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Moons, bridges, birds ... and

nonexpansive mappings in Hilbert space

Kasimierz Goebel and Rainald Schoneberg

In recent years some fixed point theorems have teen proved for

nonexpansive mappings in Hilbert space, which have non-convex

domains. The purpose of this paper is to present a simple but

very useful new result of that kind and to indicate some of its

consequences.

1. Introduction

Throughout our discussion H will denote a Hilbert space, X will

denote a nonempty bounded subset of H , and for a subset Y of H we use

conv(y) to denote the convex closure of Y . A mapping f : X •*• H such

that \f{x)-f{y) | - \x-y \ for all x, y € X , is called nonexpansive. X

is said to have the fixed point property for nonexpansive mappings, if

every nonexpansive self-map of X has a fixed point.

The precise generality of the class of sets having the fixed point

property for nonexpansive mappings is not known, but it does include all

closed bounded and convex sets ([2], [3], [5]), all contractible finite

unions of closed bounded and convex sets ([6]), and all closed bounded and

starshaped sets ([4]).

In this short note we prove - among others - that a non-empty bounded

subset of H has the fixed point property for nonexpansive mappings, if it

is Chebyshev with respect to its convex closure. Thus we establish the

fixed point property for nonexpansive mappings for several sets which are

not necessarily weakly closed or starshaped, and get a useful tool for
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constructing a lot of irregular sets having the fixed point property for

nonexpansive mappings.

2 . Main r e s u l t

THEOREM. Let f : X -*• X be nonexpansive. Then the following

properties of f are equivalent:

(1) / has a fixed point in X ;

(2) there is x e X such that for any

y € c^vjj/2^) : n I Z

there is a unique x i X suah that \y-x\ = &ist(y, X) .

P r o o f . ( 1 ) =» ( 2 ) : o b v i o u s . ( 2 ) =» ( l ) : I n v i e w o f K i r s z b r a u n ' s

Theorem ([7]) there is a nonexpansive mapping g : H -*• conv(j) such that

( 1 n \

— j - Y, Q {xn) converges weakly to a fixed

point y of g ( [ / ] ) . Since g [xQ] = f1 [xQ) for k € Z+ , we have

y i conv |_f^(a; ) : n € Z \\ , and hence there is a unique x £ X such that|_

\y-x\ = dist(y, X) . Then

dist(y, x) 2 \y-f(x)\ = \g(y)-g(x)\ 5 )y-x\ = dist(j/, X) ;

that i s , \y-f(x)\ = dist(j/, X) , and therefore x = fix) •

3. Some consequences

1. Let 5 = {x € # : |a;| =1} and / : S -»• 5 be nonexpansive. Then

/ has a fixed point in 5 i f f there is xQ € S such that

Z + ]0 f ^nVfj/H^) : » 6 Z

2. Let ^ "be Chebyshev with respect to its convex closure (that is,

for any y € conv(j) there is a unique x € X such that

|y-a;| = dist(i/, X) ) . Then X has the fixed point property for non-

expansive mappings.

3. Let x* be a linear functional of unit norm on H and
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0 < o < 1 . Then 2 implies that the set

{x £ H : |x| = 1 and re x*(x) > c}

has the fixed point property for nonexpansive mappings. This has been

established in LSI, if vT?A < o < 1 .

h. The following (two-dimensional) figures indicate further

(infinite-dimensional) subsets of H , which have the fixed point property

for nonexpansive mappings by 2:
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4. Two problems

PROBLEM 1 . Does there exist a convex body Y in H such that the

boundary of Y is Chebyshev with respect to its convex closure?

PROBLEM 2. Does there exist a convex body Y in H such that the

boundary of Y has the fixed point property for nonexpansive mappings?
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