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1. According to the still unproved conjecture of Borsuk 

[l] a bounded subset A of the Euclidean n-space E is a union 
of n H sets of diameters less than the diameter D(A) of A . 
Since A can be imbedded in a set of constant width D(A) , [2], 
it may be assumed that A is already of constant width. If in 
addition A is smooth, i . e . , if through every point of its boun
dary dA there passes one and only one support plane of A , 
then the truth of Borsuk1 s conjecture can be proved very easily 
[3]. The question a r i ses whether Borsuk's conjecture holds also 
for a rb i t ra ry smooth convex bodies, not merely for those of con
stant width. Since it is not known whether a smooth convex body 
K can be imbedded in a smooth set of constant width D(K) , the 
answer is not immediate. In this note we show that the answer 
is affirmative. 

THEOREM 1. A smooth convex body K in E is a union 
of n + 1 sets of diameters < D(K) . 

The theorem is not part icularly surprising and the proof is 
elementary, but the method of proof is novel and may be of some 
in teres t . Our main tool is visibility sets ; roughly speaking, these 
are subsets of dK , visible from a point outside K . Small Latin 
le t ters o, p, q, . . . will denote points, xy will stand for the 
straight closed segment joining x to y , and |xy | for its length. 

2. Le t K be any convex body in E , tha t i s , a c o m p a c t 

convex s u b s e t of E with nonempty i n t e r i o r . Le t x be a poin t 
ou t s ide K and pu t . „• 

Dur ing the wr i t ing of th is note the au thor held a Fe l lowsh ip of 
the Nat ional R e s e a r c h Counci l . 

Canad . Math . Bu l l . vo l . 10, no . 1, 1967 

1 

https://doi.org/10.4153/CMB-1967-001-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-001-1


V(x,K) = { y : y € 8K , xy H K = {y} } , 

U(x,K) = {y : y e 9K , xy fl (K - 9K) = «S } ; 

on account of the obvious physical analogy, these may be called 
the sets of visibility and of semivisibility, of K from x . 

To prove Theorem 1 it suffices to represen t 8K as a 
union of n + 1 se ts , say B . . . , , B , of diameter < D(K) . 

1 n+1 
For if that is done, let o be any point in the inter ior of K and 
let F . be the closed convex hull of B. (J {o} . It follows then 
that 

D(F.)=max ( sup ) |xy| , sup | ox | )<D(K) , 

i i 

so that 
n+1 

K r I I F. , D(F.) < D(K) (i = 1 , . . . , n+1). 
' A l l 

1=1 

To obtain the desired decomposition of 8K , inscr ibe K into a 
simplex with the ver t ices x . . . . , x . and let U. be the i- th 

1 n+1 l 

semivisibility set U(x.,K) . If x is any point in dK and N a 

plane supporting K at x , then the ver t ices x , . . . , x can
not all lie s t r ic t ly on the same side of N as K . Therefore 
there is a ver tex, say x, , such that either x € N or x, is 

1 1 1 
str ict ly separated from K by N . In either case it follows that 

n+1 
X6 U. ; hence dK = (J U. . 

1 i=l X 

To complete the proof we show that the hypothesis of smooth
ness of K implies D(U.) < D(K) (i = 1, . . . ,n+l) . Suppose to the 

contrary that D(U.) = D(K) for some i . Then U. contains 

points p and q , such that |pqj = D(U.) = D(K) , and the planes 

P and Q , passing through p and q and orthogonal to pq , 
both support K . Suppose, without loss of generality, that 
| x . p | >. | x .q | , so that x.p is not contained in P and lies on the 
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same side of P as K , The sets x.p and K a re convex and 
i 

have no interior points in common, they can therefore be sepa
rated by a plane R supporting K . As p lies in 9K , R sup
ports K at p . Since x.p lies on the same side of P as K , 

P and R are distinct. However, this contradicts the smooth

ness of K because P and R are two distinct planes SUppOlting 

K at p , and the proof is complete. 
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