ON THE CONSTRUCTION OF MATRIX REPRESENTATIONS
AND THEIR EXTENSIONS II

by ERIC B. KUISCH
(Received 8 April, 1990)

Introduction. In [5] we exhibited the construction of faithful irreducible matrix
representations of p-groups E and constructed their extensions to a semidirect product
E. H,in case E and H satisfied suitable conditions. One of the major conditions was that
the prime p had to be odd.

In this paper we assume the same conditions as in [5], but now with p =2, in order to
see if similar results can be obtained. Henceforth we will work with the following
hypothesis.

HyrorHests. Let G be a semidirect product of finite groups E and H where E is a
normal extraspecial 2-group of G, H is a complement of E in G, Cy(E) = {1}.

Under this hypothesis it is well known that E has a unique (up to equivalence)
faithful irreducible representation; say D.

In [1], Theorem 1.2, Dade showed that D has an extension to G if H has a normal
subgroup K where |K| is odd, and [E, K] = E. His proof is character theoretic and does
not describe the matrix representation associated to the extension. It is therefore
interesting to ask what the structure of this representation is.

As remarked in [5], the method developed to construct matrix representations and
their extensions for the p > 2-case cannot be applied in full generality to the p =2-case
(see [5], for more details). Nevertheless we can build a projective extension of D to
E. Aut(E), using the ideas of [5], and this projective representation is described in detail
(see Theorem I1.2.1).

We give a description of an extension in the p = 2-case for a special situation which is
suggested by Howlett’s proof (see [2]) of Dade’s theorem ([1, Theorem 1.2]). Howlett
shows how the extension problem for the character case be reduced to the case where H

has a cyclic Sylow 2-subgroup. It is for this last situation that we will construct an
extension of D to G.

This paper is organized as follows.

§0: We use the fact that there are only two types of extraspecial 2-groups (see (3,
Satz I11.13.8]); the structure of an extraspecial 2-group E of the so-called first type is
discussed and we construct a faithful irreducible representation of E. We note that it is
well-known that all faithful irreducible representations of E are equivalent.

§1: A projective extension of the unique faithful irreducible representation of an
extraspecial 2-group E of first type to E. Aut(E) is constructed.

§2: It is shown how for subgroups H of Aut(E) (E of first type) with |H| odd, the
projective extension to E . H (obtained by restriction) can be linearized (Theorem I1.2.6).

§3: It is shown that Theorem I1.2.6 can be generalized to hold for any extraspecial
2-group (Theorem I1.3.13), by examining the extraspecial 2-groups of the second type.

§4: We construct an extension to E. H where H has cyclic Sylow 2-subgroup C
(Theorem I1.4.3). This is done in two steps.

Step 1: an extension is constructed in case H is a cyclic 2-group (Theorem I1.4.1).
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Step 2: we construct a 2-complement K of H (H is 2-nilpotent by [3, Satz 1V.2.8])
and we build an extension to E. H out of the extensions to £. C and E . K (Proposition
(11.4.2)), using Theorem I1.3.13.

Our notation is standard and is adapted from [3] and [4]. Additional notation will be
introduced if necessary.

0. Preliminaries. We assume E to be an extraspecial 2-group to E/Z(E) is
elementary abelian and Z(E) is cyclic of order 2. We investigate the semidirect product
G =E. Aut(E).

It is clear that Z(E) ¢ Z(G). By [3, Satz 13.8] there are two types of extraspecial
2-groups. The groups of the first type are central products of dihedral groups of order 8;
each group of the second type is a central product of a quaternion group and a group of
the first type.

In Sections §0-8§2, E will be an extraspecial 2-group of first type.

An extraspecial 2-group E of the first type has the following property.

There exist involutions ¢, x;,i =1,...,2m such that every x in E can be uniquely
written in the form c®x{x%...x3% with ;=0 or 1,0=<=i=2m, (c)=Z(E), and
|E/Z(E)| =2%", where the x; satisfy the following relations: [x;,x,..;]=c, if 1<i=<m,
and [x;, x, ] =11if {j, k} #{i,m +i}.

The elementary method of constructing irreducible faithful representations of E, as
given in [§, Section 4] for odd primes p, can be performed in the present case as well.
This leads to Theorem (11.0.1) which gives the unique (up to equivalence) non-linear
faithful representation of E in this way.

NotaTioN. We will denote, for any y € E, the coset yZ(E) by .

The subgroup E, = (Z(E), Xp41, - - - » X2s) is @ maximal abelian normal subgroup of
E with index 2™. We have that W := C[E,/Z(E)] is a 2™-dimensional C-vectorspace.

Tueorem I1.0.1. Let ¢ be the bilinear map defined on F3" XF3™ by ¢(a, B) =
§ Cpmsiffi With «=(ay,. .., &), B=(B1,. .., Ban). Define the map D:E— End(W)
i=1

by D(x)(7) = (=1)**®™) (ximty . ximsy . . . x32y); where x =c®x{'. x5 .. x5, JeW.
Then D is an injective group homomorphism and it induces the unique (up to equivalence)
faithful irreducible representation of E which we also denote by D.

Proof. See [S, Theorem 4.6]. B
DEerINITION. We denote by A the transpose of the complex square matrix A.

Note that for any x € E, the entries of D(x) are £1. The following result can be
easily derived from the definition of D.

CoroLLARY I1.0.2. For all x € E we have that D(x)' = D(x~") = (D(x))™".
1. Construction of a suitable transversal. We will show that a suitable transversal of
Inn(E) in Aut(E) can be constructed which gives us the possibility to exhibit a projective

extension of the faithful representation D of E, in the spirit of [5]. For convenience we
introduce some notation.
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Nortation. (1) For ae€Z define a=amod2. Let aeF5", a=(a,,a,,...,a,,),
a; € Z. Then x* is defined as x{'x5%. . . x52.

(2) Let yeF>". Then i(y) is the inner automorphism of E determined by
i(y)(y)=x"y(x") ' forally e E.

(3) Define the bilinear map ¢ on Fi" X F:" by ¢(a, B) = 'Zn] Xpeifli, With a=
i=1

(a1, ..., a2,), B=(Bi1,...,P2n) By abuse of notation we define, for z,z’' € Z(E),
d(zx®, 2'xP) to be ¢(a, B).

(4) Let T € GL(2m, 2). Then Cy = |{a e F3" | Ta = a}|.

Quadratic forms over F, will play an important role in our investigations; therefore
we recall their definition.

DeriNiTioN I1.1.0. Let V be a vector space defined over a field K. Then a quadratic
form on V is defined as a map tv:V — K satisfying the following conditions

(i) t(cv)=ct(v), forallce K, veV;

(ii) the map B,:V X V— K, defined by

B.(v,w)=1t(v+w)—1(v)—t(W)

is a symmetric bilinear form.

See [6, p. 24] for more details.

Finally we define a special quadratic form q on F2” by

g(a) = ¢(a, @) = 2 Xmi®i, Where a=(ay, as,..., ay,)
i=1

We denote the symmetric bilinear form B, by f.

LemMma I1.1.1. Let 6 € Aut(E). Then for each a, 0(x*)=t.x* for unique elements
te Z(E) and o' e F5". The map T :F"— F3™ given by T(a) = o', is a linear transforma-
tion preserving the quadratic form q.

Proof. The map T is bijective and linear, as 0 € Aut(E). Moreover T fixes q, as
shown by the following argument. As E/Z(E) is elementary abelian, (x*)* € Z(E) and
therefore (x%)?=0((x*)*) =(6(x*))* Also (x*)?*=c?**® and (8(x*))*=(x"*)*=
c?TeTo) [see 1.4.6.1]. So q(@)=¢(a, @)= ¢(Ta, Ta) = q(T(«)). This proves the
lemma. W

Every element of Aut(E) induces a linear transformation on the 2m-dimensional
F,-vectorspace E/Z(E). We just saw that this linear transformation is an element of the
group consisting of all those linear transformations on a 2m-dimensional F,-vectorspace,
that preserve the quadratic form q. We denote this group by O,(2m,2). We now show
how for any element T of O,(2m,2) an automorphism of E can be constructed that fixes
Z(E) and induces T as a linear transformation on the F,-vectorspace E/Z(E). Hence
Aut(E)/Inn(E) = 0,(2m, 2).

THEOREM I1.1.2. Let T € O,(2m, 2). Define the map ur: E— E by

pr(cxdxgz. . . x8m) = cocIT@ytixst | xgin
where T(a)=T(a,,as,...,0;n)=(a1,az,...,0a5,), and qr(a)= ¥ ¢(k;, kj)a,a;, with
i<j
k; = T(e;) where {¢;=(0,...,0,1,0,...,0)|1=<i=<2m)} is the standard basis of F3™.
e ——

i—1
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Then uy is an element of Aut(E) and it induces T as a linear transformation on
E/Z(E).

Proof. We need to show that
pir(x®) . pr(x?) = p(x®. xP).
Note that pj(x%x?) = c®@B)  pi(x**F) = @B ar(@+ Bl T(a+h)

The proof can now be derived in the following way. By definition of u7,
WX ®) . p(xP) = @+ arB)+ T @.TB) 1 T(@+B). fyrthermore

¢(T(a), T(B)) = ¢, a,T(e), 2, biT(e))
=2, ¢(T(e), T(e)ab;
=D (¢(T(e), T(e;))a:b; + ¢(T(e;), T(ei))a;b;)

‘[a’S d(T(e), T(e;)) = pei,e) =0as T € 0,(2m, 2)]
= g (T (e), T(e;))(ab; + a;b)) + ¢(a, B)
[as ¢(T(e;), T(e)) + (T (ey), T(e))) = f(T(e;), T(e:)) = f(ej, e) =0
unless j — i = m].
(I1.1.2.1)

So gr(a)+qr(B)+ ¢(T (@), T(B)) = gqr(a + B) + ¢(a, B). This proves that u7 is a
homomorphism; as T is bijective we find that ure Aut(E). By definition u% induces T.
This proves the theorem. W

The proof of [§, Theorem 5.13) can be used to obtain the following result which will
be denoted in the sequel by (TH).

(TH) Let G be a finite group, N a non-abelian normal subgroup of G. Put
A=N/Z(N) and let {x, | a € A} be a transversal for Z(N) in N. Assume that

(i) Z(N) < Z(G).

(i) E is a G-invariant irreducible representation of N, defined over a splitting field k
of k[N] with char(k) 4 |N|,

(iii) tr(E)=0o0n N —Z(N).
Let T={g;|i=1,...,|G:N|}, g, =1, be a transversal for N in G. Define the map
Ne:G— GL(deg(®), k) by

S g ‘)) (*)

Halng) = E(”)(ch(g-n .,

where g; € T, and n € N. Then the following holds.

(a) If R is some transversal for N in G with 1€ R and C4(t) = Cy(t)/ Z(N) for all
teMR, then Ny, defined as in (*), is a projective k-representation of G extending =.

(b) Suppose that N/Z(N) is abelian and = is faithful. Then out of the transversal &
and the group structure of N/Z(N), a transversal B can be determined for which Ny is a
projective representation of G, extending E. Moreover, for every g, we have that

Ca(g:) = Cn(gi)/ Z(N).
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REeMARK. In the sequel we will apply part (b) of this theorem with k=C and N an
extraspecial 2-group. Observe that if (TH)(i)—(iii) holds and (|N{, |G/N|) =1, then there
indeed exists a transversal R for N in G with 1 e R and C4(t) = Cy(t)/Z(N) for all t e R.
This follows from Theorem 6.2.2 in Gorenstein’s book Finite Groups (1980). So in this
situation we can conclude from (a) that Ny, defined as in (*), is a projective
k-representation of G extending Z, and then a result of H. E. Becker [Archiv der
Mathematik, 27 (1976), 588-592, Lemma 1] can be applied to linearize Ny in order to
calculate an explicit extension of Z. The following lemma will enable us to apply (TH), as
it shows that u7 can be modified in such a way that the condition of (TH(a)) is satisfied.
Recall that by Notation (2) any § € F3™, affords an inner automorphism i(8) of E.

LemMma 11.1.3. Let T € O,(2m,2) and let uy be defined as in Theorem 11.1.2. Then
there exists some pr € F5™ such that

(a) i(pr)us is an automorphism of E which induces T, and

(b) i(pr)ur{x) = tx for some x with t € Z(E) only if t = 1.

Proof. Put F={x e E | ui{(x) =tx,t € Z(E)}. Then for x € F, we have x = c’x* and
T(a) = a. There are two possibilities. The first is that g-(a) =0 for all a with T(&) = a.
In this case i(pr) can be chosen to be the identity automorphism of E. The second
possibility is that there exists some x* € F with g;(a)=1. Put F:={x € E | u7{(x) =x}.
Then F=FKUx°F,. Let FR/Z(E)=(xPZ(E):1=i=<n) and F/Z(E)=
(x*Z(E), R/Z(E)), for some integer n. Any inner automorphism of y of E, fixes every
cosetyZ(E),ye E, as E'=Z(F). Hence if {x*'Z(E,...,x*Z(E)} is a basis for
E/Z(E), we get that y(x*)=cx%, with ¢;€ Z(E), 1=i=<2m. As |Inn(E)|=2>", and
|Z(E)| =2, we have that for any choice of central elements d;,i =1, ..., 2m there exists
an inner automorphism y’ such that

Y'(x*) =dix™, i=1,...,2m.
In particular we have that some inner automorphism i(pr) exists such that
i)Y =c.x%  i(p)xP)=xP, 1s=i=n,

We have that i(p)ur induces T on E/Z(E). If i(pr)ur{x) = tx for some x with ¢t € Z(E)
then u7{(x)=sx, for some s € Z(E), hence x € F. If x € F,, then x is fixed by i(pr)u7r;
otherwise x =x®.y with y € Fj and i(p7)ur(x) =i(pr)(ur{x®).y)=c. x"x*(x*")" 'y =
x% =x. This proves the lemma. W

From now on we assume that elements i(p;) have been chosen such as to satisfy the
lemma above, and denote i(p7)ur by pr. Note that p (x®) = 97+ (pr.Ta)y T(@)

An application of (TH) immediately gives that the matrix P(u,) defined by

1
P(.“T) =c_ 2 (_1)qr(a)+f(ﬂ1,T(a))+¢(Tn'+a’,ot)‘ D(x(T+1)(d)) (11_1_3.0)

T aeF;

is invertible and satisfies P(u;) "D (x)P(ur) = D(u7'(x)).
We now study the relation between P(ur) and P(ur-1). The following holds
There is some B € F3™ such that

x(ur(x)N =t pra(x™)(x™)' for all & € F3™. (I1.1.3.1)
"
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Indeed, working out the left-hand side of the equation gives
xa(ur(xa’))—-l — ch(a)+f(p-r,T¢r)+¢(¢r+Ta,Ta') . xa+Ta,
whereas
“T_l(xTa’)(xTaf)—l - Cq-r-l(Tar)+f(p-,-—I,a)+¢(a+Taf,T(x) . xaf—*-Ta.

By I1.1.2.1 we have for all T € O,(2m, 2) that ¢(T(«), T(v)) = Br(a, v) + ¢(«, v) where
B is the bilinear form satisfying Br(a, v) = gr(a) + g+(v) + gr(a + v). Now
¢(a,v) = ¢(T"(Te), T~(Tv)) = Br-(Te, Tv) + ¢(Ta, Tv)
=Br-(Ta, Tv) + Br(a, v) + ¢(a, v). (11.1.3.2)

Conclusion: Br-(Tea, Tv) = Br(a, v).

As we have that gr(a)+qr(v)=Br(a,v)+qr(a+v) we see that the form
gr(a) + qr-(Ta) is linear. This gives the result. W

The following lemma is a consequence of (I1.1.3.1).

LemMma (I1.1.4). Let T € O,(2m, 2) then
P(uz) = A™'P(ur-1)A with A = D(x°) for some suitable o € F3™.
Proof. By definition of P(u+) and using I1.0.2 we have that

P(ur) =ClT 2;,2” D(pr.x*. puz'. (x)7)
=1 3 Dur.x" it @

Cr aeF%"'

-~ 2 (D EPD(pa X (ur-) ™ (xT7Y (by (11.1.3.1))

CT acF

=l 2 (_1)qr1(T<¥)+f(pr‘,a)+f(ﬁ,a)+¢(cv+Tcr,Ta)_ D(x‘”T‘Y) (*)

cr aeF3™

By definition of P(ur) the quadratic form ¢'(a)=qr-(Ta)+f(pr-, a)+
¢(a + Ta, Ta) has the following property:

q'(a+8)=q'(a) if {=T().

For such { we have that f(B8,a+ §)=f(B, «). This follows as 1=ux%(u,(x*'=
SO (- (xT))(xTE) = B0 using 11.1.3(b).

By an observation similar to [5, proof of Lemma (6.2)]), we conclude that there
exists a linear mapping L :Im(T + I)— F3™ such that

(*) = 2 (_]_)‘IT“(TL“)+f(PT“vL°')+f(I3»La’)+¢(01,TL°').D(xa)
aelm(T+1)
where
> ()T TR el ¢(@ TLa) | By @) = P(p,), (I.1.4.1)
aelm(T+I)
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Now there is some o such that f(8, La) =f(0, ) for all «, as the map a— f(f8, L(a)) is
a functional. For this choice of o, we get that A := D(x°) satisfies the statement of the
lemma.

This finishes the proof of the lemma. W

Let T,S € 0,(2m,2). As any automorphism of E which fixes every coset xZ(E) is
inner, we have that u;us=h. uys where h € Inn(E). Choose B € F2™, such that & =i(B).
Using the definition of the matrices P(u,), T € O,(2m, 2), we conclude that

(P(rr)P(ps)) - D(x) . (P(ur)P(us))™" = D(prs(x))
= D(x)D(urs(x))D(x?) ™" = (D(xP)P(urs)) . D(x). (D(xP)P(prs)) ™"
As D is an irreducible representation of E, Schur’s lemma applies, and we get that
P(ur)P(us)=A. D(xP)P(urs) for some A e C*.

The following theorem shows what the value of A is when S =T"'. As in [5], we define
cor =codimension of the eigenspace of T associated with the eigenvalue 1, for
TeGL(2m,?2).

THEOREM (I1.1.5). Let T € O,(2m, 2). Then
det(P(ur)) = £277"°7 and P(u;)P(ur—) = £2°7. D(x?) for some y € FZ".
Proof. We compute the product P(ur)P(tr-1). By definition of P(u;) we find that
P(ur)P(ur-1) = (Ucr)? 3, (14D DD D(xT+D®),
where "’
k(a, B) = gr(a) + f(pr, Ta) + ¢((T + I)(a), @) + g7-1(B)
+f(pr-, T7'B) + o((T™" + 1)(B), B).

As P(ur)P(ur-)=A.D(x"), for some y e F3", we find by equating the coefficients of
D(x?) on both sides of the equation (using that the set {D(x®) | a e F3™} is linearly
independent) that for every a, we only need to consider those § for which (T~' + I)(8) =
(T + )(a)+y.

So then y € Im(T + ), say y=T + I(v), and for any such pair {«, 8} we find that
B=T(a+v)+ { with T({) = . We recall the following facts

) gr-(8) =f(pr-, §), and gr(@) + gr-(T(a)) = f(7, @) for some 7 € F3",
1) ¢(a, &) =Br-(Te, §) + ¢(Te, §) if T = € (by formula (11.1.3.2)).
Now
k(a, B)=qr(a)+f(pr, Ta)+ ¢(T + (@), @) + qr-(T(a +v) + ) + f(pr-, @+ v+ {)
+¢(T(a)+a+y, T(a+v)+ ()
=qr(a) +f(pr, Te)+ ¢(T + (@), T + 1(@)) + g7-(T(@)) + g7-(£)
+ Br-(Ta, &) + Br-(Tv, §) + Br-(Tee, Tv) + gr-(T(v)) + f(p7r-1, a + &)

+f(pr-, v) + ¢(T(a) + @, §) + ¢(T(a) + &, Tv) + ¢(y, T(a + v) + {)

"Lf(z, @) + f(pr, T@) + f(pr1, @) + (T + I(a), T + I(a)) + Br:(Tax, £)
+ Br(Tv, £) + Bro(Ta, Tv) + r(T(v)) + f(pr, v) + $(T(@) + @, £)
+¢(T()+ o, Tv)+ ¢(y, T(a+v)+ L)
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by I1)

="f(r,a)+f(pr, Ta) + f(pr-, @) + ¢(T + [(«), T + I(a)) + Br-(Tex, Tv)

+qr-(T(V)) + f(pr-1, V) + ¢(T(@) + a, Tv) + ¢(v, T(a + v))
= L(a) + ¢(T + I(a), T + I(a)) + dr,

where L is a functional and dr = f(pr-1, v) + ¢(y, Tv) + qr-(T(v)). So therefore
(Ur-(x™))E™) T = (=) x7, (I1.1.5.1)
and we conclude that

(l/CT)z . z 2 (_l)k(a,T(a+v)+C) . D(x(T+l)(¢r)) . D(x(T"‘+l)(T(nr+v)+§)) =1. D(XY).
a CeFix(T)

Therefore

A= (l/cT)z. 2 2 (_1)¢(0+Tcr,y)+L(a)+dT

a §eFix(T)
= Wer) (-1 3, (1P,

The exponent of —1 is a functional so Y (—1)?(*7*N*L® = ( or 22" The first possibility
doesn’t hold as A # 0. Apparently )
A=(1/cp)(—1)4r. 22m = (—1)r2¢0r,
Now it follows immediately that
det(P(ur)P(ur-)) = det(P(ur))* (by I1.1.4) =2°°72" det(D(x")).

As det(P(ur)) is integral, for P(u;) is a sum of matrices with integral coefficients, and as
det(D(x")) = +1, we have det(P(ur)) = £22"7"*°7 (and det(D(x")) = 1). This proves the
theorem. W

In order to proceed with our investigation we now need a result on quadratic forms.
Lemma I1.1.6. Let r be a quadratic form on a Fyvectorspace V then Y (1Y =0
or 2 for some positive integer k. vevy

Proof. As r is a quadratic form we have that the map Q:V X V—F, defined by
Q(v,w)=r(v) + r(w)+r(v+w), is a bilinear form. Now

(2 0©) =3 . 3 rye

veV veV weV
= > > (~1y™(=1)2w™),
weV veV

As Q( ,w) is linear ¥ (—1)2@") =293 if 9( , w) is identically zero on V, and
veV

¥ (-1)2®* =0 otherwise. We introduce the set W = {w e V | Q( , w) =0}.

veV
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Observe that W is a subspace of V, and that r is linear on W. Hence

(E (—1)"”’)2 = 2, (=1y®). 24m®)

veV wew
2 3 .
and we conclude that ( ¥ (—1)'(")) = or 24im(W)+dim(V)

As E (—1)"™ is integral we find that £ (—1)"® =0, or dim(W) + dim(V) = 2e for

veV

some mteger eand Y (—1)"™ = 12° This proves the lemma. W

veV
Lemma I1.1.6 has the following important consequence.

Taeorem I1.1.7. Let T,S € O,(2m,2). Then P(ur)P(us)= £2°. D(xP)P(uss) for
some positive integer e, where B is such that urus =i(8) . prs.

Proof. The set {D(x®) | « € F3"} is linearly independent; so equating the coefficients
of D(x?) on both sides of the equation P(ur)P(us) = 4. D(xP)P(uzs), using (11.1.4.1),
yields that A= ¥ (—1)"® where

aeV+3d
r(a) =q.(T™'Na) +f(pr, No) + ¢(a, T'Na) + q5(S~'Ma + B)
+f(ps, Ma + B) + ¢p(a+ B,s"'Ma + B) + ¢(a, & + B),

N and M are linear mappings (see 11.1.4.1), V:=Im(T+ ) NIm(S + 1)) and ¥ + 6 =
Im(T+I)N(Im(S + 1)+ B). Let ¢, be the constant gs(S™'MB)+ f(ps, B) + ¢(B, B).
Using (I1.1.0) we get that

r(@)=qr(T"'Na)+f(pr, Na) + ¢(a, T'Na) + qs(S"'Ma) + B, (S"'Ma, ST'MPB)
+q5(ST'MB) + f(ps, Ma) + f(ps, B) + ¢la, S'Ma) + $(B, ST'Ma) + ¢(B, B) + q(a).

Now the map o— r(a) + ¢, is a quadratic form by the following considerations. Let
L be a linear mapping, R € O,(2m, 2). Then qg is a quadratic form and we have that the
map a— ggr(L(@)) is a quadratic form as well. This is immediate by (I11.1.0).

Furthermore the map a— ¢(«, L(«a)) is also a quadratic form. Indeed, as L is linear
and ¢ is bilinear we have that

¢(a, L(a)) + ¢(B, L(B)) + ¢(a + B, L(a + B)) = ¢(B, L(«)) + ¢(a, L(B))

hence (I1.1.0(ii)) is satisfied; note that (II.1.0(i)) is trivially satisfied.

Finally, functionals over F, are quadratic forms and if ¢ and g are quadratic forms
then the map o — g(a) + q'(«) is a quadratic form. Now Lemma II.1.6 gives that A = £2°
for some integer e. This proves the theorem. H

Remark. It is possible to determine the element B € F3™ of Theorem I1.1.7 explicitly.
We have that

B=T(ps) + pr + prs + TS((qr(S(€m+1)), gr(S(€m+2)); - - -,

qr(S(e2n)), qr(S(e)), . - . , gr(S(em))))-

This can be derived immediately from the definition of the automorphisms i, using that
prits =i(B) . urs and qr(e;)=0, for all standard basis vectors e; of F3™ and all
T € 0,(2m, 2).
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2, Extending D. In this section we investigate under which conditions we can
construct an extension of D to E. H where H is a subgroup of Aut(E).

NortaTioN. Let T,S € 0,(2m,2). Then ppus=i(Bf)urs for a unique BeF2™; for
convenience we denote this 8 by w(T,S). Hence i(w( , )): 0,(2m,2) x 0,(2m,2)—
Inn(E) is a well-defined map. We recall that the kernel of a projective representation
R:X—GL(n,C) of a group X is defined to be the set {x e X :R(x)=v.I,veC*}.

DerINiTION. Let T € O,(2m, 2). Define E(ur) = V2™°r. P(uy).
Note. We have that
E(ur)D(x)E(ur) ' =E(ur(x)) forall xeE, Te0,(2m,2);
det(E(ur))=+1 forall T e O0,(2m,2), and ZE(u,)=Z(1)=Im.

Treorem 11.2.1. Let G = E. Aut(E) where Aut(E) c G operates in the natural way
on E. The map 2:G— GL(2",C) defined by Z(xi(y)ur)=Dx)D(x"E(ur) is a
projective representatton of E.Aut(E) which extends D. Let 9 be the factor set
corresponding to =. Then N(x,y) = 1 for all x,y € G. Moreover Ker(Z) c E . Inn(E).

Proof. 1t is clear by the note preceding Theorem II.2.1 that £ is a projective
representation extending D. We now prove the statement concerning .

As RN(xe,ye')=N(x,y) forall x,y e G and e, e’ € E (see [4, Theorem 11.7]) we only
need to describe N(i(y)ur,i(p)us) with y,pe¥Fs" and T,S € 0,(2m,2). Let T,Se
0,2m,2). Then umus=i(w(T,S))uss. By definition, ZE(ur)=V2 °rP(ur).
Furthermore  P(ur)P(us) = £2°D(x*T)P(uzs) and  det(D(x“T9))=+1, so
det(P(uz)) . det(P(us)) = £2°2" . det(P(uss)). Therefore, invoking Theorem II.1.5, we
conclude that e = 1/2(coy + cos — corg). Hence E(ur)=E(us) = +E(urps).

Furthermore,

E(i(y)ur)EGi(p)us) = D(x") . E(ur) . D(xP)E(us) = D(x) . D(ur(x*))E(ur)E(us)

= +D(x"). D(ur(x?))E(rpss),
whereas

~

2(i(y)uri(p)us) = EQ(Y)I(T (p))prus) = Ei(y + T(0)) urits)
=E(i(y + T(p) + o(T, S))pirs) = D(x? 7O+ TNE (1)
= +D(x" @)D (x*TNE(purs) = £D(x"* TN E(urps)

=+D(x"). D(ur(x?)). E(urus) (by definition of uy).

[1

I

We see that N@(y)ur,i(p)us) = 1. Now we prove the last statement of the
theorem. Suppose y = xi(y)ur, y € Ker(2). Then Z(xi(y)ur) = v. L, with v e C*. So we
have by definition of the matrices P(u;) that

v.D((x") ™) =v. (DX)DEN) ' =E(ur) = V2 P(ur) = D c,D(xTD),

acF3

with c, € C*. By the linear dependence of the matrices D(x*), with & € F2™, we have that
Im(T+1)=0,s0 T=1[and y € E. Inn(E). This proves the thecorem. B

https://doi.org/10.1017/50017089500008399 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008399

MATRIX REPRESENTATIONS 333

We now restrict our attention to subgroups of Aut(E) with odd order. Let H be a
subgroup of O,(2m, 2) of odd order and suppose T € H. Then [] i(w(T, L)) € Inn(E), so
LeH

there is a unique x(7)eF3™ such that i(k(T))= Il i(w(T, L)). We now have that
LeH

i(c(T))uri(x(S))ur' =i(w(T, S))™ . i(x(TS)); this is not difficult to see. As |Inn(E)| =
2%" and H has odd order we conclude that there is an odd integer b such that

i((T, 5)) = ((x(T)uri(x(SHp7" . i(x(TS) ™"’ =ix(T)pri(x(S)uz" . i(x(TS))
(note that Inn(E) is an elementary abelian 2-group). Using this we derive that
H:={i(x(T)). ur | T € H} is a group with HN Inn(E) = {1}. (11.2.2)

Let X be any subgroup of odd order of Aut(E), then X NInn(E)={1} and X is
isomorphic to a subgroup X of 0,(2m, 2). By the Schur-Zassenhaus theorem applied to
the group Inn(E) . X > X we find that X is Inn(E)-conjugate to X in Inn(E) . X.

We proceed with proving a fruitful result on vector spaces over a field of
characteristic 2. Besides that we will give an argument showing that for any T € O,(2m, 2)
with odd order there exists a pr such that f(pr, 8) =0 for all 6 € Im(T +I).

Lemma 11.2.3. Let V be a vector space over a field K of characteristic 2. Let T be an
operator on V. Suppose that T**' = [ for some integral k. Then V =Fix(T) ® Im(T + I).

Proof. We know by the dimension theorem on linear mappings that
dim(Fix(T)) = dim(Ker(T + I)) = dim(V) — dim(Im(T + I)).

Furthermore Im(T + /) N Ker(T + I) = {0} as can be seen in the following way. Suppose
that y eIm(T +I)NKer(T +1). Then there is some x such that y=Tx +x and
(T + (T + I)(x) =0. Now K is of characteristic 2 so (T?>+ I)(x) =0. So, by T**' =1, it
follows that Tx =x whence y = 0. This proves the lemma. W

CoroLLARY, Let V be a non-degenerate symplectic vector space over a field of

characteristic 2. Let T be a symplectic transformation of odd order. Then V =
Fix(T) L Im(T + I); moreover Fix(T) = Im(T + I)*.

Proof. Let {,) denote the symplectic form on V. If Tv =v then (v, T + I(w)) =
(v, Tw) + (v, w) =(T 'v,w) + (v,w)=0. So Fix(T)cIm(T +I)*. As V is nonde-
generate we have that dim(Fix(T)*')+ dim(Fix(T))=dim V. By Lemma I1.2.3 we
conclude that Fix(T)=Im(T +)*. &

We return to one of our earlier results. Consider the proof of Theorem 11.1.3. In case
of T e 0,(2m, 2) having odd order we can extend the basis of F/Z(E), given in the proof
of Lemma I1.1.3, by a basis % of Im(T + I) to a basis B’ of E/Z(E) and choose p; such
that

i(or)x)=c.x% i(pr)x®)=xg, 1=i=n; i(pp)x"=x" if x".Z(E)e%.

If we now look at the expression for P(u;) we see that the exponent of —1 can be
described independently of p,. Indeed, if (T +1)(0)=0 then oeFix(T) and the
exponent is 0. If (T + I)(o) # 0 we may assume by the previous lemma and (I1.1.4.1) that
oelm(T+1). The exponent of —1 is then gq;(0)+f(pr, T(0))+ ¢(To+o0,0)=
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qr(0) + ¢(To + o0, 0), this follows as T(o)eIm(T +1I) and f(pr,0)=0 for all 8¢
Im(T + I) by choice of p;. We conclude

THEOREM I1.2.4. Let T € O,(2m,2) with order(T) odd. Let P(uy) be defined as in
(11.1.3.0) (so P(ur)~'D(x)P(ur) = D(uz'(x)) holds). Then pr can be chosen such that

P(ur) = Z (_1)qr(d)+¢(Ta+a‘a)_ D(x(T+l)(a))‘ ]

aelm(T+1)
Let H be a subgroup of 0,(2m, 2) of odd order. Choose {ur | T € H} such that every
ur satisfies Theorem I1.2.4. Define H as in 11.2.2 and the projective representation of

E.H as in Theorem I1.2.1. By Theorem IL.2.1 we have that J(x,y)=+1 for all
x,y € E . H. In particular R(x, y)™ = RN(x, y) for all x, y e H.

DeriniTion 11.2.5. For x € H define sign(x) = Il N(x, z).

zeH

With this definition we have that sign(x)sign(y) = R(x, y)™sign(xy) =
N(x, y)sign(xy). We have therefore linearized the cocycle .

For convenience we denote sign(i(k(T))ur) by sign(T). We are now able to describe
representations of E. H, extending D, whenever H has odd order.

This description is one of the major results of this paper and can be formulated as
follows.

THeEOREM 11.2.6. Let E.H be a semidirect product of an extraspecial normal
2-subgroup E of first type with a group H of odd order such that Z(E)c Z(E. H).
Suppose Cy(E) = {1}.

Then H is isomorphic with a subgroup of O,(2m, 2) say H. Choose {ur | T € H} such
as to satisfy Theorem 11.2.4 and define H as in (11.2.2). There is some i(y) € Inn(E) such
that E. H=E . (HY™. Define the map % on E . (H) by

2() =sign(T)EV2)*'D(y)D(x*M) Y, (—1yrrer+oTaraa)p(p T+
aelm(T+1)
where t = yi(k(T))ur,y € E, T e H.
Then & is a faithful representation of E . (H) extending D, and so the map ® defined

on E . (H)'™ by
®(s) = D(x")"'E(i(y)si(y))D(x")
is a faithful representation of E . (H)") (and therefore E . H) extending D.

Proof. As D is a faithful representation of E, we conclude from Theorem I1.2.1 that
£ is faithful. The other statements are clear. W

3. Extraspecial 2-groups of the second type. In the previous sections we have
treated the extension problem for extraspecial groups of the first type i.e. central products
of dihedral groups of order 8.

Now we try to find analogous results in case we are dealing with extraspecial 2-groups
which are of the second type; i.e. groups which are central product of a group of the first
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type and a quaternion group of order 8. We will show that essentially all what we have
done in the previous sections holds for these groups as well, once we replace O,(2m, 2) by
0,(2m, 2); (see Remark I1.3.4).

In this section E will always denote an extraspecial 2-group of the second type.

The structure of £ can be described as follows. E contains 2m — 2 involutions
X1,X2,« 3 Xm—1, Xmt1, - - - » X2m— and elements x,,, X,,, of order 4 such that (c¢) = Z(E),
?=1,x}=cifi=mori=2m.

The non-trivial commutator relations among the x; are given by [x,,,X,,]=
[xis X+ =c for 1=i=m—1. Suppose a eF>" then there exists a unique element
x¥=x{x%3*...x5% where a;,=0 or 1,1=i=2m, such that o =(a,,a,,...,d,,), with
d:=amod2. Any x € E can be written uniquely in the following way

x=c%{x3?... x5 where 0=gqg;<1 foralli

DerintrioN [1.3.0. We define the bilinear form ¢* on F5™ X F3™ by

o*(a,B)= <2 am+ibi) + aynbom + a,,b,,.
izt

Lemma 11.3.1. Let a, B € F3™. Then x®. xf = c® (@Pxa+8,

Proof. We have x®. x# = cZftomsbi  yartbiyartbs - yomm+bom

The a;’s and b,’s, 1 =i =<2m, are 0 or 1. The x,’s are involutions except if i = m or 2m
and therefore x91*%ix3:%02 | | x%em*bwm = x**P ypless a,, + b,, =2 Or as,, + by, =2. In the
first case x%"Pm=c =c®n and in the second case x5z *b» = ¢ = %P The lemma is

proved. W
The group E can be written as QF where Q = (X, Xom), F=(x;|i=1,... ,m—
1,m+1,...,2m—1) is a group of first type. In Section 0 we showed how the unique

irreducible faithful representation S of F can be described. Now Q has a unique
irreducible faithful representation T given by

T(x,,)=i. <(1) ;), T(x0m) =1 . (; _g)

NotaTtion. We define by A* the matrix A’ where A is the complex conjugate of the
square matrix A.

THEOREM I1.3.2. Define D(xy) = T(x) ® S(y), the Kronecker product of the matrices
T(x) and S(y), when xe€Q and yeF. Then D is a well-defined faithful irreducible
representation of E. Moreover D*(e)=D(e™") for all ec E, and det(D(e))=1 for all
eeFE.

Proof. The map D is well defined, irreducible and faithful as 7 and § agree on
FNQ=Z(E) and F and Q centralize each other. Now (D(xy))*=(T(x) @ S(y))* =
T*(x) ® $*(y) [by definition of Kronecker product]=T(x")®S(y " )=D(x"'y )=
D((xy)~") for all xe Q,yeF. Moreover det(D(xy))=det(T(x))*e®) . det(S(y))*e™;
but deg(T) =2, det(T(x)) =1 for all x € @, and det(S(y)) = £1 as F/F' is an elementary
abelian 2-group, so det(D(xy)) =1 for all x € Q, y € F. The theorem is proved. ®
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ReMark. For extraspecial 2-groups E of the first type we have shown that
D(x) e GL(2", R) for all x € E (Theorem 11.0.1). We lose this property in case E is of the
second type. In fact it can be shown (with [4, Cor. 4.15]) that D is not even similar to a
real representation. The following results show that the methods in the previous sections
need only some slight modifications to hold for the groups that we are studying now.

LemMa 11.3.3. Let 0 be an element of Aut(E). Then 6(x*)=t.x* for some t in
Z(E). The map T:— «' is a symplectic transformation preserving the quadratic form q*

defined by q*(a,, as, . . . , 02) = .gl @ ri; + () + (W)

Proof. Same argument as in Lemma II.1.1 replacing ¢ by ¢*. W

Remark I1.3.4. We see that every element of Aut(E) induces a linear transformation
on the 2m-dimensional F,-vectorspace E/Z(E) which preserves the quadratic form g*.
Denote the group of linear transformations on a 2m-dimensional vectorspace which
preserve the quadratic form g* by 0,(2m,2). Note that ¢*(a, B) + ¢*(B, a) = f(«, B)
and ¢*(a, @) = g* ().

THeoREM I1.3.5. Let T € O,(2m, 2). Define the map ur: E— E by
pc®xfngz. . . x5zm) = iy gixst L x§i
where T(a)=T(a,a,,. .. ,a2,)=(ay,as,...,a3,), and qr(@)= Y ¢*(k;, k;)a;a;, with
i<j
= T(e, =(0,...,0,1,0,. .. <i=2m)i s of F2™
k; = T(e;) where {e;=(0,...,0,1,0,...,0)| 1=<i=2m} is the standard basis of F3™.
i-1

Then uzy is an element of Aut(E) and it induces T as a linear transformation on
E/Z(E).

Proof. Mimic the proof of Theorem II.1.2. Working out ¢*(T(«), T(B)) gives
¢*(T(a), T(B)) = ¢*(2 a;T(e;), 2 b;T(e;)) = Z ¢*(T(e), T(ej))aibi

= ($*(T(e), T(e))ab; + $*(T(e), T(e))ab) + Gbyn + Gobs
[¢*(T(e;), T(e;)) = p*(ei, ;) =0

unlessi=mori=2m, as T € 0,(2m, 2)]

=2, 9*(T(e), T(e;))ab; +a;b) + ¢*(«, B)

[as ¢*(T(e:), T(e) + ¢*(T(e;), T(e)) = f(I(ey), T(e))
=f(e;,e;) =0 unless j — i =m]. (IL.3.5.1)

The rest of the proof is exactly the same. W

LemMma I1.3.6. Let T € O,(2m,2) and let puy be defined as in Theorem 11.3.5. Then
there exists some pr € F3™ such that

(a) i(pr)uris an automorphism of E which induces T

(b) i(pr)ur{x) = tx for some x with t € Z(E) only if ¢t = 1.

Proof. Just follow the lines of the proof of Theorem 11.1.3. B

https://doi.org/10.1017/50017089500008399 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008399

MATRIX REPRESENTATIONS 337

From now on we assume elements i(pry) chosen such as to satisfy Lemma 11.3.6, and
denote i(pr)pr by ur.

THEOREM 11.3.7. Let T € O,(2m, 2). Then the matrix P(yr) defined by

1 .
P(ur)=— 3 (1)@ erT@)+¢ Tataa) p(x(T+a)

T ok
is invertible and satisfies P(uy)™'D(x)P(ur) = D(u7'(x)).
Proof. Apply (TH). R
Lemma I1.3.8. Let T € O,(2m, 2). Then
P(ur)* = A7'P(ur-)A with A= D(x°) for some suitable o € F3".

Proof. Mimic the proof of Lemma II.1.4 using Theorem 1I.3.2 instead of Corollary
11.0.2, and Theorem I1.3.6 instead of Theorem II.1.3. Moreover by (I1.3.5.1) we see that
(11.1.3.1) holds for T € O,(2m, 2). This proves the lemma. W

THEOREM I1.3.9. Let T € O,(2m,2). Then there exists an integer k and a suitable
y € F3™, such that det(P(uz)) = i* . 2277 and P(ur)P(ur-1) = £2°7. D(x").

Proof. Following the proof of Theorem II.1.5 we obtain that P(u;)P(ur-1)=
A. D(x") where A =2°7, Now Lemma I1.3.8 gives |det(P(ur))|* = 2"

We know already from the construction of D that D(x) e GL(2™, Z(i)) and so, by
definition of P, P(ur) e GL(2™,Z(i)). Hence det(P(ur)) € Z(i). The equation |y|*=2%
has only the solutions y € {2", —=27,i.2", —i. 2"} in Z(i). So the theorem is proved. W

Although it is possible that det(P(u;)) is not a rational integer the cocycle
determined by P can be described in the same way as in the case of extraspecial 2-groups
of the first type. This could be expected as P(ur) is defined as a linear combination of the
matrices D(x) where the scalars in this combination are (as earlier) 1 or —1, and as these
scalars determine completely the values of the cocycle belonging to P. Hence this cocycle
will have essentially the same range of values as the cocycle that we’ve investigated

earlier, as we can apply the same arguments as in the proof of Theorem II.1.7. So we
have the following result.

THeEOREM I1.3.10. Let T,S € O,(2m,2). Then ppuis=h. urs where h is an inner
automorphism of E. Let h(x)=xPx(x?)"'. Then P(ur)P(us)= £2°. D(xP)P(urs) for
some integer e.

Proof. See the proof of Theorem I1.1.7. W
We now introduce a projective extension of D in the same way as in Section 2.

THeoREM I11.3.11. Let T € Oy(2m, 2). Define E(ur) = V2~ . P(ur). Then the map =
defined on G = E . Aut(E) by

E(xi(y)ur) = D(x)D(x")E(pr)

is a projective representation of E . Aut(E) extending D.
Let N be the factor set corresponding to E. Then N(x,y)=x1 forall x,y € G.
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Proof. We follow the proof of Theorem II.2.1. We only need to establish that
E(ur)E(us) = £E(urps). This can be done as follows. By Theorem I1.3.10 P(ur)P(us) =
+2°. D(xP)P(prs).

Taking determinants gives det(P(ur))det(P(us))=2%"°. det(P(urs)) (note that
det(D(x?)) =1 by Theorem 11.3.2), and an application of Theorem I1.3.9 yields that there
are integers a, b, ¢ such that

(l-a . 22"‘“.co-r)(ib . 22"’".c05) = 22”'.e . (lc . 22”'".c015)'

Conclusion: a +b=cmod4), e = 1/2(cor + cos — cogs). Hence using the definition
of £, we conclude that Z(ur)=(us) = £=(urus). The proof of Theorem II.3.11 is
complete. W

We construct H, where H is a subgroup of odd order of O,(2m, 2), in the same way
as in (11.2.2). Furthermore we define

¢ if E is extraspecial of the first type
¢* if E is extraspecial of the second type.

¢e=|

Now it is clear that the analogue of Theorem I1.2.4 holds with O,(2m, 2) instead of
0,(2m, 2), so we arrive at the following theorem.

THEOREM 11.3.12. Let T € O,(2m, 2) with order(T) odd. Let P(uy) be defined as in
(I1.1.3.0). Then pr can be chosen such that

P(ur)= 2, (-1)@r@*o'Tered) DT +)(a)). W

aelm(T+1)
The next result is proved along the same lines as in the proof of Theorem I1.2.6.

THeoreM 11.3.13. Let E. H be a semidirect product of an extraspecial normal
2-subgroup E with a group H of odd order such that Z(E)c Z(E. H). Suppose
Cu(E)={1}.

Let E be an extraspecial 2-group of ith type (i =1,2). Then H is isomorphic with a
subgroup of 0,(2m,?2), say H. Choose {ur | T € H} such as to satisfy Theorem 11.2.4 or
Theorem 11.3.12 as the case may be. There is some i(y) € Inn(E) such that E. H=
E. (H)'™. Define the map = on E . (H) by

2(1) =sign(T)3V2)* D(y)D(x* M) 3 (—1)7r+eeTaraa) p (o (T4

aelm(T+1)

where t = yi(k(T))ur,y € E, T eH. .
Then = is a faithful representation of E . (H) extending D, and so the map ® defined
on E. (H)'™ by

®(s) = D(x")"'E(i(y)si(y))D(x")
is a faithful representation of E . (H)'™ (and therefore of E . H) extending D. W

4. Extending D if the complement has a cyclic Sylow 2-subgroup. Let the Sylow
2-subgroup of H be cyclic. We conclude from [3, Satz IV.2.8] that H = PK where P is a
cyclic Sylow 2-subgroup of H, and K is a normal subgroup of H satisfying H/K = P.
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In this section we describe an extension of the unique faithful irreducible character
Dg of an extraspecial 2-subgroup E to G =E. H, under the extra hypothesis that
[E, K] = E. Note that the structure of D depends strongly on the type of E (see Theorem
I1.0.1 and Theorem II.3.2). We describe first how D extends to E. C if C is a cyclic
subgroup of Aut(E) and show that this extension is faithful if C N Inn(E) = {1}. We have
the following theorem; for the definition of £ and N( , ) see Theorem I1.2.1.

THEOREM I1.4.1. Let C be a cyclic 2-subgroup of Aut(E), of order 2". Let C =i(y)ur
be a generator of C, and let i({)us be the unique involution of C.
Define D(e. c™) =AD(e) A" foree E and 0=m =2" — 1, where
() 4 =7. D"E(kr);
(ii) 7= (=1)%=:0,
Then D is a representation of E . C extending D; if CNInn(E) = {1} then D is faithful.
Moreover D(c"') Ac™) . E(c™), with Mc™) =1™. N(c, c)N(c%, ¢). .. R(c™ Y, ¢).

Proof. Let E be the projective representation as defined in Theorem I1.2.1. It is
evident that the map R:E. C— GL(2™, C) defined by R(e. ¢™) = D(e)R(c)", for e E,
is a representation of E. C extending D, if and only if there exists T € C*, such that
R(c)=1.2(c) and (R(c))* =1 Now Z(c)* =¢€.1, so 7= ¢! in the former situation,
and we can determine v once we know & By Theorem I1.2.1 we have that (2(c'))?* =
+2(c¥) for all lG N; whence (2(c*))*>=¢. I with e = £1. As ¢ is an involution, we
must have that ¢~ = i(Ous, S=T¥", $*=1 So S =1 or § has order 2.

If § =1 then E(c*"") = D(x%), and & = (=1)***®. So suppose § has order 2. Then

(E(c* 7)) = D(x*)D(ps(x?)) . (E(ps))’, so
(E(us))?= (=1)5D(x**5%) where (us(x%))(x%)'=(=1)%.x**5¢ (byI1.1.5.1).
We conclude that
&.I=D(x*)D(us(x*)D(us(x*)ND(x*) ™! = D(x)D(us(x**)) D(x %) "' D(x*)
=D(x%? as $°=1, S{+¢eFix(S).
Now D(x%)*=(—1)?=¢9 I Hence &= (—1)%*?. This proves that D is a repre-
sentation of E.C extending D. Moreover Ker(D)c E.Inn(E)NE.C (see Theorem

I1.2.1); so CNInn(E) = {1} gives that E. Inn(E) NE. C = E, whence Ker(D) = {1} as D
is faithful. The last statement is obvious. The theorem is proved. #

We will now construct an extension of D to E. H with H < Aut(E), if H has a cyclic
Sylow 2-subgroup U, such that the 2-complement K of H (see [3, Satz IV.2.8]), has the
property that [E, K] =

In fact we can prove somewhat more. Let H be 2-nilpotent with Sylow 2-subgroup U
and 2-complement K. Let = be the projective representation of G = E. H, which extends
D (see Theorem I1.2.1). We will show how an extensnon of D to G can be obtained if £ can be
linearized on both E. U and E. K, and [E, K] =

A
_—=

ProrosiTiON 11.4.2. Let N be the cocycle associated to =. Suppose that functions
0:E.K—>C* and n:E. U—C* exist such that N(x,y) = a(x)a(y)(o(xy))™ , for all
x,yeE.K and N(x,y)= Jt(x)n(y)(n(xy)) for all x,y e E. U. Define the map E* on
G =E. H by &*(ab) = (7(a))"'Z(a)(o(b))*E(b) for all ac U,b e E. K. Then £* is an
irreducible representation of G extending D.
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Proof. Theorem II1.3.11 shows that the cocycle 9t has values 1 or —1. We now
introduce the set G*={(g,£)|g€G,e==1} which is a group under the law of
composition defined by (g, €)(82, €') = (8182, €€'N(g1, 82)). We have that E*=
{(e,e|e € E, e =%1} is a normal subgroup of G* and C={(1, &) | e = 1} is a central
subgroup of G*. Define the map D* on E* by D*((e, £)) = D(e) for all e € E. Then D* is
an irreducible representation of E*.

The map Z, defined by Zq(g, €) = . Z(g) is an irreducible representation of G* and
éo| g+= 0% . D* where 0* is the invariant linear character of E* defined by 0*(e, €) = ¢.
Note that Ker(8*) =N = {(e, 1)|e € E}. Let & and o be as assumed by the proposition.
By the assumptions on 7 and o, we conclude from the definition of G* that
L:={(r,(a(r))™")|reE.K} is a subgroup of G* isomorphic to E.K, and T:=
{(¢t, (m(t)) Y :te E. U} is a subgroup of G* isomorphic to E. U, observe that N=LN
T, as a(x) = o(x) =1 for all x € E. Furthermore LN C= {1} =T NC, so 6* extends to
both LC and TC as C is central.

Now TC is a Sylow 2-group of G*, and as L/N = K, L contains a Sylow r-subgroup
of G* for any odd prime r. Hence for any prime p there is a group H, such that 6*
extends to H, and H,/E* € Syl,(G*/E*). Hence 8* extends to G* [4, Theorem 6.26] and
G*NC={1}.

So CG*'/G*' is cyclic of order 2. As [E, K]=E, we have that Nc[L, N]c G*'.
Hence LG*'/G*' =0,(G*/G*'), and CG* NLG*' =G*'. So C¢LG* and LCN
LG* =L, as L has index 2 in LC. Now LC is normal in G*, by construction of G*;
hence L, being an intersection of normal subgroups, is normal in G*.

As LNT =N, we have that LT has index 2 in G*. So C is not contained in LT, as
TC is a Sylow 2-subgroup of G*. Hence C X LT =G*, LT=G.

Put X = LT say X = {(g, p(g)) | g € G}. As T c X we see that p(¢) = (s(¢)) ! for all
te E. U indeed, if (¢, p(t)) = (¢, —(7(¢))™") this would imply that (1, —1)e X, a con-
tradiction. In the same way we get that p(r)=0(r) for all re E. K. As X =TL we
conclude that (tr, p(tr)) = (¢, (x(£)) "), (o(r)) V) if te E. U,r e E. K. Hence

p(tr) =R, (@) '(o(r))™" forallteE.U, reE.K. Q)
We have that R(g, 1) = (p(g))~'(p(h))'p(gh) as X is a subgroup of G*. So
R(er, t'r') = (p(er)) ' (p(e'r")) " p(ert'r")
= (R, ) 2O ) R, ) w () o(r)p(u'r T
= ()" ) x (1)) o(r)a(r')(a(rr)) T (e, ') (R, 1)) R(et, r )
forallte E. U, reE. K ()

We finish the proof of the proposition by showing in a straightforward way that the map
E* is a well-defined homomorphism. Let a,a’ € U and b, b’ € E. K. Then

E*(ab)E*(a'b") = (n(a))"'E(a)(a(b)) 'E(b)((a")) "E(a’)(o(b")) 'E(D")
= (w(a))7!(m(a"))"'(0(b)) " (0(b"))"'N(a, b)R(a’, b')E(ab)E(a'b")
= (w(a))~!(m(a"))"(a(b))"'(0(b"))"'N(a, b)R(a', b")
XN(ab,a'b")=(aba'b")
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= (nt(aa’))"'(o(b*b"))"'N(aa’, b*b')E(aba’'b’) (using (1))
= (n(aa’))"'a(b*'b')E(aa")E(b*'b")
=Z*(aa’'b"b’)
Z*(aba’'b’).
The proposition is proved. B

Let H have a cyclic Sylow 2-subgroup C with 2-complement K such that [K, E]=E.
Let H be a subgroup of O,(2m,2)(i =1,2) isomorphic to K. Let i(y) be an inner
automorphism such that K = (H)'™ (see I1.2.2). Let A and sign be the functions defined
in Theorem I1.4.1 and Definition II.2.5 respectively. Then A and sign can be extended to
functions on E. C viz E. K such that A|g = sign|z = 1. We have that

N(b, b') = sign(i(y)bi(y))™" . sign(i(y)b’i(y)) . sign(i(y)bb'i(y)) forallb,b’'eE.K;
N(a,a’)=(Aa)) "(A(a')) '(aa’) foralla,a’€E.C.
Hence we finally arrive at the main theorem of this section.

THEOREM 11.4.3. Let H have a cyclic Sylow 2-subgroup C with 2-complement K such
that [K,E]=E. Define the map E* on G=E.H by E*ab)=
Aa)E(a)sign(i(y)bi(y))E(b) for all ac C, be E. K. Then Z* is an irreducible repre-
sentation of G extending D.
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