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Abstract

By using pairwise relatively complete families of functions, which we define here, we obtain two
characterizations of quasi-pseudometrizable bitopological spaces from which some known theorems can
be derived as easy corollaries.
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1. Introduction

Since Kelly [4] began the study of bitopological spaces, one of the main problems
has been to find necessary and sufficient conditions for quasi-pseudometrization.
This problem was considered by Kelly [4], Patty [7] and Lane [5], and later by
Salbany [11], who uses ¢ — (%, 2) locally finite pairbases to give a sufficient
condition for bitopological quasi-pseudometrization, and he obtains a bitopologi-
cal version of the Nagata-Smirnov’s theorem which solves a conjecture of Patty.
Also, Salbany improves some quasi-pseudometrization theorems belonging to
Kelly and Lane. Recently, Pareek [6] has obtained a necessary and sufficient
condition for quasi-metrization of a T, bitopological space which generalizes a
topological result of Ribeiro [9].

Here we introduce the concept of pairwise relatively complete family of
functions, and we prove a necessary and sufficient condition for bitopological
quasi-pesudometrization in terms of such families. We easily derive some known
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theorems as corollaries, and a new characterization of quasi-pseudometric spaces
by using quasi-gauges. Theorem 2.4 is a bitopological generalization of a pseudo-
metrization theorem proved by Guthrie and Henry [2] and [3]. We also give an
easy proof of Pareek’s theorem referred to before.

In the following, R will denote the set of real numbers, and the abbreviations
Ls.c. and u.s.c. for lower and upper semicontinuous functions, respectively, are
used. We use the notation of [10].

The main part of the results in this paper belongs to the author’s doctoral thesis
‘Sobre la pairwise normalidad y la cuasimetrizacion de los espacios bitopologicos’
submitted on September 28th 1981 to the University of Valencia, Spain, under the
direction of Dr. Manuel Lopez Pellicer to whom the author is grateful for his
constant aid and encouragement.

2. On bitopological quasi-pseudometrization theorems

In [3], Guthrie and Henry obtain a theorem of pseudometrization by using
relatively complete families of functions. Here we introduce the concept of
pairwise relatively complete family of functions which plays a similar role in
bitopological quasi-pseudometrization.

2.1. DEFINITION. Let (X, ¥, 2) be a bitopological space. Let ¥ = {f:a € L} a
family of %-1.s.c. and Z~u.s.c. real-valued functions on X. Then:

(a) Family F is pairwise relatively complete if, for every H C L, f(x) = inf{ fo(x):
B € H} is P-1s.c. and F(x) = sup{ fy(x): B € H} is Q-us.c.

(b) Family ¥ is pairwise semiequicontinuous at x € X if for each ¢ > 0 there is a
®-neighbourhood U of x such that f(x) — f,(y) <e, for every a € L and every
y € U, and there is a 2-neighbourhood ¥ of x such that f(y) — f,(x) <e for
everya € Landeveryy € V.

(c) Family % is pairwise semiequicontinuous in X if it is at every x € X.

(d) Family ¥ is punctually bounded in X if for each x € X, there is a real
number M > 0 such that |f(x)|< M for every a € L.

The proof of the next result is an adaptation of a technique of Guthrie and
Henry [3].

2.2. PROPOSITION. Let (X,®,2) be a bitopological space and let 5= {f,:

a € L} be a family of real-valued functions on X. % is pairwise relatively complete
if, and only if, it is pairwise semiequicontinuous and punctually bounded in X.
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PROOF. Let us prove the ‘if’. Let x € X and H C L. For each £ > 0 there is a
P-neighbourhood U of x such that fo(x) — fe(y) <e€/2, for every y € U and
B € H. Therefore f = inf{ fz: € H} verifies f(x) — f(y) <¢/2 and f(x) — f(y)
< ¢ for every y € U. Then f is ¥-ls.c. in X. Similarly, F = sup{fs: B € H} is
2ru.s.c.in X.

Conversely, let x € X and € > 0. There is an n € N such that 27" < ¢. For each
m€E Z, let

Ly,={a€L:(m+ 127" ' <f(x)<(m+2)27""1}.

As inf(f(x): a € L} <f(x) <sup{f(x): a €L}, we have ¥ punctually
bounded, and L,,, #* < only for a finite number of values m. Moreover U, L,
= Land when L, # @, by hypothesis, that

u,,=inf{f:a€L,,}] isPlsc.inX and
Oy =sup{fi:a €L, } isZus.c.inX;

therefore, for each n € N, U x)= M, _u, ' (Im2 "' +oo[) is an open ¥-
neighbourhood of x. If y € U,(x) then f,(y) > m2™""! for every « € L, and, as
f(x)<(m+2)27""! we have f(x)— f(y)<e for every a € L. Similarly,
V(x)= N, vk(d-00,(m + 3)27""1[) is an open 2-neighbourhood of x. If y €
V(%) f(») <(m+3)2"" ' and f(x) = (m + 1)27""" for every a € L,,,; then,
f(y) — f(x) < & for every a € L. Therefore % is pairwise semiequicontinuous.

2.3. DEFINITION. ( X, P, Q) is the pairwise initial bitopological space induced by
the family $= {f: X > R, a € L} if & is the initial topology of % respect to
= {2,R,]a, +oo[ Va €ER} and 2 is the initial topology of ¥ respect to
7, = {2,R,]-0, a[ Va € R}. We shall denote @ = 7(F) and 2 = 7,(F).

2.4. THEOREM. The space (X, @, 2) is quasi-pseudometrizable if, and only if, it is
the pairwise initial space induced by a o-pairwise relatively complete family %.

PROOF. Let d be a quasi-pseudometric compatible with (X, &, 2), that is such
that ? = 7,and 2 = 7% It is not restriction to suppose d < 1. Let ¥ = { L X->R
Vp € X} with f(x) =1 —d(p,x) foreveryx € X. Let § = {g,: X> R Vp €
X} with g (x) = d(x, p) — 1 for every x € X. Let x € X and ¢ > 0. For each
element of the P-open set B,(x, €) we have L(x) = f(y) = —d(p, x) +d(p, y)
< d(x, y) < ¢ for every p € X. Therefore, ¥ is pairwise semiequicontinuous and
then ¥ is pairwise relatively complete. In the same way we can prove that § is
pairwise semiequicontinuous and pairwise relatively complete. Family 3 = $ U §
verifies 7,(30) C 9 and 7,(I) C 2. Let x € X and let U be a P-neighbourhood
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of x; there is an r, € R with 0 < r, < 1 such that B,(x,r) C U. Thenx € {y €
X:f(y)>1-—r} CBy(x, r), thatis, ¥ C 7,(I(). Similarly, we prove 2 C 7,(¥()
and, consequently, (X, &, 2) is the pairwise initial bitopological space induced by
the pairwise relatively complete family J(C.

Conversely, let ¥ = UT_ ¥, with every 9 pairwise relatively complete. ¥ =
7(%) and 2 = 7,(F). For every n € N let the quasi-pscudometric

d;(x, y) = sup{max(f(x) — f(»),0): f € F,}
for every x, y in X. Let d,(x, y) = min{1, d;(x, y)} and

o0
d(x,y)= Z 27d,(x, y).
n=1

Obviously d is a quasi-pseudometric on X, and 0 < d < 1., We shall prove that
P=r,and 2=1% Let x € X and h € F,: for every e € R such that 0 <¢ < 1,
let § = 27" and B,(x,8) € 7,. If d(x, y) <& then d/(x, y) =d,(x, y) <e and
h(x) — h(y) < sup{max( f(x) — f(»),0): f € F,} <e. Therefore h is 7,1.s.c. and
% C 7,. Similarly, we prove that k is 7%-u.s.c. and 2 C 7.

In order to verify the opposite inclusions it is necessary to prove that d is
%-u.s.c. with respect to the second co-ordinate and Z-u.s.c. with respect to the first
co-ordinate. Let p € X be fixed and x € X; by Proposition 2.2, given ¢ > 0 there
is a P-neighbourhood U of x with f(x) — f(y) <e/2 for every f € ¥, and y € U.
Then d)(x, y) <e/2 <e A similar argument proves that d is Z-u.s.c. with
respect to the first co-ordinate. Now we can deduce that d is P-u.s.c. with respect
to the second co-ordinate. If we let B,(x, €) € 1,, there is a P-neighbourhood U
of x such that d(x, y) — d(x, x) <e for every y € U. Therefore U C B,(x, €)
and 7, C 9. Similarly we obtain 7¢ C 2, and the theorem is proved.

ReMARK. If in Theorem 2.4 we put @ = 2, we obtain [3] Theorem 4.

Salbany [11] gives the next definitions: let (X, ?, 2) be a bitopological space
and let @ = {(4,, B,)} be a set of pairs of subsets of X. & is (2, F)-locally finite if
each x € X has a 2-neighbourhood ¥ and %¥-neighbourhood U such that, except
for finitely many (A,, B,), UN B, = @ or VN A, = @. % has an open pair base
{(U,,V,)} if for every a U, is P-open, V, is 2-open, U, U V¥, = X, and for each
x EUE P, there is a such that x € X, C U, C U.

2.5. COROLLARY (Salbany). Let ( X, P, 2) be a pairwise normal space such that @

has a (2, P)-6-locally finite pair base and 2 has a (?, 2 )-6-locally finite pair base,
then (X, ?, Q) is quasi-pseudometrizable.
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PrOOF. Let @ = U @, a pair base of P where &, = {(U,, V,)}oey 15 (2, D)-
locally finite for every n. As (X, %, 2) is pairwise normal, for each a there is an
f: X - [0,1] ¥-Ls.c. and 2-u.s.c. function with f(X — U,) = {0} and f(X — V)
= {1}. Let G, = {f,: (U,, V,) € &,}. It is not difficult to prove that , is pairwise
semiequicontinuous since @, is (2, ¥)-locally finite. Therefore ¥ = U_ 9, is a
o-pairwise relatively complete family. Obviously, (%) C ¥ and 7,(F) C 2.
Furthermore, if x € X and U is a P-neighbourhood of x, there is a pair
(U,V)EQ with xEX—V,CU,CU, but £0,1)C U, is a 7(F)
neighbourhood of x, so @ C 7,(%). In the same way one can obtain a s-pairwise
relatively complete family § = U%_ | §, so that 7,(§) C @ and 7,(§) = 2. Finally,
I =F U § is a o-pairwise relatively complete family with 7,(3() = & and ()
= Q. Therefore, by Theorem 2.4, (X, &, 2) is quasi-pseudometrizable.

Now we can obtain the bitopological version for the Nagata-Smirnov’s theorem
[11], Corollary 2.5. We shall obtain it as a simple corollary of next result, which
also is proved in [10], but using a different technique.

2.6. COROLLARY. Let (X, ?, ) be a pairwise perfectly normal space such that %
has a 2-o-locally finite base @ = U7_, @, and 2 has a P-o-locally finite base
B = U% B, Then, (X, D, 2) is quasi-pseudometrizable.

PROOF. As (X, &, 2) is pairwise perfectly normal, for every 4 € @, there is a
#-Ls.c. and 2-us.c. function f, , from X into [0, 1], with £ 1(0) = X — 4. Let G,
be the family of these functions, for every n € N. &, is 2-locally finite: thus ¥, is
pairwise relatively complete. Therefore ¥ = US_| 9, is o-pairwise relatively com-
plete and, obviously, (%) = @ and 7,(%) C 2. Similarly, we determine, from %,
a o-pairwise relatively complete family § = US_ 6, with 7,(§) C @ and 7,(8) =
Q. Finally, ] = ¥ U § is a o-pairwise relatively complete family with 7,(3C) = &
and 7(3C) = 2. Then, following Theorem 2.4, (X, %, 2) is quasi-pseudometriz-

able.

2.7. COROLLARY (Salbany). Let (X, ?, 2) be a pairwise regular space. If P has a
Q-o-locally finite base and 9 has a %P-o-locally finite base, then (X, 9, Q) is
quasi-pseudometrizable.

ProoF. Taking into account [7], Theorem 3.5, (X, P, Q) is pairwise perfectly
normal space and, by Corollary 2.6, it is quasi-pseudometrizable.
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Reilly [8] gives next definitions: if D is a family of quasi-pseudometrics on the
set X, we say that D is a quasi-gauge. The topology 7( D) having as a subbase the
family 9(D) of all balls B,(x, d, €) with d € D, x € X and € > 0 is called the
topology induced on X by the quasi-gauge D. If D is a quasi-gauge, then the
family E = {e: e is conjugate to some d € D} is the conjugate quasi-gauge of D. A
quasi-gauge structure for a bitopological space (X, P, 2) is a pair (D, E) of
conjugate quasi-gauges on X such that ? = 7(D) and 2 = 7(E).

2.8. THEOREM. A bitopological space (X, ¥, 2) is quasi-pseudometrizable if, and
only if, it has a countable quasi-gauge structure.

PrOOF. Let (D, E) be a countable quasi-gauge structure for (X, ?, 2). Let
D = {d, )2, and E = {e,}?>,, e, being the conjugate of d,. It is not a restriction
to suppose 0 <d, < 1. For every n €N and every x € X, let f (y)=1—
d(x, y); let 9,= {f, - x € X}. It is easy to prove that ¥, is pairwise semi-
equicontinuous and, therefore, ¥ = U_, 4, is o-pairwise relatively complete. For
everyn€Nand x € X, let g, ,(y)=e(x,y)— 1;1let §, = {g,,: x € X}, then
8 = U*_, 6, is o-pairwise relatively complete. The family (= F U § is o-pair-

wise relatively complete, 7,(30) = @ and 7,(H) = 2. Then, (X, P, 2) is quasi-
pseudometrizable. The converse is obvious.

In [1), Theorem 4, it is proved that if (X, @, Q") is a quasi-uniform space, and
QL has a countable base, then (X, 74, T-1) is quasi-pseudometrizable. By using
this result, we can give an easy proof of next theorem:

2.9. THEOREM (Pareek). (X, P, 2) is quasi-pseudometrizable if, and only if, there
are functions g: N X X > P and h: N X X - Q such that:

(i) For every x € X, {g(n, x)}2, is a P-neighbourhood basis of x, and y €
g(n, x) implies g(n, y) C g(n — 1, x).

(ii) For every x € X, {h(n, x)}°_, is a 2-neighbourhood basis of x, and y €
h(n, x) implies h(n, y) C h(n — 1, x).

(i) y € g(n, x) if, and only if, x € h(n, y).

ProoOF. If (i), (i) and (iii) are verified, we can define, as in [12], Theorem 2.1
U,= U, cx{x} X g(n, x) for each n € N. Then, if Uy= XX X, (U}, is a
base of a quasi-uniformity U on X with 7, = 9.

Forevery x E X, U '[x]={y €X: (1, x)E U} ={yEX: x Eg(n, y)} =
{y € X: y € h(n, x)} = h(n, x), therefore 7,-1 = 2. Then, by [1], Theorem 4,
(X, 9, 2) is quasi-pseudometrizable. The converse is obvious.
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