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Abstract. We introduce topological pressure for continuous actions of countable sofic
groups on compact metrizable spaces. This generalizes the classical topological pressure
for continuous actions of countable amenable groups on such spaces. We also establish the
variational principle for topological pressure in this sofic context.

1. Introduction

Starting from ideas in the statistical mechanics of lattice systems, in [19] Ruelle introduced
topological pressure of a continuous function for actions of the groups Z" on compact
spaces and established the variational principle for topological pressure in this context
when the action is expansive and satisfies the specification condition. Later, Walters [24]
dropped these assumptions when he proved the variational principle for a Z™-action.
A shorter and elegant proof of the variational principle for Z' -actions was given by
Misiurewicz [12]. Ollagnier and Pinchon [13, 14], Stepin and Tagi-Zade [20], and
Tempelman [21, 22] extended the variational principle to the case when Z" is replaced
by any countable amenable group.

From a viewpoint of dimension theory, Pesin and Pitskel’ [17] introduced another way
to define topological pressure for continuous functions on non-compact sets in the case of
Z-actions. For more information and references in this direction, see [16].

The notion of a sofic group was first introduced by Gromov [6]. All countable amenable
groups and residually finite groups are sofic. It is unknown whether every countable group
is sofic. We refer readers to [3-5, 18, 23, 26] for details on sofic groups.

In 2008, in a remarkable result, Bowen [1] defined sofic entropy for measure-preserving
actions of countable sofic groups on standard probability measure spaces admitting a
generating partition with finite entropy. Recently, in [8, 9], via an operator algebraic
method, Kerr and Li extended Bowen’s sofic measure entropy to all measure-preserving
actions of countable sofic groups on standard probability measure spaces, and defined sofic
topological entropy for continuous actions of countable sofic groups on compact metrizable
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spaces. They also established the variational principle between sofic measure entropy
and sofic topological entropy [8]. In the case of amenable groups, the sofic entropies
coincide with the classical entropies [2, 9]. After that, the approach of Kerr and Li [8, 9]
for continuous actions of countable sofic groups on compact metrizable spaces has been
applied to study mean dimension [10] and local entropy theory [27] in the sofic context.

Given Kerr and Li’s work, it is natural to ask how to define topological pressure of a
continuous function for actions of countable sofic groups on compact metrizable spaces
and whether it coincides with the classical topological pressure for actions of countable
amenable groups on such spaces. Furthermore, one might ask whether there exists a
relation between sofic topological pressure and sofic measure entropy via a variational
principle.

The goal of this paper is to answer all of these questions. We organize this paper as
follows. We define the sofic topological pressure Py (f, X, G) and establish some basic
properties of it in §2. In §3, we recall the definition of classical topological pressure
P(f, X, G) for actions of countable amenable groups and prove our first main result.

THEOREM 1.1. Let G be a countable amenable group acting continuously on a compact
metrizable space X. Let ¥ be a sofic approximation sequence for G and f be a real-valued
continuous function on X. Then Px(f, X, G) = P(f, X, G).

In §4, we recall the definition of sofic measure entropy iy ,(X, G) and prove our
second main result about the variational principle for sofic topological pressure. The
variational principle for topological pressure is well known when the acting group G
is amenable. For example, see [25, Theorem 9.10] for the case G =7 and [14,
Theorem 5.2.7] for the case G is a countable amenable group.

THEOREM 1.2. Let « be a continuous action of a countable sofic group G on a compact
metrizable space X. Let ¥ be a sofic approximation sequence for G and f be a real-valued
continuous function on X. Then

Ps(f, X, G) =Sup{h2,u(X, G) +/X fdu:pe MG(X)},

where Mg (X) is the set of G-invariant Borel probability measures on X. In particular; if
Ps(f, X, G) # —o0 then Mg (X) is non-empty.

To illustrate an example, we compute the sofic topological pressure and find some
equilibrium state for some function on Bernoulli shifts in §5. Finally, in §6, we describe
some properties of topological pressure and give a sufficient condition for a finite signed
measure to be a member of Mg (X), using topological pressure.

To finish the introduction, we recall the definitions of sofic groups, separated sets, and
spanning sets and fix some notations.

For each d € N, we denote by [d] the set {1, . .., d} and Sym(d) the permutation group
of [d].

For every real number y, we denote by | y | the largest integer which is less than or equal
to y.

https://doi.org/10.1017/50143385712000429 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000429

Topological pressure and the variational principle 1365

Let G be a countable group. We say that G is sofic if there is a sequence ¥ = {0; : G —
Sym(d;), d; € N};en such that:

1
(1) lim —|{a €[d;]: 0is0i:(a) =0i (@)} =1 foralls,t e G;
i—oo dj
1
) lim d—|{a €ldi]:ois(a) #0i:(a)}l =1 foralldistincts, t € G;
i—o00 dj
(3) 1im,'_>oo d,’ = Q.

Such a sequence is called a sofic approximation sequence for G. Note that when G is
infinite, the condition (3) is a consequence of the condition (2).

Let (Y, p) be a pseudometric space and € > (0. A subset A of Y is called (p, ¢)-
separated if p(x, y) > ¢ for all distinctx, y € A, and (p, ¢)-spanning if forevery y € Y we
can find an x € A such that p(x, y) < &. We denote by N, (Y, p) the maximal cardinality
of a finite (p, €)-separated subset of Y.

Throughout this paper, the space X is always compact metrizable and G is always a
countable sofic group with the identity element e. We denote by C(X) the set of all real-
valued continuous functions on X. A continuous action o of G on a compact metrizable
space X induces an action of G on C(X) as follows: for g € C(X) and s € G, the function
os(g) is given by x — g(s_lx). Given a map o : G — Sym(d) for some d € N, for
s €G,x € X, and a € [d] we will for convenience denote o (x) and o,(a) by sx and sa
respectively.

Let p be a continuous pseudometric on X. For any d € N, we define the pseudometrics
02, Poo On the set of all maps from [d] to X as follows:

14 1/2
2 (¥, @) = (E ;p(w(z‘), w(i)))z) ,

and
Poo (Y, @) = max. P (@), p(i)).

For every subset J of [d], we define on the set of maps from [d] to X the pseudometric

pI,OO(I//v (p) = Poo(lmj, ‘P|J)

2. Sofic topological pressure

In this section, we will define the topological pressure of a continuous function for actions
of countable sofic groups on compact metrizable spaces and establish some basic properties
of it.

Let « be a continuous action of a countable sofic group G on a compact metrizable
space X. Let f be a real-valued continuous function on X, p a continuous pseudometric
on X and X a sofic approximation sequence of G. Let F be a non-empty finite subset of G
and § > 0. Let o be a map from G to Sym(d) for some d € N. Now we recall the definition
of Map(p, F, §, 0).

Definition 2.1. We define Map(p, F, §, o) to be the set of all maps ¢ : [d] — X such that
maxser p2(as 0@, @ o 0y) <94.
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The space Map(p, F, 8§, o) appeared first in [9, §2], and has been applied to study sofic
entropies [8], sofic mean dimension [10], and local entropy theory [27].

Definition 2.2. Let ¢ > 0. We define

d
M3 oo(f. X, G, p, F,8,0)=sup ) exp(Z f(w(a))>,
3 pel a=1
where £ runs over (poo, €)-separated subsets of Map(p, F, 8, o). Of course, the value of
the right hand side does not change if £ runs over maximal (o, €)-separated subsets of
Map(p, F, §, o).

Now we define the sofic topological pressure of f.

Definition 2.3. We define

1
P)‘E’oo(f, X, G, p, F, 8) =lim sup 7 log Mg’oo(f, X,G,p, F, 8, 09),

i—00 i
P§ oo(f. X, G p. F) = Inf P L (f. X, G. p. F. 9).
Py oo (f. X, G, p) =inf Py oo (f. X, G, p. F),
PZ,OO(f’ X! Gv p) = sup Pg’oo(f’ X? Gv ,0),
e>0
where F in the third line runs over the non-empty finite subsets of G.
If Map(p, F, 8, o;) = 0 for all large enough i, we set Pg’oo(f, X,G,p, F,§ =—o0.
Similarly, we define Mf:‘z(f, X,G,p, F,§,o0), P;yz(f, X,G,p, F,§), Pg’z(f, X,
G, p, F), P; ,(f. X, G, p) and Px »(f, X, G, p) using p, in place of poo.

Remark 2.4. When f =0, Ps (0, X,G,p) is the sofic topological entropy
hs.0o(X, G, p), as defined in [9, §2] and originating in another equivalent form in [8, §4].

Now we prove that the definition of sofic topological pressure does not depend on the
choice of p; and po.

LEMMA 2.5. Let p be a continuous pseudometric on X such that f is continuous with
respect to p. Then
Pso(f, X, G, p) = Py ([, X, G, p).
Proof. Since pso > p2, then Px 2(f, X, G, p) < P «o(f, X, G, p).
Now we prove Px oo (f, X, G, p) < Ps2(f, X, G, p).
Let 6 >0. Let ¢ >0 be such that |f(x) — f(y)| <6 whenever x, y€ X with
px,y) < Ve Let ¢ > 0, which we will determine later. It suffices to prove that

PEE(f. X, G, p, F.8) < P& o(f. X. G, p. F, §) + 46,

for any § > 0 and non-empty finite subset F' of G. Let § > 0, F be a non-empty finite
subset of G and o be a map from G to Sym(d) for some d € N.
Let £ be a (oo, 2«/?)—separated subset of Map(p, F, 8, o) such that

d
MEE (£ X, G, p. F.8,0)<2-Y exp(Z f((p(i))),

pel i=1
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Let B be a maximal (o7, ¢)-separated subset of £. Then £ = U(pEB(‘S N By), where
By ={y € X1 : ;y(p, ¥) < ).

Let ¢ € B. Let us estimate how many elements are in £ N B,. Let Y,» be a maximal
(p, Ve )-separated subset of X.

For each ¢ € £ N By, we denote by Ay, the set of all a € [d] such that p(¢(a), ¥ (a)) <
J¢'. Then Ayl >0 - (82/8’))51. We enumerate the elements of {Ay 1y € £ N By} as

Agpi1, .- Agy,. Then EN By = |_|f.‘”=1 Vj, where V; ={¢ € EN B, : Ay = Ay j}, for
every j=1,...,4£,.
Forevery j =1, ..., £y, set A;’j =[d]\Ay, ;. Since Y/ is a (p, x/?)-spanning subset

AC .
of X, for every ¢ € V;, we can find fy € Y, *’ such that poo(ilfIA;j, fu) < V¢'. Then

there exists A C V; such that |V;] < |Y8/||A;~J'||.A| and fy is the same, say f, for every
¥ € A. Then

Poo(Wlag . W'lae ) < Poo(Wlae 1o )+ poolf ¥ lae ) <2V,

for any ¥, ¥’ € A. Since Ais a (poo, 2x/?)—separated set, we get ¥ = v, Thus |A| <1,
and hence |V;| < |Yo |0l A] < v,/

By Stirling’s approximation formula, (82/8/)0'((8278,)[1) is less than exp(Bd) for some
B > 0 depending on ¢ but not on d when d is large enough with 8 — 0 as ¢ — 0. Since

Le2/ehd) N g2 d
2 ;)= 7\ 2/eha)
= N
when d is large enough we have that the number of subsets of [d] of cardinality at least
(11— (82/8’))d is at most exp(fd). Therefore,
10 Byl < £]Ye| /) < exp(Bad)| Ver| /.

Since f is continuous on X, there exists Q > 0 such that | f(x)| < Q for all x € X.
Hence

M%g(f’ X,G,p, F,8,0)

d
<2y exp(Z f((p(i))>

pel i=1
d
<2.y ) exp(Z f(l#(i)))
peB yeENB, i=1
d
=23 > exp(Z f(w(i))> exp( W) - f(<p(i)))>
peB yeENB,, i=1 i€Ay
x exp( (W) - f(<p(i)))>
i¢Ay
d 82
<2y > exp(z f(go(i))) exp(6d) exp(ZQ—/d)
peB yeENB, i=1 €
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d 2
<2. Z |Yg,|(52/s )d exp(Bd) exp(Z; f((p(i))) exp(@d + 2Q%d>

peB
2
(€2/¢"d € &
<217y exp( Bd +60d +20—d \M% ,(f, X, G, p, F, 8, 0).
e ,

Thus

PEE(f. X, G, p, F,8) < P ,(f. X, G, p, F, )
82 82
+?10gN@(X, p)+ﬂ+0+2Q?.

We choose & > 0 small enough, not depending on § and F, such that 8 < 6, 2Q(¢? /&) < 6
and (£2/¢') log N /7(X, p) <6. Then

Pég(f, X,G,p, F,8) < Pg’z(f, X,G,p, F,8)+46 forallé >0,
where F is a non-empty finite subset of G, as desired. O

A continuous pseudometric p on X is called dynamically generating if for any
distinct points x, y € X there exists s € G such that p(sx, sy) > 0. The following two
lemmas will show that the quantity Py o (f, X, G, p) does not depend on the choice of
compatible metric p and furthermore it also does not depend on the dynamically generating
continuous pseudometric of X with respect to which f is continuous. Thus, we shall
write the topological pressure of f, Px o (f, X, G, p) (or Ps 2(f, X, G, p)), where p is
a compatible metric on X or a dynamically generating continuous pseudometric on X with
respect to which f is continuous, as Px (f, X, G).

LEMMA 2.6. Let p and p' be compatible metrics on X. Then
PZ,OO(fv X’ G7 10) = PE,OO(f’ X, Gv P/)

Proof. Lete > 0. We choose ¢’ > 0 such that for any x, y € X with p’(x, y) < &', one has
p(x,y) <e. Let F be a non-empty finite subset of G and § > 0. From the proof in [10,
Lemma 2.4], there exists 8’ > 0 such that for any map o from G to Sym(d) for some
d € N one has Map(p, F, 8, 0) C Map(p’, F, 8, o). Then any (o0, €)-separated subset
of Map(p, F, 8, o) is also a (p,, &')-separated subset of Map(p’, F, 8, ). Thus

Pé oo(f. X, G. p. F) < P& o (f. X, G, p, F.§) < P& . (f. X, G, p/, F. ),

and hence
Pi (f. X, G, p, F) < PE (f.X,G,p, F).

So
P):,OC(fa Xv G’ /0) E PZ,OO(f’ X7 G’ /0/)

Similarly, we also have

P):,OO(fa X7 G’ p/)SPE,OO(f’ Xa Ga p) D
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LEMMA 2.7. Let p be a dynamically generating continuous pseudometric on X with
respect to which f is continuous. Enumerate the elements of G as s1 =e, 52, . . . . Define
a new continuous pseudometric p' on X by

o0

1
Pl y) =) 5op(nx. suy) forallx,y € X.

n=1

Then p' is a compatible metric on X and

PZ,OO(f? Xv G’ IO) = PZ,OO(fv X’ G9 10/)

Proof. Since p is dynamically generating, o" separates the points of X. If we denote by ©
the original topology on X, and by t’ the topology on X induced by o', then the identity
mapld : (X, t) — (X, t/) is continuous. Since (X, t’) is Hausdorff and (X, 7) is compact,
Id is a homeomorphism. Thus p’ is a compatible metric on X.

Let & > 0. Similar to the proof of [10, Lemma 4.3], one has

2
P§ (/. X. G.p) < P2 (f. X. G ).

Thus,
PE,OO(f’ X’ G7 p) S PE,OO(fv X3 Ga )0/)

Now we will prove
Py oo(f, X, G, p') < Ps oo (f, X, G, p).
It suffices to prove that
Ps oo(fs X, G, p') < Ps.oo(fs X, G, p) + 360 forany 6 > 0.

Let 8 > 0. Let & > 0 such that | f(x) — f(y)| < 6 whenever x, y € X with p(x, y) < ¢€'.
It suffices to prove that for any 0 < ¢ < &/,

P (f. X, G, p)) < P§ o (f. X, G, p)+36.

Let 0 < ¢ < ¢’. Choose k € N such that diam(X, p)/2% < &/2. Let F be a finite subset
of G containing {s1, ..., sg}. Let § > 0 be small enough, which we will determine later.
Put 8’ = §/2. It suffices to prove that

PE¥ (f.X.G.p'.F.8) < P§ (f. X.G,p, F.8)+30.

Let 0 : G — Sym(d) be a good enough sofic approximation of G, for some d € N.
Since p5(¢, ¥) > %,02((/7, ) for all maps ¢, ¥ : [d] — X, we have Map(p’, F, §', o) C
Map(p, F, 8, o).

Let £ be a (pL,, 4¢)-separated subset of Map(p’, F, §’, o) such that

d
My (/. X, G p/ F.8,0)<2- ) em(Z f(w(i))>.

pel i=1

For each ¢ € £ we denote by A, the set of all a € [d] such that

max p(g(sa), s¢(a)) < V8.
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Then [Ay| > (1 — |F|5)d. We enumerate the elements of {Ay,:p €&} as Ay, ..., Ag.
Then &€ = |_]f.:l V;, where V;={pecf: Ay, =A;}, forevery j=1,..., ¢ LetY
be a maximal (p’, 2¢)-separated subset of X. Choose 8 >0 such that /8 < /4 and
Y |1F18 < exp(6).
CLAIM. Forany j=1,...,¢, and any ¢ €V, one has
Vj N Byl < Y714,
where
By :={y € xldl . P, V) < g}.
A proof of this claim can be found in the proof of [10, Lemma 4.3].

By Stirling’s approximation formula, | F'|6d (I Ft\is d) is less than exp(B8d) for some 8 > 0
depending on § and | F'| but not on d when d is large enough with 8 — 0 as § — 0. Since

LFIsd] /4 d
Yo () =IFlea :
= \J |F|8d

when d is large enough we have that the number of subsets of [d] of cardinality at least
(1 — |F|8)d is at most exp(Bd). Choose § such that 8 < 6. Then, when d is large enough,
¢ <exp(Bd) <exp(6d).

Foreach j =1, ..., ¢, let B; be a maximal (p, &)-separated subset of V;. Then for
any j=1,.... ¢ onehas V; =y, (Vj N By). Thus

M¥ (f.X.G,p/,F. &, 0)

d
<2y exp(Z f(cp(i)))

(peé' i=l

=2~Z > exp(Z f(w(i)))

j=1 peV;

14
SZ'Z Z Z em(Z(f(xlf(z)) - f(co(z)))) em(Z f(ga(l)))

j=1geB; yeV;NB, i=1

14
<23y exp(ed>exp<2f<<p(z»)

j=1peB; yeV;NB,

d
> 1y exp(od) exp(Z f(so(i)))

1 peB; i=1

Y |FP4 exp(0d)ME oo (f, X. G, p. F. 8, 0)

=2. e|Y|'F|3d exp(0d)M% o (f. X, G, p, F, 8, 0)
<2-exp(30d)M§ o (f, X. G, p, F. 8, 0).
Therefore,
PE(f. X, G, p', F.8) < P& o (f. X, G, p, F, 8) + 36. O
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3. Topological pressure in the amenable case
The purpose of this section is to prove Theorem 1.1.

We begin this section by recalling the classical definition of topological pressure in [14,
§5]. A countable group G is said to be amenable if there exists a Fglner sequence, which

is a sequence {F;}72, of non-empty finite subsets of G such that
|s Fi AFj| .
T—)O asi — oo foralls €G.
i

We refer the readers to [15] for details on amenable groups.

Let G be a countable amenable group and « a continuous action of G on a compact
metrizable space X. Let p be a compatible metric on X, f € C(X), F a non-empty finite
subset of G and § > 0. We define the metric pr on X by pr(x, y) = maxser p(sx, sy).
An open cover U of X is said to be of order (F, §) if for any U € U, and x, y € U, one has
maxser p(sx, sy) < §. We define

PI(F. f.8)=inf 3~ sup exp(Z f(as(x))),

veld *€U seF

where U runs over the set of all finite open covers of order (F, §). By the Ornstein—Weiss
lemma in [11, Theorem 6.1], for any § > O the quantities

1
— log Pi(F, f.8)
|F]

converge to a number, denoted by p1(f, §), as F becomes more and more left invariant in
the sense that for every ¢ > 0 there are a non-empty finite set K € G and a 8’ > 0 such that

1
mlog Pi(F, f,8) — p1(/f, 8)

for any non-empty finite subset F of G satisfying |K FAF| <§'|F|. The topological
pressure of f is defined as sups.( p1(f, 6) and does not depend on the choice of
compatible metric p. We denote the topological pressure of f by P(f, X, G).

For any non-empty finite subset F' of G, ¢ > 0 and any compatible metric p on X, define

<e,

Ke(f, X, G, p, F)=sup » exp(Z f(as(X))>,

D ,eD seF

where D runs over (oF, €)-separated subsets of X. Given a Fglner sequence {F,};° ; of
G, the topological pressure of f can be alternatively expressed as

1
sup lim sup | log K:(f, X, G, p, Fy).

e>0 n—00 |Fn

We use ideas in [9, §5] to prove Theorem 1.1. We need the following result, which is a
Rokhlin lemma for sofic approximations [9, Lemma 4.6].

LEMMA 3.1. Let G be a countable amenable group. Let 0 <t <1,0<n<1, K be a
non-empty finite subset of G, and § > 0. Then there are an £ € N, non-empty finite sets
Fi,..., Fp C G with

|K Fi\ Fi| | Fi K\ Fi|

———— <6 and max ——— <6,
1<k<t |Fg] I<k<t | Fg|
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a finite subset F of G containing e, and an ' > 0 such that, for every d € N, every map
o : G — Sym(d) for which there is a set B C [d] satisfying |B| > (1 — n')d and

os01(a) = oy (a), og(a)F#oy(a), o.(a)=a,

foralla € Bands, t,s' € F withs #s', and every set V C [d] with (1 — ©)d < |V|, there

exist subsets C1, . .., Cy of V such that the following hold.
(1) Foreveryl <k <{, the map (s, c) — oy(c) from Fy, x Ci to o (Fy)Cy is bijective.
(2)  The family {oc (F1)Cq, ..., 0(Fp)Cy} is disjoint and
4
(-1 —nd < || JoFIC|.
k=1

LEMMA 3.2. Let G be a countable amenable group acting continuously on a compact
metrizable space X. Let X be a sofic approximation sequence for G and f be a real-
valued continuous function on X. Then Px(f, X, G) < P(f, X, G).

Proof. We may assume that P(f, X, G) <oo. Let p be a compatible metric on X. It
suffices to prove that Py, o (f, X, G, p) < P(f, X, G) + 6« for any « > 0.

Let x >0. Let ¢ >0 be such that |f(x) — f(y)| <« whenever x, y € X with
p(x, y) < &'/2. It suffices to prove that

Pg o (f. X, G, p)<P(f.X,G)+6k forall0<e < g

Let 0 < & < &’. Then there are a non-empty finite set K C G and 8’ > 0 such that, for
any non-empty finite set F/ C G satisfying |K F'\F’| < 8’| F’|, we have

Keja(f, X, G, p, F') <exp((P(f, X, G) +©)|F')).

Since f is continuous on X, there exists Q > 0 such that | f(x)| < Q forall x € X.
Choose 0 < 1 < 1 such that

(Neja(X, p))¥ <exp(c) and 7 < %_
By Lemma 3.1 there are an m € N and non-empty finite sets Fi, ..., Fin C G satisfying

max|<g<m |K Fx\Fi|/|Fx| < 8 such that for every good enough sofic approximation o :
G — Sym(d) for some d € N and every W C [d] with (1 — n)d < |W| there exist finite

subsets Cy, ..., C,, of W satisfying the following.

(1) For every k=1, ...,m, the map (s, c) — o5(c) from Fy x Cy to o(Fy)Cy is
bijective.

(2)  The family {o (F1)C1, ..., 0 (Fyn)Cp}isdisjointand (1 — 2n)d < | U=, o (Fx)Ckl.

Then

max Keya(f. X, G, p, Fr) =exp((P(f, X, G) + 1)| Fi]).

Let >0 and set F=[J;_, Fxr. Let 0:G — Sym(d) be a good enough sofic
approximation of G, for some d € N. We will show that

Ms. (f. X, G, p, F,8,0) <exp((P(f, X, G) + 6x)d),

when § is small enough.
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Let € be a (pxo, £)-separated subset of Map(p, F, §, o) such that

d
MS oo (f. X, G, p, F.8,0)<2- ) exp(Z f(w(a))).

pel a=1

For each ¢ € £ we denote by A, the set of all a € [d] such that

p(p(sa), sp(a)) < V8 foralls e F.

Then |Ay| > (1 — |F|8)d. We enumerate the elements of {Ay,:p €&} as A1, ..., Ag.
Then € = U§:1 Vi, where V; ={peE: Ay =Aj}, forevery j=1,..., L
Choose 8 > 0 such that |F|§ <  and 24/3 < e/4. Then for any j € {1, ..., £}, there
exist subsets C; 1, ..., Cj;, of Aj such that the following hold.
(1) For every 1<k <m, the map (s, c) > oy5(c) from F; x Cj; to o(F)Cjy is
bijective.
(2) The family {o(F1)Cj1,...,0Fn)Cjn} is disjoint and (1 —2n)d <| Ui,
o (F)Cj il

Let 1<j<{ 1<k<mand ceCji. Let Wj; . be a maximal (05 (F)c,00s £/2)-
separated subset of V;. Then W ¢  is a (0o (Fy)e, 00, €/2)-spanning subset of V;.

For any two distinct elements ¢ and ¥ of Wj i . , since c € Aj = Ay = Ay, for every
s € Fy, we have

p(sY(c), sp(c)) = p(Y(sc), p(sc)) — p(Y(sc), syr(c)) — p(sp(c), p(sc))
> p(Y(sc), p(sc)) — 24/8,

and hence
max p(sy(c), sp(c)) > max p(Y(sc), p(sc)) — 2v/8 > &/2 — e/4 = e /4.
seFy seFy

Thus {¢(c) : ¢ € Wk c}is a (pF,, €/4)-separated subset of X.
Choose 8 > 0 such that | f (x) — f(y)| <« forall x, y € X with p(x, y) < +/8. Then

> exp(Z f(<p(sc))>

0eEWj ke seFy

= > exp(Z f(sw(c))) eXp(Z(f(w(sc))—f(w(c))))

WEW]',](’C seFy seFy

<y exp(Z f(sw(c))) exp(| Filrc)

‘/’EW/,k,c s€Fy
< Keuu(f, X, G, p, Fy) exp(| Filx)
<exp((P(f, X, G) + 2)| F|).

Let Wj be a (pz; 00, €/2)-spanning subset of V; with minimal cardinality, where
Z; =[d)\ Uj—, 0 (F)Cj k. Then

Wl < (Nesa(X, p)'Zil < (Neja(X, )" < exp(ecd).
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Denote by U; the set of all maps ¢ : [d] — X such that (p|gj € Wjlz; and ¢lo (e €
Wi kelo(Fye forall1 <k <mandc € Cj. Then

> exp(de f(w(a))>

pel; a=1

=2 eXP(i > 2 f<<ﬂ(sc>>) exp(Z f(w(a)))

peld; k=1 ceCjy seFy aeZ;
m
< > expOud) [T ] exp(z f(fp(sc)))
(/JGZ/{_,‘ k=1 CGCM seFy

< (Nepa(X, ) expond) [T [T D2 exp(Z f(w(sc))>

k=1 ceCjr YeW; i clo(Fpe SE€F)

< (Nesa(X, )™ expOnd) [ | [] exp((P(f, X, G) +26)|Fil)
k=1ceCjy

< (Neja(X, p)*" exp(2Qnd) exp((P(f, X.G)+2) ) |Fk||c,-,k|>
k=1
<exp(xd) exp(kd) exp((P(f, X, G) + 2«)d).

By the spanning properties of W; . and W;, we can define a map ® : V; — U; by
choosing for each € V; some ® (y) € U; with poo (¥, P () < £/2. Then P isinjective,
SO

> em(i f(llf(a))> >y exp<i f(w(a))>

vel; a=1 ved(V)) a=1

d d
= em(Z(f(@D(w)(a)) - f((p(a)))) exp(Z f(<p(a)))

peV; a=1 a=1

d
> exp(—dk) ) exp(Z f(so(a))).

% a=1

Therefore
[

d d
> exp(Z f(w(a))> => > exp( f(w(a)))
1 a=1

pel a= Jj=1 peV;

d
Z eXP(Z f (w(a))) exp(kd)

j=1 pell; a=1
< Lexp(kd) exp((P(f, X, G) + 2x)d) exp(2«d).

4

IA

By Stirling’s approximation formula, | F'|6d (I F“{S d) is less than exp(Bd) for some 8 > 0
depending on § and |F| but not on d when d is large enough with 8 — 0 as § — O.
Since th.lj(l)adJ (‘Ji) < |F|5d(|F’|15d), when d is large enough we have that the number of
subsets of [d] of cardinality at least (1 — |F|§)d is at most exp(8d). Choose § such
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that 8 < «. Then, when d is large enough, £ < exp(8d) < exp(kd). Therefore

d
M4 (f. X.G.p. F.8.0) <2 exp(z f((p(a))>

pel a=1
< 2-exp(xd) exp(3xd) exp((P(f, X, G) + 2«k)d),

and hence
Pg,oo(fvxa G?IO)SPE‘:,oo(f?Xs vavF»87J)SP(f7X1 G)+6K7
as we want. O

LEMMA 3.3. Let G be a countable amenable group acting continuously on a compact
metrizable space X and f a real-valued continuous function on X. Then Ps(f, X, G) >
P(f, X, G).

Proof. Let p be a compatible metric on X.

We will prove that for any real number R < P(f, X, G) andk > 0, Px o (f, X, G, p) >
R —5k. Let R< P(f, X, G) and x > 0. Choose ¢ > 0 such that p;(f, €1) > R —«.
Because f is continuous, it is uniformly continuous on the compact space X. Thus,
there exists &, > 0 such that | f(x) — f(y)| <« for all x, y € X with p(x, y) < &. Let
& =min{eq, &2}.

For any non-empty finite subset F’ of G, and (pf, £/2)-separated subset D of X with
maximal cardinality, {Bp/(x, €/2)},ep is an open cover of X of order (F’, ¢), where
Bp/(x, e/2) ={y € X : max;cp p(sx, sy) < &/2}. Then

IF'["'log D sup exp(Z f(sy)> > pi(f. €) — &,
xeD YEBp/ (x,8/2) seF’

whenever F’ is sufficiently left-invariant.
We also have

sup exp(Z f(sy)> <exp(IF'li) Y exp(Z f(sx)).
xeD YEBpr(x,8/2) seF/ xeD seF’

Thus taking the logarithm on both sides, and dividing them by | F’|, when F” is sufficiently
left-invariant, one has

|F'|" " log Z exp(z f(sx)) > pi1(f, &) — 2k > R — 3k.

xeD seF’
Then there exist a non-empty finite subset K of G and §” > 0 such that
1

] log Z exp(Z f(sx)) > R — 3k,

xeD seF’

for any non-empty finite subset F’ of G satisfying |KF'\F’'|/|F'| <§”, and any
(pF, €/2)-separated subset D of X with maximal cardinality.

Let F be a non-empty finite subset of G and § > 0. We will show that if 0 : G —
Sym(d) is a good enough sofic approximation of G then

e/2
3,00

1
Jlog ML (f. X. G. p. F.5,0) = R = 5.
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Since f is continuous on X and X is compact, there exists a number Q > 0 such
that f(x) > —Q for all x € X. Choose 8 > 0 such that §' < 8", V/§'diam(X, p) < 8/+/2,
(1—=8)(R—3k)>R—4k and 8’ <«/Q. By Lemma 3.1 there are an £ € N and non-

empty finite sets Fy, ..., Fy C G satisfying
K Fi\F FF\F
max KENFD o ax FEANRD
I<k<t |Fg] I<k<t | Fy]

such that for every good enough sofic approximation o : G — Sym(d) for some d € N,

and every V C [d] with (1 — §'/2)d < |V, there exist subsets C1, . .., Cy of V satisfying

the following.

(1) Forevery 1 <k <¢,the map (¢, c) — o;(c) from Fj x Cy to o (Fy)Cy is bijective.

(2) The family {o (F})Cy, ..., o (F¢)Cy} is disjoint and (1 — §")d < | Uf{:] o (Fi)Cy].
For each map o : G — Sym(d) for some d € N, put

1
Ay = {a e [d]: o4 (a) =o50:(a) forany s € F and t € U Fk}.
k=1

When o is a good enough approximation for G, one has |A| > (1 — §’/2)d. Then there
exist Cq, ..., Cy C Ay as above.
For each 1<k <¢, pick a (pf, &/2)-separated subset & of X with maximal

cardinality. Then
Wlog; exp ( Z f(sx)) > R — 3k,

seFy

forany 1 <k <.
For every

[4
h=(hi)fy € [ [E
k=1
take a map ¢, : [d] — X such that

@n(tc) =1 (hi(c))

forall 1l <k<{,teFyrand ce Cy. Thenforany 1 <k <¥{,ceCy,se€F,and t € F;
satisfying st € Fy, we have ¢, (s(tc)) = s@p(tc). Hence for any s € F, one has

Z Y (olen(s(@), spn(@)))* = ZZ D (pln(s(te)). sgn(tc)))?

k=1 aco (F;)Ck =1 ceCy teFy,st¢Fy
J4

< Y ICills Fi\ Fy|diam® (X, p)
k=1

|Ck|| F Fi\ Fx|diam® (X, p)

M- I

|Ckl| Fi|8'diam?* (X, p)

»
Il
-

< §'d 1am2(X, p)d.
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So
(p2(@n 0 05, a5 0 Pp))?

1/
= (Z > (plenls@). spn(@))? + > (0(@n(s(@)), s <a>)>2>
k=laco (F)Cy aeld\ Uiy o (FC

< §'diam?(X, p) + §'diam?(X, p) < $,
for any s € F. Thus ¢;, € Map(p, F, 8, o).

For any distinct elements & = (hk)izl, n= (h;{)iz1 in ]_[izl(fk)ck, there are a 1 <
k <¢ and a c € C; such that hi(c) ;éh;((c). Since & is (pF,, €/2)-separated, then
oF, (hi(c), h;( (¢)) > €/2 and thus we have pso (¢, @n’) > €/2. Then

M52 (f. X. G, p, F.5,0)
d
> Yy exp(Z f(wh(a)))
hel[ls Ep< e
I
> > exp(Z > f(soh<skck>>> exp(—08'd)
hel_[ﬁ:l(gj)c-" k=1 cxeCy speFy
l
= > exp(Z > f(skh<ck>>) exp(—08'd)
hel—[ﬁ:](gj)cj k=1 cxeCy speFy
4
=exp(-08'd)  » . [] ]I exp(Z f(skh<ck)>)
h€n§:1(5j)cj k=1 creCy sk € Fx
¢ 1G]
=exp(—Q8/d)l—[(Z exp(z f(sx))) .
j=1 x€€j SEF_/
Therefore,
1 &2 1 ¢ IC;]
7 log My, (f. X, G, p, F,8,0) = 7 log H(Z eXp<Z f(SX))) - Q¢
j=1xe&; seF;
1 4
== > e 1og<2 exp(Z f(sx)>> — ¢
j=1 erj SEF;

v

4
% Z;(R —3)|C 1| Fj| — «.
If R — 3k > 0 then .
% é(R —36)|CjlIFjl= (1 —=8)R—3k) >R — 4k
andif R — 3k <0 tlie_n

1 4
v > (R = 36)[CjI|Fj| = R — 3k > R — 4.
j=1

https://doi.org/10.1017/50143385712000429 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000429

1378 N.-P. Chung

Thus,

52 (f. X. G, p, F.8,0)>R 5k,

10 My
7 g
as desired. O

Combining Lemmas 3.2 and 3.3 we obtain Theorem 1.1.

4.  The variational principle of topological pressure

We will prove Theorem 1.2 in this section. Let o be a continuous action of a countable
sofic group G on a compact metrizable space X. Before proving the variational principle
for sofic topological pressure, we recall the definition of sofic measure entropy [9, §3].

4.1. Sofic measure entropy. Let u be a Borel probability measure on X and p a
continuous pseudometric on X.

Definition 4.1. Let L be a non-empty finite subset of C(X), F a non-empty finite subset
of G, and § > 0. Let 0 be a map from G to Sym(d) for some d € N. We define
Mapu(,o, F, L, §, o) to be the set of all ¢ in Map(p, F, §, o) such that

1 d
= fle()) —f fdu

Definition 4.2. For ¢ > 0 we define

<48 forall felL.

1
(p. F. L, 8) = lim sup — log Ne (Map,,(p. F. L. 8. 07). pco).

11— 00 1

): 4,00
%Moo(p’ F? L)= lnghz’ﬂyoo(p’ F7L78)7
Z;/.oo(p’ F) = mfh% ,oo(pa F, L),
hz‘,u,oo(p) suphzﬂoo(p)
e>0
where L in the third line runs over the non-empty finite subsets of C(X) and F in the fourth

line runs over the non-empty finite subsets of G.
If Map,, (p, F, L, 8, 0;) = ¥ for all large enough i, we set h, " oo, F, L, 8)=—

If  is a G-invariant Borel probability measure on X and p is a dynamically generating
pseudometric then from [8, Proposition 5.4] and [9, Proposition 3.4] we conclude that
hs 11,00(p) coincides with the sofic measure entropy 25 , (X, G) (see [8] for the definition
of hy (X, G)). In particular, the quantities hx , o (p) do not depend on the choice of
compatible metrics on X.

Now we prove the variational principle for sofic topological pressure.

4.2.  The variational principle. We denote by M (X) the convex set of Borel probability
measures on X. Denote by Mg (X) the set of G-invariant Borel probability measures on
X. Under the weak* topology, M (X) is compact and Mg (X) is a closed convex subset of
M(X).
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The following lemma was proved by Kerr and Li in [8, Theorem 6.1] for the case f = 0.
We modify the argument there to deal with general functions f in C(X).

LEMMA 4.3. Let o be a continuous action of a countable sofic group G on a compact
metrizable space X. Let ¥ be a sofic approximation sequence for G and f be a real-
valued continuous function on X. Then

Ps.oo(f, X, G) < SUP{hz,M(X, G) + /X fdu:pe MG(X)}-

Proof. Let p be a compatible metric on X. We may assume that Py (f, X, G) # —oo.
Let ¢ > 0. It suffices to prove that there exists u € Mg (X) such that

h%,u,oo(p) +/ Sfdu = Pg,oo(fv X, G, p).
X

Take a sequence e € F; C F, C--- of finite subsets of G such that G =, o F-
Since X is compact and metrizable, there exists a sequence {g, }men in C(X) such that

{gm}menisdensein C(X). Letn e Nand L, = {f, g1, - .., gu}. There exists Q > 0 such
that maxgey, (1€l < Q. Choose 8, > 0 such that
1 1 1
8 —_—, 4 — d - —
"< 120IF,] n<gz~ an lg(x) — gl < n
for all g € L,, and for all x, y € X with p(x, y) < +/8,. We will find some u, € M(X)
such that

1 1
%’Mn,oo(p3 Fna an 3_n>+‘/};fd/¢l«n+3_nnggoo(f, X, G, p),

and |un(;-1(8)) — un(g)| < 1/nforany s € Fy, g € Ly.

Since M (X) is compact under weak* topology, there exists a finite subset D of M (X)
such that for any map o : G — Sym(d) for some d € N and any ¢ € Map(p, Fj,, 6., 0)
there is a uy € D such that

1
g (e;-1(8)) — (@) (-1(8))] < I forallz € F,, g € L,
where ¢ is the uniform probability measure on [d], i.e.,

1 d
(5 () = - > h(gp(a)) forall h e C(X).

a=1
Let o be a map from G to Sym(d) for some d € N. For each ¢ € Map(p, Fy, §,, o),
denote by A, the set of all a in [d] such that p(¢(ta), tg(a)) < /8, for all t € F,,. Then
|[Apl = (1 — |Fy|8,)d. Thus, forallt € F,,, g € L,,, we have

1
(@) (e-1(8)) = ((p 0 01)xD) ()] =

> (gltpa) - g<<p<m))>‘

aclh,
1
+ = Y (gltp@) - g(go(za)))‘
d aghy
< : : ]2 F,18,d
_E| <p|'6—n+g O|Fnlén

1 1 1

< — B
“6n 6n 3n
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and hence

g (2-1(8)) = re (@] = |rg(er-1(8)) — (@x8) (-1 (8] + (@) (g) — 1y (8)]

+ (@) (-1(8)) — (9 0 61)+£)(8)]
1 1 1 1

< — —_ _—=
~ 3n 3n+3n n

Take a maximal (p, €)-separated subset &, of Map(p, F,, 8,, o) such that

d
M§ oo (f. X. G, p, Fy. 85, 0) <exp(l)- Y exp(Z f(<p(a))).
a=1

pe&s =
For any v € D, we denote by W (o, v) the set of all elements ¢ in & such that 1, = v. By
the pigeonhole principle there exists a vy € D such that

d d
Dl > exp(Z f(w(a))> =3 exp(Z f(go(a))>.
a=1 a=1

peW (o,v9) vels
Since
vo(f) — (@x5)(f)l < 1/3n  forall p € W(o, o),

we have

d d
exp(vo(f>d - —) > exp(Z f(w(a))) forall ¢ € W(o, v0)
3n =

and hence

d d
DIV, ) eXp<VO(f)d + 37) >Dl Y exp(Z f(fp(a))>

peW(o,vp) a=1
d

> > exp(Z f(w(a))).
pes a=1

Note that W(o, vg) C Mava(,o, F,,L,,1/3n,0) as ec F, and &6, <1/3n. Since
W(o, v) is (poo, €)-separated, we obtain

A

1 d 1 1
Slog ) exp(Z f(fp(a))> < log(IDIW(@. vo)l) +v0(f) + 5~
a=1

pey
—1lo |D|N Map 1% F,, L,, —,0
b 9 9 9
/ g e Vo n n 3

1
+vo(f) + Ewe
n

IA

Thus

1
E lOg M%,oo(f’ Xy Gs ,09 Fns 8}1’ U)

log( > exp(f f(w(a))))

ey a=1

1 1
log |D|N€ Mapv() vanaLn,_,U +l)0(f)+—
3n 3n

IA

IS

_I_

Ul

IA

U=

+

Ul
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Letting o run through the terms of the sofic approximation sequence X, by the
pigeonhole principle there exist ., € D and a sequence i < iz < --- in N with

. 1
Py (f. X, G, p, Fy, 8,) = lim — log M5 (f, X. G, p, Fy, én, 03;)
’ k— 00 dik ’
such that
1 . 1 1
d_logME’oo(f; X7 Ga P, anano—)S d_log |D|N€ Mapun IoanaLna %501.](

lk g

1 1

for all k € N and |, (a;-1(8)) — nn(g)l < 1/nforanyt € F,, and g € L,,. Then

Pg (/. X, G, p)
S P%)oo(f; X7 Ga 105 an 87[)

1
= lim o log M5, . (f. X, G, p, Fy, 8n, 0i;)

k—o0 dj,

1 1 1 1
< li — 4+ —1 D M F.,L,, —, o; —
1 1
=< h%’un,oo(los Fna Ln7 %) +I~‘Li’l(f) + %

Let i1 be a weak* limit point of the sequence {u,},- ;. Forany t € G and g € {gm}men,
we have
[ or-1(8)) — (@) =< [1(o-1(8)) — tn(ot-1 (€] + | ptn (0t;-1(8)) — n(g)]
+ un(g) — (@)l

Since the right hand side converges to 0 as n — oo and {g, }men is dense in C(X), we
deduce that p is G-invariant.

Let F be a non-empty finite subset of G, L a non-empty finite subset of C(X) and § > 0.
Choose n € N such that

1
F CF,, — < §/4, — 5/4
CIn 3 = / gEHLlS){(f} len(8) — n(g)l <8/

and for any g € L there exists g’ € L,, such that ||g — g'llco < 8/4. Then for any map
0 :G — Sym(d) forsomed e N, ¢ € Mapﬂn (p, Fu, Ly, 1/3n, 0) and g € L, we have

1(0x8)(8) — ()] < 1(@x8)(8) — (@) (&) + (@) (g) — n (gl
+1n () — (@] + l1n(g) — (gl

- _<5’
<3ty s

and hence ¢ € Mapu(p, F,L,3§,0). Thus

1
Mapp,n (107 Fl‘la Ll’l’ 59 U) CMap,u(pa F’ Lv 85 U)
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and then

%,M’oo(va9 L’ 8)+f fd/""zhsz’ﬂn,oo<van’Ln’_) / fd/l‘ﬂ__
X
8

> P, oo (f. X, Gp)——n——

4
> Pg o (f. X. G, p)— =
Since F, L, § are arbitrary we get
S @)+ [ fdnz PEL(£X. G0
as desired. Then
Py oo (f, X, G)§sup{hz,u(X, G)—i—/deu:pLeMG(X)}. 0

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Let p be a compatible metric on X and p € Mg(X). Let F be a
non-empty finite subset of G, and §, € > 0. Put L; = {f}. Fixi € N. Let £ be a (oo, €)-
separated subset of Mapﬂ (p, F, Ly, 8, 0;) with maximal cardinality. Then £ is also a
(pso, €)-separated subset of Map(p, F, 8, o).

Since the function x — log x for x > 0 is concave, one has

di
log ) & exp(Z f(<p(]))> |;| D Fleln.

pe€ pe€ j=1
Hence
1 di
log ) exp(Z f<¢(1))> > log [El+ — Y Y fle(j)
pel | | pef j=1
>1og|8|+— (/fdu—é)-
|8| pel
=log|&| + </ fdu—&)di.
X
Thus

Pg oo(f. X. G p, F.8) +8 2y oo(p, F. L1, 8) + /X fdu,

for all non-empty finite subsets F' of G and all §, ¢ > 0, yielding

Peoo(f X, G, p, F) 2 Iy (s F, L1)+/ fdu>hwoo(p,F>+f fdu
X

for all non-empty finite subsets F' of G and any ¢ > 0. Hence

Ps(f. X, G) = hy. (X, G) +/X Fdu

Combining with Lemma 4.3, we get

Ps(f, X, G):sup{hz,u(X, G)+/deM:MeMG(X)}. 0
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Remark 4.4. From the variational principle theorem we see that if X has no G-invariant
Borel probability measure then the topological pressure will be —oo. For an example of
such action, see the example at the end in [8, §4]. Note that when G is amenable, for any
continuous action of G on a compact metrizable space there always exists a G-invariant
Borel probability measure. In this case, the sofic topological pressure is always different
from —oo0 since it coincides with the classical topological pressure; see Theorem 1.1.

5. Equilibrium states and examples

In this section we will calculate the sofic topological pressure of some functions over a
Bernoulli shift. Let « be a continuous action of a countable sofic group G on a compact
metrizable space X.

Definition 5.1. Let ¥ be a sofic approximation sequence of G and f be a real-valued
continuous function on X. A member u of Mg (X) is called an equilibrium state for f with
respect to X if Px(f, X, G) =hsz (X, G)+ [y fdpu.

Definition 5.2. LetY ={0, ..., k — 1} for some k € N and u a probability measure on Y.
Let YO = [ e Y be the set of all functions y : G — Y. For any non-empty finite subset
Fof G,a=(a;)ser € YT, put Arq ={(V1)reG : ys = as for all s € F'}. Then there exists
a unique measure 1 on Y defined on the o-algebra of Borel subsets of ¥¢ such that
u@ (AF,q) =[1;eF n(ay) for any non-empty finite subset F of G, and a = (ay)ser € YFf,
see [25, p. 5]

The following result is known when the acting group G equals Z¢ for some d € N. For
example, see [25, Theorem 9.16] for the case d = 1 and [7, Example 4.2.2] for the general
case d € N.

THEOREM 5.3. Let G be a countable sofic group, k e N and X ={0, 1, ...,k — l}G.
Let ag, . .., ar—1 € R and define f € C(X) by f(x) =ax, where x = (X;);ec. Let o be
the continuous action of G on XC by the left shifts s - (x;)1eG = (x-1)teG. Let X be

a sofic approximation sequence of G and | the probability measure on {0, ...,k — 1},
defined by
: exp(a;) :
'U“(I)ZT forall0 <i <k —1.

> =0 exp(a;)
Then

k—1
Ps(f, X, G) = sup{H(p) + Z p(@)a; : pis a probability measure on {0, ..., k — 1}}
i=0

k—1
= log<Z exp(a ,~>),
j=0

where H(p) = Zf:é —p(i) log p(i). Furthermore, the measure [,LG is an equilibrium
state for f.

Proof. Let p be the pseudometric on X defined by p(x, y) =1if x, # y. and p(x, y) =0
if x, = y,, where x = (x5)5eG, ¥y = (¥s)seg € X. Then p is a continuous dynamically

https://doi.org/10.1017/50143385712000429 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000429

1384 N.-P. Chung

generating pseudometricon X. Let 1 > ¢ > 0, § > 0 and F be a non-empty finite subset of
G. Let o be amap from G to Sym(d) for some d € N. Let £ be a (o, &)-separated subset
of Map(p, F, 5, 0). Since £ is (po, €)-separated, for any distinct elements ¢, ¥ € £,

(@(j)e # (Y (j)), for some 1 < j <d. Thus

d d
> exp <Z f(fp(j))> = em(Z a(ga(j»e)
j=1

pel j=1 pel

< > exp (é bj)

(b1,....ba)elag, ...ag—1}?

d
= > [T exp®))

(b1,....bg)elag. ....ax 1} j=1

k1 d
= (Z eXP(Ch‘)) ;
i=0

and hence
~ log M§ o (f. X, G, F. 8, 0) <log( Y exp(a) ).
i=0
For each B €{0, ...,k — l}d, take a map g :{1,...,d} — XY such that for each

ieldlandt e G, ((pp)i)) = B(o(t~1)i). We denote by Z the set of i in [d] such that
o(e)o(s)i =o(s)iforalls € F. Forevery B € {0, ..., k — 1}4, s € Fandi € Z, we have
(s@p())e = (pp(i))s—1 = B(o(s)i) and (@g(si))e = B(o(e)si),

and hence (s@g(i))e = (@ (si))e-
When o is a good enough sofic approximation of G, one has 1 — | Z|/d < 82, and hence
@p € Map(p, F, 3, o). Note that {¢g}gco, . -1} 18 (Poo, €)-separated. Thus

.....

1 1 d
Slog M5 (£, X. G, F.6,0) 2 ~log 3 exP(Zf((ﬂﬂ(i))>

Bef0, ... k—1})d i=1

| d
= log > exp(Za(wﬁ(i))e>

Be(0,....k—1}4 i=1
1 d

= 3 log Z eXp( aﬁ(o(e)i)>
Be{0,....k—1}4 i=1

1 k-1 d
(S )
k=1
= log(Z exp(ao),
i=0

and hence

1 . k—1
S log M5, (. X, G, F, 8, 0) =log Z exp(a;) ).
i=0

https://doi.org/10.1017/50143385712000429 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000429

Topological pressure and the variational principle 1385

Thus e
Ps(f, X,G) = log(z exp(a,-)).

i=0
Let ve Mg(X). Put A; ={(x5)secg € X : Xe =1} for any i =0,...,k—1. Let p
be the probability measure on {0, ...,k — 1}, defined by p(i) =v(A;) for any i =
0,...,k—1. Then

k—1 k-1 k=1
/fdv=2f fdv=Zal-v<A,->=Za,~p<i>=/fdpG.
X i=0 VA i=0 i=0 X

Since & ={Ap, ..., Ax—1} is a finite generating measurable partition of X, applying [1,
Proposition 5.3] (taking B there to be the trivial partition), [8, Theorem 3.6] and [9,
Proposition 3.4], we get hx (X, G) < H,(§), where

k—1

Hy(€) =) —v(A;) log v(A)).

i=0
Hence, by [25, Lemma 9.9],
k—1

hsv(X, G) +/ fdv < Hy&)+ ) aipli)
X i=0
k—1
= > pi)(a; —log p(i))
i=0

k—1
< log(z eXp(ai)).

i=0
From combining [1, Theorem 8.1], [8, Theorem 3.6] and [9, Proposition 3.4], we know
that the inequality in the first line becomes equality when v = p®. Furthermore, by [25,

Lemma 9.9], the inequality in the third line becomes equality if and only if
p@) = f& =u(@) foreveryO0<i<k-—1.
> i—oexp(a;)
Thus

k—1
Ps(f, X, G) = sup{H(p) + Z p(i)a; : p is a probability measure on {0, ..., k — 1}}
i=0

k—1
= log(Z exp(a ,~)>,
j=0

and 19 is an equilibrium state for f. o

When G =7, u© is the unique equilibrium state for f; for example, see [25,
Theorem 9.16]. The proof there also works for the case G is countable amenable. Thus,
we raise the following question.

Question 5.4. Let G be a countable sofic group, k € N, and X, f € C(X) and «, i be as
in the assumptions of Theorem 5.3. Is u€ the unique equilibrium state for f with respect
to X, for any sofic approximation sequence X of G?
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6. Properties of topological pressure
Let o be a continuous action of a countable sofic group G on a compact metrizable space
X and ¥ a sofic approximation sequence of G. In this section, we study some properties
of the map Px(:, X, G): C(X) - R U {400} and give a sufficient condition involving
topological pressure for determining membership in Mg (X) when G is a general countable
sofic group.

The following result is well known when G is amenable. For example, see [25,
Theorem 9.7] for the case G =7 and [14, Corollary 5.2.6] for the general case G is
amenable.

PROPOSITION 6.1. If f, g € C(X), s € G and c € R then the following are true.

i) Px(0,X,G)=hx(X, G).

i) Ps(f+c, X,G)=Ps(f,X,G)+c.

(i) Ps(f+g,X,G)<Ps(f, X,G)+ Ps(g, X, G).

(v) f <g implies Px(f, X, G) < Px(g, X, G). In particular, hx (X, G) + min f <
Ps(f, X, G) <hy(X, G) +max f.

)  Px(-, X, G) is either finite valued or constantly £oo.

(vi) If Ps(-, X, G) # %00, then |Px(f, X, G) — Px(g, X, G)| = | f — glloo,
where || - ||co is the suprenorm on C(X).

(vii) If Px(-, X, G) # Fo0 then Px (-, X, G) is convex.

(viii) Pu(f +goas —g, X, G)=Px(f, X, G).

(ix) Px(cf,X,G)<c-Px(f,X,G) if c=1 and Px(cf, X,G)>c-Px(f, X,G) if
c<l1.

) IPs(f. X, G)| < Ps(If], X, G).

Proof. Let p be a compatible metric on X. Let o be a map from G to Sym(d) for some
d € N. Lete, § > 0 and F be a non-empty finite subset of G.

(1)—(@iv) These are clear from the definition of pressure and Remark 2.4.

(v) From (i) and (ii) we get Px (f, X, G) = oo if and only if iy (X, G) = to0.

(vi) Follows from (iii) and (iv).

(vii) By Holder’s inequality, if p € [0, 1] and £ is a finite subset of Map(p, F, 8, o)
then we have

d d
> exp(p Y fle@)+a-p Y. g(go(a)))
a=1 a=1

pel
d 14 d 1-p
< (Z eXp( f(<,0(a))>> <Z exp(Z g(<p(a))>> )
pel a=1 oy —
Therefore,
M3, oo(pf + (1 = p)g, X, G, p, F,8,0) < M3, (f, X, G, p, F, 8,0)°
M (8. X, G, p, F.8,0)77,

and (vii) follows.
(viii) Let o be a map from G to Sym(d) for some d € N. Let ¢, x > 0 and F be a non-
empty finite subset of G containing s. Since g is continuous there exists Q > 0 such
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that |g(x)| < Q for any x € X. Choose § >0 such that 2Q5|F| <« and |g(y) —
g(@)| <k for any y, z€ X with p(y, 2) < V8. Let £ be a (po, €)-separated subset
of Map(p, F, 8, 0). For each ¢ € £ we denote by A, the set of all a € [d] such that
p(p(ta), te(a)) < Vé forallt € F. Then |[Ay| = (1 — |F|8)d and so

d
exp(Z(g(w(a)) - g((p(sa))))
a=1

= eXP( Z (g(sp(a)) — g(w(sa)))) eXp< Z (g(sp(a)) — g(w(sa)))>

aclh, a¢hy
<exp(kd) exp(2Q|F|8d).

Therefore,

d
)3 exp(Z(f +goa - g)(go(a)))

pel a=1

d d
=y exp(Z f((p(a))> exp<z(g(s¢(a)) - g(w(sa))))

pel a=1 a=1

d
<> exp(Z f(w(a))> exp(cd) exp(2Q|F |8d).

pel a=1
Thus
longZ’OO(f +goa;—g,X,G,p, F,§,0)
<logMs . (f,X,G,p, F,8 0)+«d~+2P|F|5d
<log M%;Oo(f, X,G,p, F,8 0)+2kd,
and hence
Pg’oo(f—i—goas -2, X,G,p,F)< P)'%’Oo(f, X,G,p, F)+ 2«
for any non-empty finite subset F' of G, ¢ > 0 and ¥ > 0. Therefore,
Psoo(f +8oas—8. X, G, p) = Pro(f, X, G, p) + 2,

for any « > 0.
Similarly, from

d
exp(Z(g(w(a)) - g(¢<sa)))>

a=1

= eXp< > (glsgpla)) — g(w(sa)))) eXP( > (glsgla)) — g(fﬂ(Sd)))>
aclh, ag¢hy
> exp(—«d) exp(—2Q|F|8d),
we get
PE,OO(f+g°aS — &, X? G’ p) > PZ,OO(f: Xv G, IO) _2’(7

for any « > 0. Therefore,

PE‘OO(f_‘_goas _g7X7 G’ IO)ZPX,OO(fv X’ G7 /0)
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(ix) If ay, ..., ar are positive numbers with Zle a; =1 then Zle af <1 when
c>1,and ZL] ai" > 1 when ¢ < 1. Hence if by, . . ., by are positive numbers then

k
bes(Zbl)C when ¢ > 1,
and
k k c
be > (Z b,-) when ¢ < 1.

Therefore, if £ is a finite subset of Map(p, F, 8, o) we have

d d c
ZGXP(CZf(w(j))> < (Z exp(Z f(<ﬂ(j))>> when ¢ > 1,
Jj=1 j=1

pel pel
and .,
> exp(c > f(fp(j))> > (Z exp(Z f(w(j))>> when ¢ < 1.
pel j=1 pel j=1
Then (ix) follows.
(x) From (iv) and (ix) we get (x). O

Let B(X) be the o -algebra of Borel subsets of X. Recall that a finite signed measure is
amap u : B(X) — R satisfying

o (e.¢]
M(U Ai) =Y w4,
i=1 i=1
whenever {A;}7° is a pairwise disjoint collection of members of B(X).

Now we prove a sufficient condition for a finite signed measure to be a member
of Mg (X), using topological pressure. It is known for the case of Z-actions [25,

Theorem 9.11] and we follow the proof there.

THEOREM 6.2. Assume that hy (X, G) # £oo. Let pu:B(X)— R be a finite signed
measure. IffX fdu<Ps(f, X,G) forall f € C(X),then u € Mg(X).

Proof. Suppose f > 0. If k > 0 and n > 0 we have

/n(f+K) dp = — _/ —n(f +x)du>—Ps(—n(f +«), X, G)
> —[hx (X, G) + max(—n(f +«))] by Proposition 6.1(iv)
= —hx(X, G) + nmin(f + «)

> 0 for large n.

\

Therefore [(f +«)dp >0 and hence [ fdu>0. Thus p takes only non-negative
values.
If n € Z then

/ndu < Pz(n, X, G)=hz(X, G) +n,

so that u(X)<1+hx(X,G)/n if n>0 and hence w(X)<1, and pu(X)>1+
hy (X, G)/nif n <0 and hence u(X) > 1. Therefore u(X) = 1.
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Lastly we show u € Mg(X). Lets € G, n € Z and f € C(X). By Proposition 6.1(viii),
one has

n f(f oas — f)du< Ps(n(f oas — f), X, G) = hg (X, G).

If n > O then dividing both sides by n and letting n go to co yields f (foay— fdu <
0, and if n <0 then dividing both sides by n and letting n go to —oo yields f (fo
a5 — f)dpn>0. Therefore [ foasdu= [ fdu, for any feC(X),s€G. Thus
un e Mg(X). O

In the case G is amenable, as a consequence of the variational principle for topological
pressure, the converse of Theorem 6.2 is also true; see for example [25, Theorem 9.11] for
the case G = Z. Thus, it is natural to ask the following question.

Question 6.3. Let a countable sofic group G act continuously on a compact metrizable
space X, X a sofic approximation sequence of G and u € Mg (X). Do we have

/fdung(f,X, G) forall feC(X)?
X

Indeed, when G is a general countable sofic group, we only need to consider the case
hs (X, G) = —oosinceif hy (X, G) # —oo then by Theorem 1.2 we obtain

/ fdu<Px(f, X,G) forall fe C(X).
X
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