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A b s t r a c t . The instability due to a vertical uniform temperature gradient is studied in a rapidly 
rotating horizontal layer of an electrically conducting fluid permeated by an azimuthal magnetic 
field linearly growing with the distance from the vertical axis of rotation. In addition to the 
boundary conditions used in So ward's study (1979), that is, force-free surface and perfect electrical 
and thermal conductivity outside, also other conditions more realistic for the Earth's core are 
considered, that is, rigid surface and electrically insulating walls. Using the concept of mean-
field mlid mean electromotive and ponderomotive forces (E.M.F. and P.M.F.) are calculated and 
compared for various boundary conditions. The dependence of the E .M.F. and P.M.F. on the 
electromagnetic boundary conditions is strong (slight) if the boundaries are free (rigid). 

K e y w o r d s : Hydromagnetic instabilities, mean electromotive force, Earth's core 

The thermally and magnetically driven convection resulting from the instabilities 
is studied in various MHD-models. The model (Soward(1979), Sevcik(1989)) of 
electrically conducting Boussinesq rapidly rotating fluid layer with azimuthal mag-
netic field B 0 = B0(s/d) φ and with temperature difference Δ Τ between perfectly 
thermally conducting boundaries is the basis of our problem. We consider various 
boundary conditions which better fit Earth's core conditions. 

In Mean Field MHD various kinds of α-effect and other generation effects are 
usually apriori given and their consequences are studied, Krause, Rädler (1980), 
Brandenburg et al.(1989). It is useful to have information about the E.M.F. com-
puted (and not apriori given) from the instabilities of the hydromagnetic model, 
Brestensky, Rädler (1989). 

Our aim is therefore to study the dependence of the resulting E.M.F. (and also 
P.M.F.) on various boundary conditions of the investigated model. 

Governing linearized dimensionless equations in the magnetostrophic approxima-
tion for the perturbations of the velocity (w, u>), magnetic field (6, j) and temper-
ature ϋ have a form 

1. Introduction 

2. Governing equations and method of solution 

q-x\û = w + (D2 — k2) ϋ , 

0 = -Dw + 2ADb- imAj , 
0 = -Du> + 2ADj + im(D2 - k2)b - Rk2 ΰ 

Xb = im w + (D2 — k2)b, 
A j = imu + (D2 -k2)j , 

(1) 

(2) 
(3) 
(4) 
(5) 

where the velocity and magnetic field 
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u = ÄT2[V x ( V x t ü z ) + V x w z ] , b = fc-2[V χ ( V χ 6 z ) + V χ j z ] , (6) 
are defined by unknown functions (w, by j} ΰ) in the form / ( z , s , vM) = 
5fte{/(z)Jm(fcs)exp(im<p + λ£)} , where Jm(ks) is Bessel function, integer m, real 
k are azimuthal and radial wave numbers, λ is complex frequency. In the equations 
(1-5) D = d/dz} q = κ/η (Roberts number), /c, η are thermal and magnetic diffusivi-
ties, d is width of the layer, Ωο is magnitude of angular velocity, Λ = £ 2 / (2Ωομρ0η) 
is Elsasser number, R = gar ATd/ (2Qo/c) is Rayleigh number, ατ is the coeffi-
cient of thermal expansion and g is the acceleration due to gravity. 

The set of equations (1-5) was solved for 6 combinations of boundary conditions 
corresponding to the electrical conductivities ~ of the ^PP^r boundaries 
combined with both free FB or rigid RB boundaries1. In all cases both boundaries 
are perfectly thermally conductive. The mechanical boundary conditions for FB 
(RB) are w = D2w = Du = 0 , ( w = D w = ω = 0 ). (7) 
The electromagnetic boundary conditions for insulating (perfectly conductive) 
boundary are j = 0 , (6 = 0) . (8) 
In 4 various investigated kinds of boundaries, i.e. in FBO, FBoo, RBO, RBoo the 
next electromagnetic conditions must be fulfilled 2D j — m\ 6 = 0, Db= 0, D 6 = 
0, D j = 0, respectively. The last ones are the consequences of the basic boundary 
conditions (7, 8) and/or ϋ = 0, and of the equations (1-5). 

Following Soward's paper (1979) for the FB case and Chandrasekhar^ method 
(1968) for the RB case the problem (1-5) can be reduced to the eigenvalue problem 

A ν = Rv (9) 
where A is complex matrix, R is Rayleigh number as eigenvalue and ν is a set of 
coefficients {v/} as an eigenvector. Thé function w(z) is given by the serie w(z) = 
Σ ν/ // (ζ), where fi(z) are the base functions satisfying conditions on the bound-
aries. The eigenvalue problem (9) was formulated for overstable marginal modes, 
3te(Ä) = 0, the series were truncated for / = 5. Further functions (ω(ζ), b(z)} j(z)) 
were computed from w(z) utilizing the boundary conditions. 

For the set of parameters (Λ, qy rn, k) and for various values of frequency λ the 
eigenvalues R(A) with $m(R) = 0 and the smallest |3Çe(Â)| were found. Then we 
have found, by minimisation of |5Re(ii)| over radial wave number fc, critical values 
RC) kCl Xc and resulting eigenvector {v/}. Rc and {t;/} [fi(z)] depend only on the 
mechanical [electromagnetic] boundary conditions. 

The dimensionless2 E.M.F. and P.M.F. related to Maxwell stresses, i.e. 
E = ( u x b ) , V M = ~ d i v ( b b - ^ b 2 I ) , ( I is unit tensor) (10) 

μ 
are computed by averaging over φ in the ranges of z G ( 0,1 ) and s G ( 0, jx/kc ). 
The quantity jx = j ( l , 3), [j(m> 2)] for m = 1, [ra > 1], where j(m) r) (r = 2, 3) is 
the r—th positive root of the equation Jm(x) = 0 . Ss = Εφ = 0 on the chosen right 
s—boundary. Mean square velocity ( u 2 ) by which the E.M.F. is normalized, was 
computed by averaging over all coordinates ζ, s} φ in the determined ranges. 

1 Iii the whole following text we use abbrevations FB, RB for free, rigid boundaries; 0, oo for 
insulating, perfectly conductive boundary and § » oo » oo t l i e c a s e s of investigated possibilities 
of electrical conductivity of the ^ ^ ^ boundaries. 

2 S = (BoV/d)S , Vm — A V]vf, where tilded quantities are dimensional ones. 
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m — 1,2,5,10 (ozimuthol wove number) 

mW - thermal westward mode 

m WM — magnetically driven westward mode 

mEM — magnetically driven eastward mode 

Fig. 1. Dependence of critical Rayleigh number Rc, frequency Ac and radial wave number 
kc on Elsasser number Λ for RB and FB cases. The mode m = 1 (for FB and R > 0) 
is thermally driven for the values of Λ smaller than Λ ~ 50. and magnetically driven for 
values greater than Λ ~ 50. (marked by symbol 0 which is used in all further figures). 

3. Numerical results and conclusions 

Thermal Τ and magnetically driven modes M were found for both kinds of mechan-
ical boundaries FB, RB (Fig.l). The curves for FB are the same as Soward's results 
(1979). T-modes are generated only for unstable stratification (Rc > 0) and they 
propagate westward. M-modes (catalysed by buoyancy) require sufficiently strong 
magnetic field. They propagate for unstable stratification westward (eastward) for 
FB(RB) and for stable stratification eastward (westward) for FB(RB). The pre-
ferred convection is generated more easily for FB than for RB for all values of A. 
For the case of FB the smaller A the greater azimuthal wave number m for the 
preferred modes whereas for RB the modes m > 1 are generated almost for the 
same Rc. Critical Rc ~ Ο(Λ) for strong magnetic field except for m = 1 for FB 
(Soward,1979). Frequencies Xc are greater for RB and they are increasing with Λ. 
Radial wave numbers kc are 0(1) for RB also for T-modes and m > 1. It is different 
from the case of FB where kc is increasing with A ( m > 1 ). 
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E l s a s s e r n u m b e r A E l s a s s e r n u m b e r A 

Fig. 2. Dependence of the |£v>|max a n d t h e poloidal component |£Poi|max = ( V ^ F T ^ F ) m a x 

related to the on Λ for Τ and M-modes of various azimuthal wave numbers m in 
6 combinations of boundary conditions. The symbols -f -ff -fff -ffff (f°r 1» 2, 3, 4 curves, 
respectively) in abscissas of Λ = 1., 100. show the modes for which the space distribution 
of the E.M.F. is depicted in fig.3. 

In figures we present results related only to the E.M.F. The dependence of the 
E.M.F.-components on Λ is in fig.2. The space distribution of the E.M.F. is for 
some examples of modes in fig.3. 

We can make the following conclusions. 
The dependence of all components of the E.M.F. and P.M.F. is strong on the 
electromagnetic boundary conditions if the boundaries are free, FB. For RB this 
dependence is slight. 

£φ normalized by (u2) is much more greater in the FB cases than in RB ones 
in all cases of electrical conductivity (§i TO ) an^ esPec^a^y when at least one 
of the boundaries is electric isolant ( jj, ^ ). 

The poloidal component of the E.M.F. strongly prevails the component es-
pecially in the RB case. Non conductive boundaries ~ support dominancy of 
the ^-component of the E.M.F. for FB. 

The space distribution of the Εφ—sign near rotation axis is also very sensi-
tive on mechanical boundary conditions and on stratification of the layer, too. 

When whole layer is unstably stratified the ίφ— sign distribution is ± ( jjj ) for 

FB(RB). When whole layer is stably stratified and boundaries are FB^ or F B ^ 
the £φ—sign distribution is ^ as was determined for the case when the layer is non-
uniformly stratified, i.e. when the upper (lower) sublayer is stably (unstably) strati-
fied; Brestensky, Rädler(1989), Brestensky(1991), Brestensky, Rädler, Fuchs( 1992). 
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Fig. 3. The space distribution of the E.M.F for T-modes [FB, RB (m = 5,Λ = 1.); 
RB(m = Ι,Λ = 100.)] and for M-modes [FB(m = 1,A = 100.)] for all investigated 
cases of boundary conditions. The space distribution for T-modes [FB (m = 1, A < 50.)] 
is very similar to depicted case of M-modes. 
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