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Topology of pos i t i ve ly cu rved c o m p a c t Kah le r mani fo lds had 
b e e n s tudied by s e v e r a l a u t h o r s (cf. [6 ; 2]); t he se mani fo lds a r e 
s imp l y connec ted and t h e i r second Be t t i n u m b e r i s one [1] , We wi l l 
r e s t r i c t o u r s e l v e s to the study of some c o m p a c t homogeneous Kah le r 
m a n i f o l d s . The a i m of th i s p a p e r i s to supp lemen t some r e s u l t s in [9]-
We p r o v e , among o the r r e s u l t s , tha t a c o m p a c t , s imply connected 
homogeneous c o m p l e x manifold whose E u l e r n u m b e r is a p r i m e p > 2 
is i s o m o r p h i c to the c o m p l e x p ro j ec t i ve space P (C); in the 

p - 1 
c a s e of s u r f a c e s , we p rove that a compac t , s imp ly connec ted , 
homogeneous a l m o s t c o m p l e x sur face with E u l e r - P o i n c a r e 
c h a r a c t e r i s t i c p o s i t i v e , i s h e r m i t i a n s y m m e t r i c . We f i r s t r e c a l l the 
following r e s u l t (cf. [3]) which has some i n t e r e s t i n g c o n s e q u e n c e s : 

PROPOSITION 1. Let V be a compac t Kahle r manifold of 
cons tan t s c a l a r c u r v a t u r e ; if the second Be t t i n u m b e r of V is one , then 
V is a K a h l e r - E i n s t e i n s p a c e . 

Proof . Since V has cons tan t s c a l a r c u r v a t u r e , the R i c c i f o r m 
J of the Kah le r m e t r i c of V i s c o - c l o s e d [3] . But 5 i-s a lways 
c losed and hence h a r m o n i c . Since the second Be t t i n u m b e r b (V) is 

equa l to one we see tha t $ i s p r o p o r t i o n a l to the Kah le r f o r m and 
consequen t ly V is K a h l e r - E i n s t e i n . 

Ev iden t ly the R i c c i c u r v a t u r e of such a Kahle r manifold V is 
e v e r y w h e r e p o s i t i v e , z e r o o r nega t ive ; if V i s , m o r e o v e r , h o m o g e n e o u s , 
then the R i c c i c u r v a t u r e i s non nega t i ve . 

COROLLARY 1 Let V be a compac t homogeneous ( a s s u m e d 
effective in what follows) Kah le r manifold whose second Be t t i n u m b e r 
i s one ; if the R i c c i c u r v a t u r e is n o n - z e r o , then V is s imp ly connected 
(cf. [9 , P r o p o s i t i o n 1]). If d im V = 2 , then V is i s o m o r p h i c to 

the c o m p l e x p ro j ec t i ve plane (cf. T h e o r e m 1, be low; note that the 
E u l e r - P o i n c a r e c h a r a c t e r i s t i c of such a su r face is equa l to t h r e e ) . 

* Suppor ted by the Canad ian M a t h e m a t i c a l C o n g r e s s . 
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We m a y point out in th i s connec t ion the following i n t e r e s t i n g 
r e s u l t which i s e s s e n t i a l l y due to A n d r e o t t i (cf. [ 6 , page 172]): Let 
V be a comple t e K a h l e r su r f ace of pos i t ive R i c c i c u r v a t u r e ; if i t s 
second B e t t i n u m b e r is one and if V has no e x c e p t i o n a l c u r v e s of 
the f i r s t kind, then V is b i r a t i o n a l ly equ iva l en t , wi thout e x c e p t i o n s , 
to the c o m p l e x p r o j e c t i v e p l ane . 

The r e m a r k in [9 , page 168] i s fa l se in g e n e r a l . H o w e v e r , we 
have the following r e s u l t which is imp l i c i t l y conta ined in [5] . 

T H E O R E M 1. Le t V be a c o m p a c t , s imp ly c o n n e c t e d , 
homogeneous c o m p l e x manifo ld whose E u l e r - P o i n c a r e c h a r a c t e r i s t i c 
i s a p r i m e n u m b e r p > 2 ; then V is i s o m o r p h i c to the c o m p l e x 
p r o j e c t i v e space P (C) . 

P roof . Since the E u l e r - P o i n c a r e c h a r a c t e r i s t i c i s a p r i m e 
n u m b e r , we m a y a s s u m e tha t V = K / L w h e r e K i s c o m p a c t s i m p l e 
with c e n t e r r e d u c e d to { e} and L i s a m a x i m a l connec ted subg roup 
of m a x i m a l r a n k [4] . Now the c l a s s i f i c a t i o n of [4] shows tha t V is 
i s o m o r p h i c to the c o m p l e x p r o j e c t i v e space P (C) o r to one of the 

P - l 
?n A 

following s p a c e s : the s p h e r e S (n > 1), S , the Cayley p lane 
F , the Cay ley line G . and the q u a t e r n i o n i c p r o j e c t i v e 

4 / sp in (9 ) y y Z/SO(4) 
space P (K). But none of the l a t t e r s p a c e s i s h o m o g e n e o u s c o m p l e x 

p - l 
s ince t h e i r second B e t t i n u m b e r i s z e r o (cf. [ 5 , page 500]) . 

In the c a s e of a c o m p a c t c o m p l e x s u r f a c e ( n = Z ), we have 
the fol lowing m o r e p r e c i s e r e s u l t : 

T H E O R E M 2 . Le t V be a c o m p a c t s i m p l y connec ted 
homogeneous c o m p l e x su r f ace whose E u l e r - P o i n c a r e " c h a r a c t e r i s t i c 
i s pos i t ive ; t hen V is h e r m i t i a n s y m m e t r i c . 

P roof . We m a y a s s u m e that V = K / L w h e r e K is a c o m p a c t 
s e m i - s i m p l e Lie group and L i s a c l o s e d subg roup of m a x i m a l r a n k ; 
m o r e o v e r , L has a n o n - d i s c r e t e c e n t e r . If the l i n e a r i s o t r o p y g roup 
L of L i s i r r e d u c i b l e , then V i s h e r m i t i a n s y m m e t r i c . If L i s 
r e d u c i b l e , then L is of 1 or 2 p a r a m e t e r s ; if L i s of one p a r a m e t e r , 
then K is of five r e a l p a r a m e t e r s which i s i m p o s s i b l e s ince K is 
s e m i - s i m p l e . Consequen t ly , L i s of two p a r a m e t e r s and hence V 
is aga in s y m m e t r i c . 

In fact , us ing some r e s u l t s of H e r m a n n [7] , we can obtain the 
following r e s u l t . 
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COROLLARY 2 . Let V be a c o m p a c t homogeneous a l m o s t 
c o m p l e x su r face wi th a c o m p a c t effect ive t r a n s f o r m a t i o n group and 
whose E u l e r - P o i n c a r e ' c h a r a c t e r i s t i c is different f rom z e r o ; then V 
is homogeneous c o m p l e x . If V is s imp ly connec ted , then V ^s_ 
h e r m i t i a n s y m m e t r i c . 

The f i r s t p a r t i s p roved in [7] w h e r e the au tho r gives a 
c l a s s i f i c a t i o n of such s u r f a c e s . As a c o n s e q u e n c e , we have the 
following i n t e r e s t i n g r e s u l t (cf. [10]) 

COROLLARY 3. Any homogeneous a l m o s t c o m p l e x s t r u c t u r e on 
the c o m p l e x p ro j ec t i ve plane P J C ) i s i s o m o r p h i c to the usua l c o m p l e x 
s t r u c t u r e (or i ts conjugate) . 

Note tha t second Be t t i n u m b e r of a c o m p a c t homogeneous a l m o s t 
c o m p l e x su r face whose E u l e r - P o i n c a r e c h a r a c t e r i s t i c i s p o s i t i v e , i s 
d i f ferent f r o m z e r o ; in fac t , th is i s t r u e for any c o m p a c t a l m o s t 
c o m p l e x su r f ace whose E u l e r - P o i n c a r é c h a r a c t e r i s t i c i s d i f ferent 
f r o m z e r o (cf. [ 1 1 , L e m m a ] ) . On the o ther hand, t h e r e ex i s t such 
c o m p a c t a l m o s t c o m p l e x s u r f a c e s which a r e not c o m p l e x a n a l y t i c ; 
t h e s e e x a m p l e s a r e due to Van de Ven. Such s u r f a c e s a r e not 
homogeneous a l m o s t c o m p l e x by C o r o l l a r y 2 . S i m i l a r e x a m p l e s 
ex i s t in h ighe r d i m e n s i o n s ; we wi l l d i s c u s s t h e m in a future pub l i ca t ion . 
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