe′ ]E , we have that f is a computable reduction from
E+̇ to =ce . It is immediate from the construction that the range of f is contained in
{e ∈ N :We is E-invariant}. 	
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The next result gives a lower bound on the complexity of the computable FS-jumps
of a ceer.

Theorem 4.2. If E is a ceer with infinitely many equivalence classes, then Id < E+̇.

Proof. We first show that Id ≤ E+̇. To do so, we first define an auxiliary set of
pairs A recursively as follows: Let (n, j) ∈ A if and only if for every i < j there exists
m < n and (m, i ′) ∈ A such that i E i ′. It is immediate from the definition of A, the
fact that E is c.e., and the recursion theorem that A is a c.e. set of pairs.

We observe that each column A[n] = {j : (n, j) ∈ A} of A is an initial interval of
N. It is immediate from the definition that the first column A(0) is the singleton {0}.
Next since E has infinitely many classes, we have that eachA[n] is bounded. Moreover
A[n] is precisely the interval [0, j] where j is the least value that is E-inequivalent to
every element of A[m] for all m < n.

We now define f to be any computable function such that for all n, the range of
φf(n) is precisely A[n]. Then as we have seen, m < n implies there exists an element j
in the range of φf(n) such that j is E-inequivalent to everything in the range of φf(m).
In particular, f is a computable reduction from Id to E+̇.

To establish strictness, assume to the contrary that E+̇ ≤ Id. Then since E ≤ E+̇,
by Theorem 3.1 we haveE < Id, contradicting that E has infinitely many classes. 	

In order to put the previous result in context, we pause our investigation of ceers
briefly to consider the question of which E satisfy Id ≤ E+̇. We first note that it
follows from Proposition 2.3 that if E is itself a jump, then Id ≤ E+̇. We now show
on the other hand that there exist equivalence relations E such that Id 
≤ E+̇. To
describe such an equivalence relation, we recall the following notation.

Definition 4.3. If A ⊂ N then the equivalence relation EA is defined by

m EA n ⇐⇒ m = n or m, n ∈ A.

Thus the equivalence classes of EA are A itself, together with the singletons {i}
for i /∈ A. Note that EA ≤ EB if and only if A is 1-reducible to B (see for instance
[7, Proposition 2.8]).

Theorem 4.4. There exists an arithmetic coinfinite set A such that Id 
≤ E+̇
A .

Proof. Let P be the Mathias forcing poset, that is, P consists of pairs (s, B)
where s ⊂ N is finite, B ⊂ N is infinite, and every element of s is less than every
element of B. The ordering on P is defined by (s, B) ≤ (t, C ) if s ⊃ t, B ⊂ C , and
s – t ⊂ C .

We first show that if Ac is sufficiently Mathias generic, then A satisfies Id 
≤ E+̇
A .

In order to do so, let f be any total function so that the sets ranφf(i) are pairwise
distinct. Define:

Df = {(s, B) ∈ P : (∃i 
= j) [(s ∪ B) ∩ (ranφf(i)� ranφf(j)) = ∅∧
ranφf(i) ∩ (s ∪ B)c 
= ∅ ∧ ranφf(i) ∩ (s ∪ B)c 
= ∅]}.

We claim that Df is dense in P. To see this, let (s, B) be given. Repeatedly applying
the pigeonhole principle, we can find infinitely many indices in such that the sets
ranφf(in) agree on s. Since the sets ranφf(i) are pairwise distinct, there must be
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three, i0, i1, i2, such that each ranφf(i) is not a subset of s. Observe that

N = (ranφf(i0)� ranφf(i1))
c ∪ (ranφf(i0)� ranφf(i2))

c∪
(ranφf(i1)� ranφf(i2))

c .

In particular we can suppose without loss of generality that i0 and i1 satisfy that
the set B ′ = B ∩ (ranφf(i0)� ranφf(i1))c is infinite. Then ranφf(i0) and ranφf(i1)
agree on both s and B ′. Since neither ranφf(i0) nor ranφf(i1) is a subset of s, we can
remove finitely many elements from B ′ to ensure that ranφf(i0) ∩ (s ∪ B ′)c 
= ∅ and
ranφf(i1) ∩ (s ∪ B ′)c 
= ∅, and so (s, B ′) ∈ Df completing the claim.

Now let G ⊂ P be a filter satisfying the following conditions:

(a) G meets {(s, B) ∈ P : |s | ≥ m} for all m ∈ N.
(b) G meets Df for all computable functions f so that the sets ranφf(i) are

pairwise distinct.

This is possible since the sets in condition (a) are clearly dense, and we have shown
that theDf are dense. We define the set A by declaring thatAc =

⋃
{s : (s, B) ∈ G}.

Condition (a) implies thatAc is infinite, and also thatAc =
⋂
{s ∪ B : (s, B) ∈ G};

we wish to show that Id 
≤ E+̇
A . For this we will show that if f is a given computable

function, then f is not a reduction from Id to E+̇
A .

Assume, toward a contradiction, that f is a reduction from Id to E+̇
A . Then

the sets ranφf(i) are pairwise distinct, so there is (s, B) ∈ G ∩Df . Thus there
exist i 
= j such that both ranφf(i) and ranφf(j) intersect (s ∪ B)c , and (s ∪
B) ∩ (ranφf(i)� ranφf(j)) = ∅. Hence both ranφf(i) and ranφf(j) intersect A,
and Ac ∩ (ranφf(i)� ranφf(j)) = ∅. This means that f(i) E+̇

A f(j), so f is not
a reduction from Id to E+̇

A , as desired.
Finally, we can ensure A is arithmetic by enumerating the dense sets described

above, inductively defining a descending sequence (sn, Bn) meeting the dense sets,
and letting Ac =

⋃
n sn =

⋂
n(sn ∪ Bn). More precisely, note that for any condition

(s, B), we can find an extension meeting Df for a suitable f by intersecting B with
a Δ0

2 set, and the set of i so that f = ϕi is suitable is Π0
3, so the construction of this

sequence may be done computably in 0(3), from which we can produce an A which
is Δ0

4 	

This result leaves open the question of what is the least complexity of an
equivalence relation E with infinitely many classes such that Id 
≤ E+̇.

Returning to ceers, in view of the bounds from Proposition 4.1 and Theorem 4.2,
it is natural to ask whether there is a ceer E such thatE+̇ lies properly between Id and
=ce . We first see that there is a large collection of ceers whose jumps are bireducible
with =ce . We recall the following terminology from [4]:

Definition 4.5. A ceer E is said to be light if Id ≤ E. E is said to be dark if E has
infinitely many classes but Id 
≤ E.

Thus every ceer satisfies exactly one of finite, light, or dark.

Proposition 4.6. If E is a light ceer then E+̇ is computably bireducible with =ce .

Proof. This is an immediate consequence of Propositions 2.2(c), 2.5, and 4.1. 	
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We will see that there are also dark ceers which satisfy this conclusion. We
introduce the following terminology.

Definition 4.7. We say a ceer E is high for the computable FS-jump if E+̇ is
computably bireducible with =ce .

This generalizes the notion of lightness for ceers, but also implies that the
computable FS-jump is as complicated as possible. As there is no least ceer with
infinitely many classes, there does not seem to be a natural notion of low for the
computable FS-jump.

In order to describe a dark ceer which is high for the computable FS-jump, recall
that a c.e. set A ⊂ N is called simple if there is no infinite c.e. set contained in Ac .
Furthermore A is called hyperhypersimple if for all computable functions f such
that {Wf(n) : n ∈ N} is a pairwise disjoint family of finite sets, there exists n ∈ N

such that Wf(n) ⊂ A. We refer the reader to [19, Chapter 5] for more about these
properties, including examples.

Theorem 4.8. Let A ⊂ N be a set which is simple and not hyperhypersimple. Then
EA is a dark ceer and EA is high for the computable FS-jump.

Proof. It follows from [13, Proposition 4.5] together with the assumption that
A is simple that EA is dark.

To see that E+̇
A is computably bireducible with =ce , first it follows from

Proposition 4.1 that E+̇
A ≤ =ce . For the reduction in the reverse direction, since A is

not hyperhypersimple, there exists a computable function f such that {Wf(n) : n ∈
N} is a pairwise disjoint family of finite sets and for alln ∈ Nwe haveWf(n) ∩ Ac 
= ∅.
Now given an index e we compute an index g(e) such that φg(e) is an enumeration
of the set

⋃
{Wf(n) : n ∈We}. Then since theWf(n) are pairwise disjoint and meet

Ac , we haveWe =We′ if and only if Ac ∩ ranφg(e) and Ac ∩ ranφg(e′) are distinct
subsets of Ac . It follows that e =ce e′ if and only if g(e) E+̇

A g(e′), as desired. 	

On the other hand, there also exist dark ceers E such that E is not high for the
computable FS-jump. In order to state the results, we recall from [18, Chapter X]
that a c.e. subset A ⊂ N is said to be maximal if Ac is infinite and for all c.e. sets
W eitherW – A orWc – A is finite. We further note that if A is maximal then it is
hyperhypersimple.

Theorem 4.9. Let A be a maximal set. If B is a c.e. set withB � A, thenE+̇
A < E

+̇
B .

In particular, EA is not high for the computable FS-jump.

The proof begins with several preliminary results, which may be of independent
value.

Lemma 4.10. If A,B are c.e. sets and B ⊂ A, then E+̇
A ≤ E+̇

B .

Proof. If B is non-hyperhypersimple, then the result follows immediately
from Proposition 4.1 and Theorem 4.8. If B is hyperhypersimple, then by
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[18, Exercise X.2.12] there exists a computable set C such that B ∪ C = A. Let
b ∈ B be arbitrary, and define

f(n) =

{
b, n ∈ C,
n, n /∈ C.

It is easy to see that f is a computable reduction from EA to EB , and hence by
Proposition 2.2(c) we have E+̇

A ≤ E+̇
B as desired. 	

In the next lemma we will use the following terminology about a function
f : N → N. We say that f is =ce-invariant if We =We′ implies Wf(e) =Wf(e′),
that f is monotone ifWe′ ⊂We impliesWf(e′) ⊂Wf(e), and that f is inner-regular
if

Wf(e) =
⋃{
Wf(e′) :We′ ⊂We andWe′ is finite

}
. (1)

We are now ready to state the lemma.

Lemma 4.11. If f is a computable function, the properties =ce-invariant, monotone,
and inner-regular are all equivalent.

Proof. It is clear that inner-regular implies monotone, and monotone implies
=ce-invariant. We therefore need to only show that =ce-invariant implies inner-
regular. Assume that f is =ce-invariant. Then [7, Lemma 4.5] gives that f is
monotone, so we haveWf(e) ⊃

⋃ {
Wf(e′) :We′ ⊂We andWe′ is finite

}
.

For the subset inclusion of Equation (1), we assume that x ∈Wf(e) and aim to
show that there exists e′ such thatWe′ ⊂We ,We′ is finite, and x ∈Wf(e′). For any
e, letWe,s = {n : n < s ∧ ϕe,s(n) ↓} be the partial enumeration ofWe at stage s, so
each We,s is finite. We can use the Recursion Theorem to find an index e′ which
satisfies the following:

We′,s =

{
We,s , if x /∈Wf(e′),s ,

We,s′ , if s ′ ≤ s is least with x ∈Wf(e′),s′ .

We must show that We′ ⊂We , We′ is finite, and x ∈Wf(e′). It is clear that
We′ ⊂We . To show that x ∈Wf(e′), assume to the contrary that x /∈Wf(e′). Then
We′,s =We,s for all s, that is, we would haveWe′ =We . Since f is =ce-invariant, we
would haveWf(e′) =Wf(e). Our assumption that x ∈Wf(e) would therefore imply
that x ∈Wf(e′) after all.

Now that we know x ∈Wf(e′), we know that there is s with x ∈Wf(e′),s . This
means that for all s we have We′,s =We,s′ for the least such s ′, so We′ =We,s′ is
finite, as desired. 	

We note that the same conclusions remain true if we replace =ce-invariance by
Id+̇-invariance, i.e., f preserves equality of ranges rather than of domains. Thus we
can apply this result to reductions among computable jumps.

Corollary 4.12. Let A be a maximal set. If E+̇ ≤ E+̇
A , then any E-invariant c.e.

set contains either finitely or cofinitely many E-classes. In particular, ifE+̇
B ≤ E+̇

A then
B is maximal.
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Proof. Let f be a computable reduction fromE+̇ toE+̇
A . We can assume without

loss of generality that for all e, ranφf(e) isEA-invariant. Indeed, we may modify f to
ensure that if φf(e) enumerates any element of A then φf(e) enumerates the rest of A
too. Hence we can assume that f is =ce-invariant. IfW = ranφe is an E-invariant c.e.
set, thenR = ranφf(e) is an EA-invariant c.e. set, and hence eitherR – A is finite or
R is cofinite. If R is cofinite, then W must contain all but finitely many E-classes, or
else there would be an infinite increasing chain ofE+̇-inequivalent c.e sets containing
W which must map to an infinite increasing chain ofE+̇

A -inequivalent c.e sets, which
is impossible. Suppose instead that R – A is finite. Then by inner-regularity and
EA-invariance, there must be a finite set F = ranφe0 ⊂W so that R = ranφf(e0).
But then e0 E+̇ e, so W must contain only finitely many E-classes. 	

We will use the following lemma, well-known in descriptive set theory as a
consequence of the effective Reduction Property for the pointclass Σ0

1.

Lemma 4.13. Let An be a uniformly c.e. sequence of c.e. sets. Then there is a
uniformly c.e. sequence of c.e. sets Ãn so that Ãn ⊂ An for each n, Ãn ∩ Ãm = ∅ for
n 
= m, and

⋃
n Ãn =

⋃
n An.

Proof. Let f be a computable function with An =Wf(n) for each n. Let Ãn. =
{i : ∃s(ϕf(n),s(i) ↓ ∧(∀m < n)(∀t ≤ s)ϕf(m),t(i) ↑)}. 	

We now give the main ingredient to the proof of Theorem 4.9.

Definition 4.14. An equivalence relation E is self -full if whenever f is a
computable reduction from E to E, then the range of f meets every E class.

Letting Idn denote the identity equivalence relation on {0, ... , n – 1}, E being self-
full is equivalent to E ⊕ Id1 
≤ E, so is preserved under computable bireducibility.
In the following, we say f and h are E-equivalent iff(n) E h(n) for all n. We say that
h is induced by a finite support permutation of the EA-classes when there is an EA-
invariant permutation � with finite support so that ranφh(e) = {�(n) : n ∈ ranφe}
for all e so that ranφe is EA-invariant.

Lemma 4.15. If A is maximal then E+̇
A is self-full. In fact, if f is a computable

reduction from E+̇
A to itself, then f is E+̇

A -equivalent to a function h induced by a finite
support permutation of the EA-classes.

Proof. Suppose f is a computable reduction from E+̇
A to itself. We can assume

without loss of generality that for all e, ranφf(e) is EA-invariant. Indeed, we may
modify f to ensure that if φf(e) enumerates any element of A then φf(e) enumerates
the rest of A too. Having done so, we introduce the following mild abuse of notation:
if R = ranφe then we will write f(R) for ranφf(e). Due to our assumption about f,
this notation is well-defined. Note that we thus have that f is =ce-invariant as well,
and thus monotone and inner-regular.

We will exploit the following consequence of the monotonicity of f several times:
If C and D are c.e. sets with C ⊂ D and D – C finite and disjoint from A, then
|f(D) – f(C )| ≥ |D – C |. This follows since there is a chain of length |D – C | + 1
of E+̇

A -inequivalent sets between C and D, which must map to a chain of E+̇
A -

inequivalent sets between f(C ) and f(D). Similarly, if C is cofinite with A ⊆ C ,
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then |f(C )c | ≥ |Cc |. The maximality of A then also implies that if C – A is finite
then so is f(C ) – A.

The heart of the proof will be to show that there is a finite support permutation �
of N such that for any c.e. set R, we have f(R) = {�(n) : n ∈ R}. In particular, this
implies that f meets every E+̇

A class, as desired. We begin be seeing that the range of
f is almost covered by the images of singletons.

Claim 1. There is a finite set C such that f(A) ∪ (f(N) –
⋃
n f({n})) ⊂ f(C ).

Proof. First, observe that
⋃
n f({n}) is an infinite c.e. set (here we tacitly select

indices for {n} uniformly), and hence intersects A, and thus contains A. Moreover,
there are infinitely many n so that f({n}) intersects A; otherwise we could omit
such n and have an infinite c.e. set disjoint from A. Thus {n : f({n}) ∩ A 
= ∅} is an
infinite c.e. set, and so intersects A. Hence there is n ∈ A with f({n}) ∩ A 
= ∅,
so A ⊂ f(A). Next, since the sets f({n}) are distinct for n /∈ A, we have(⋃
n f({n})

)
– A infinite, so the maximality of A implies

⋃
n f({n}) is cofinite.

Hence by the inner-regularity of f we can find a finite set C such thatf(A) ∪ (f(N) –⋃
n f({n}) ⊂ f(C ). 	 (claim)

We next see that we will be able to select distinct elements from the images of
singletons.

Claim 2. For n /∈ A ∪ C , we have f({n}) – (f(C ) ∪
⋃
m �=n f({m})) 
= ∅.

Proof. Let n /∈ A ∪ C . Since f is a reduction and is monotone, we can find x ∈
f(N) – f(N – {n}). Using the definition of C, the fact that n /∈ C , and monotonic-
ity, we have f(N) –

⋃
m f({m}) ⊂ f(C ) ⊂ f(N – {n}). In particular, x /∈ f(C )

and therefore x ∈
⋃
m f({m}). Again by monotonicity, x /∈

⋃
m �=n f({m}), so we

must havex ∈ f({n}), completing the claim. 	 (claim)

We now construct a first approximation to the desired permutation �.

Claim 3. There is a finite support permutation � such that for n /∈ A ∪ C we have
�(n) ∈ f({n}) – A.

Proof. From the previous claim, Lemma 4.13 gives a uniformly c.e. sequence Bn
of pairwise disjoint sets such thatBn ⊂ f({n}) and

⋃
n Bn =

⋃
n f({n}), so that for

n /∈ A ∪ C we haveBn – (f(C ) ∪
⋃
m �=n f({m})) 
= ∅; in particularBn – f(C ) 
= ∅.

We may shrinkBn so thatBn is disjoint from the finite setf(C ) – A for all n; we may
further shrinkBn uniformly to a set B̃n so that B̃n – A is a singleton for all n /∈ A ∪ C .
Note that we do not claim or require that this singleton is not in

⋃
m �=n f({m}), but

distinct n’s not in A ∪ C will produce distinct singletons.
Since C – A is finite, we have that f((C – A)c) is cofinite, and monotonicity of f

implies that |f((C – A)c)c | ≥ |C – A| as discussed above. We may then let p be any
injection from C – A→ f((C – A)c)c . We now define

Gn =

⎧⎪⎨
⎪⎩
A, n ∈ A,
A ∪ {p(n)}, n ∈ C – A,
A ∪ B̃n, n /∈ A ∪ C.
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Observe that Gn is a uniformly c.e. sequence, since we may first check if n ∈ C – A;
if not, we enumerate B̃n into Gn until we see n enumerated in A (if ever), at which
point we enumerate A (which will then contain B̃n) into Gn. We define � as follows:

�(n) =

{
n, n ∈ A,
the unique element of Gn – A, n /∈ A.

This completes the definition of �. Note that �(n) ∈ f({n}) for n /∈ (C – A), and
�(n) /∈ A for n /∈ A, as required. We do not claim a priori that � is computable
(although this will follow later), but we can use the sequence Gn to obtain
effectiveness. Define the function g(R) =

⋃
n∈R Gn, which is computable in the

indices.
We check that � is a permutation with finite support. It is immediate from the

construction that � is injective. To show � is surjective, assume k is not in the range
of �. Then the sequence R0 = A ∪ {k} and Rn+1 = g(Rn). Since k /∈ A we have
that Rn – A is a singleton for all n. Moreover the singletons are distinct since � is
injective and none of the singletons can equal k for n > 0. Applying Lemma 4.13
to the sequence Rn, we obtain a uniformly c.e. sequence of nonempty pairwise
disjoint sets, all meeting Ac . This contradicts that A is hyperhypersimple (see [18,
Exercise X.2.16]). To see that � has finite support, first note that � cannot have an
infinite orbit. Otherwise, we could similarly produce a uniformly c.e. sequence (using
the function g) which contradicts that A is hyperhypersimple. If � had infinitely
many nontrivial orbits, letR = {n : (∃k ≥ n) n ∈ Gk}. Then A ⊂ R, and for n /∈ A
we have n ∈ R when n is the least element of its orbit and n /∈ R when n is the
greatest element of a nontrivial orbit. Thus R – A is infinite and co-infinite, again
contradicting that A is maximal. 	 (claim)

We are now ready to construct � as follows. Let C̃ = (C – A) ∪ supp(�). If R is
disjoint from C – A then g(R) ⊂ f(R); therefore if R is disjoint from C̃ we have
R ⊂ f(R). By monotonicity of f, if R is disjoint from C̃ and cofinite, then by the
observation above we have |f(R)c | ≥ |Rc |, so R = f(R). In particular f(C̃ c) =
C̃ c . For any k ∈ C̃ , since k /∈ A we have that C̃ c ∪ {k} is E+̇

A -inequivalent to C̃ c ;
therefore we must have that f sends C̃ c ∪ {k} to C̃ c ∪ {�(k)} for some �(k) ∈ C̃
since the complement of f(C̃ c ∪ {k}) must be at least as large as the complement
of C̃ c ∪ {k}, but must be smaller than C̃ . This defines � on the finite set C̃ ; as � is
injective it is a permutation of C̃ . Additionally define � to be the identity on C̃ c .
This completes the definition of �.

We have that � is an EA-invariant permutation with finite support; it remains to
verify that � induces the desired function. Let h be a computable function such that
h(R) = {�(n) : n ∈ R}.

Claim 4. For all EA-invariant c.e. sets R we have f(R) = h(R).

Proof. We first establish this for sets of the form N – {n} for n /∈ A. Note that if
F ⊂ C̃ then we havef(C̃ c ∪ F ) = C̃ c ∪ {�(n) : n ∈ F } from monotonicity and the
observation earlier; in particular we see thatf(N) = N andf(C̃ c) = C̃ c . From this,
we see that if R is any cofinite set containing A, then |f(R)c | = |Rc |. For any given
n /∈ A, we claim that f(N – {n}) = N – {�(n)}. We know this already for n ∈ C̃ .
If n ∈ C̃ c then f(N – {n}) = N – {�(k)} for some k; this k cannot be in C̃ since
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f(N – {k}) = N – {�(k)} and N – {n} and N – {k} are E+̇
A -inequivalent. But since

C̃ c – {n} ⊂ f(N – {n}) we must have �(k) = n = �(n) as claimed.
Now let R be any infinite EA-invariant c.e. set, so R contains A. Then R is

the intersection of the sets N – {n} for n /∈ R, so f(R) ⊂ h(R) for all such R by
monotonicity. Suppose there were an infinite EA-invariant c.e. set R and some
k ∈ h(R) – f(R). Then k = �(n) for some n ∈ R – A, so k /∈ f(A ∪ {n}) ⊂ h(A ∪
{n}) = A ∪ {k} and thus f(A ∪ {n}) = A, contradicting A ⊂ f(A).

Finally, we consider finite R. If n /∈ A, then f({n}) ⊂ f(A ∪ {n}) = h(A ∪
{n}) = A ∪ {�(n)}. We cannot have f({n}) = A, so f({n}) = {�(n)}. Let R be
any finite EA-invariant c.e. set, so R is disjoint from A. Then h(R) ⊂ f(R). We also
have thatf(R) ⊂ f(A ∪R) = h(A ∪R) = A ∪ h(R), so we must have thatf(R) =
h(R). 	 (claim)

Hence, f is E+̇
A -equivalent to h, completing the proof of the lemma. 	

Proof of Theorem 4.9. Let A be maximal and B � A. Fix any a ∈ A – B .
We observe that EA–{a} is computably bireducible with EA ⊕ Id1. Therefore by
Proposition 2.2(c) we have that E+̇

A–{a} is computably bireducible with E+̇
A × Id2.

Now assume towards a contradiction that E+̇
B ≤ E+̇

A . Then by Lemma 4.10 we
have E+̇

A–{a} ≤ E+̇
A and hence by the previous paragraph we have E+̇

A × Id2 ≤ E+̇
A .

But if f is such a reduction, then by Lemma 4.15 the restriction of f to either copy
of E+̇

A has range meeting every E+̇
A class. But for a reduction f we cannot have this

property true of both copies of E+̇
A , so we have reached a contradiction. 	

We record here several immediate consequences of Theorem 4.9 and its proof.

Corollary 4.16. Let A,B be maximal sets.

◦ If a ∈ A then E+̇
A < E

+̇
A–{a}, and if b /∈ A then E+̇

A∪{b} < E
+̇
A .

◦ If |A�B | <∞, then E+̇
A ≤ E+̇

B iff |B – A| ≤ |A – B |.
◦ If a c.e. set C is contained in a maximal set, then it is contained in a maximal set

D such that E+̇
D < E

+̇
C .

We conclude with a small refinement of the second statement of Theorem 4.9.
Recall that a c.e. set A is said to be quasi-maximal if it is the intersection of
finitely many maximal sets. We refer the reader to [18, Exercise X.3.10] for
more on this notion. In particular, every quasi-maximal set is simple (see [18,
Exercise X.3.10(b)]).

Theorem 4.17. If A ⊂ N is quasi-maximal then EA is not high for the computable
FS-jump.

Proof. Suppose towards a contradiction that =ce ≤ E+̇
A . By Proposition 4.1,

E+̇
A is reducible to the restriction of =ce to the EA-invariant sets, so by composing

reductions there exists a computable reduction f from =ce to =ce such that for all e,
Wf(e) is EA-invariant. Since A is simple, it follows that for all e we have A ⊂Wf(e)
iffWf(e) is infinite and A ∩Wf(e) = ∅ iffWf(e) is finite.

We claim that we may find such an f so that for all e we have A ⊂Wf(e). We
first show that there exists e0 such that We0 is finite and A ⊂Wf(e0). Let e be any
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index such thatWe = N. By Lemma 4.11, f is inner-regular. Since f is a reduction,
it follows from Equation (1) that Wf(e) is infinite and hence A ⊂Wf(e). Further
examining Equation (1), together with the last sentence of the previous paragraph,
we conclude there exists e0 as desired. Let g be a computable function such that
Wg(e) =We0 ∪ {max(We0) + x : x ∈We}. Then replacing f with f ◦ g completes
the claim.

It follows from the claim, together with the fact that f is monotone, that the lattice
of c.e. sets modulo finite may be embedded into the lattice of c.e. sets containing A
modulo finite. But the former lattice is infinite, and by [18, Exercise X.3.10(a)] the
latter lattice is finite, a contradiction. 	

§5. Additional remarks and open questions. We close with some open questions
and directions for further investigation.

Question 1. For a c.e. set A, when is E+̇
A bireducible with =ce?

By Theorem 4.8 if A is not hyperhypersimple then EA is high for the jump, and
by Theorem 4.17 if A is quasi-maximal then E+̇

A < =ce . The question is, if A is
hyperhypersimple but not quasi-maximal, is E+̇

A high for the computable FS-jump?
One construction of such a set is given in an exercise in [16, IX.2.28f].

We do not know whether the choice of notation for a countable ordinal affects
the iterated jump.

Question 2. If a, b ∈ O with |a| = |b|, is E+̇a computably bireducible with E+̇b?

Although we saw that every hyperarithmetic set is many-one reducible to some
jump of the identity, we do not know if every hyperarithmetic equivalence relation
is computably reducible to some iterated jump of the identity.

Question 3. If E is hyperarithmetic, is there a ∈ O with E ≤ Id+̇a?

For E hyperarithmetic, we have e E e′ iff [e]E = [e′]E , so that E is computably
reducible to the relativized version of =ce , denoted =ce,E , considered in [5]. This
question is then equivalent to asking if these relativized equivalence relations
with hyperarithmetic oracles are computably reducible to iterated jumps of the
unrelativized =ce .

We also note that, unlike the case of the classical Friedman–Stanley jump, the
equivalence relation E1 is not an obstruction. Recall that E1 may be defined on
P(N) by setting A E1 B when A[n] = B [n] for all but finitely many n, and that E1 is
not Borel reducible to any iterated Friedman–Stanley jump of equality.

Proposition 5.1. Ece1 ≤ (=ce)+̇.

Proof. Given e, let g(e) be such that φg(e)(〈f,m〉) is an index for an enumeration

of the set
⋃
n<m(Wf)[n] ∪

⋃
n≥m(We)[n]. Then e Ece1 e

′ if and only if g(e) (=ce)+̇

g(e′). 	
We can also ask what other fixed points exist besides ∼=T . We note that there is

no known characterization of fixed points of the classical Friedman–Stanley jump.

Question 4. Characterize the fixed points of the computable FS-jump.
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We used the relations ⊆E in establishing properness of the computable FS-jump
jump, but the operation E →⊆E can be applied to other relations and it may be of
interest to study its effect on partial orders.

Question 5. What can be said about the mapping E →⊆E as an operation on
computable partial orders?

Finally, we can ask about when the computable FS-jump of an equivalence relation
fails to be above the identity relation. The proof of Theorem 4.4 shows that there is a
Δ0

4 equivalence relation E with infinitely many classes so that Id 
≤ E+̇, and Theorem
4.2 shows that there is no Σ0

1 such E, but we do not know if there can be such an E
which is, e.g., Σ0

2 or Σ0
3.

Question 6. What is the least complexity of an equivalence relation E with infinitely
many classes such that Id 
≤ E+̇?
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