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GRAPHS WITH EULERIAN CHAINS

Rocer B. EceLETON AND DonaLD K. SkiLTON

An eulerian chain in a graph is a continuous route which traces
every edge exactly once. It may be finite or infinite, and may
have 0, 1 or 2 end vertices. For each kind of eulerian
chain, there is a characterization of the graphs which admit such
a tracing. This paper derives a uniform characterization of
graphs with an eulerian chain, regardless of the kind of chain.
Relationships between the edge complements of various kinds of
finite subgraphs are also investigated, and hence a sharpened

version of the eulerian chain characterization is derived.

1. Introduction

An eulerian chain in a graph is a continuous route which traces every
edge of the graph exactly once. Eulerian chains are of four possible

types:

(1) eulerian traitl, a finite eulerian chain with two end

vertices;

(2) eulerian circuit, a finite eulerian chain with no end

vertices;

(3) eulerian one-way chain, an infinite eulerian chain with

exactly one end vertex;

Received 19 December 1983.
Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/8k4
$A2.00 + 0.00.
389

https://doi.org/10.1017/50004972700021638 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021638

390 Roger B. Eggleton and Donald K. Skilton

(4) eulerian two-way chain, an infinite eulerian chain with no

end vertex.

A characterization of the graphs which have an eulerian circuit is well-
known; so too is a characterization of those graphs which have an eulerian
trail. These results are due to Euler [3], hence the present terminology.
Less widely known are characterizations of the graphs which have an
eulerian one-way chain, and those which have an eulerian two-way chain.

The problem of characterizing such graphs was solved by Erdds, Grinwald

(= Gallai) and Vézsonyi [2]. For convenience all these results are stated
in Section 3. The purpose of the present paper is to synthesize these
results into a single characterization of the graphs which have an eulerian
chain, without explicit separation into cases dependent on the nature of
that chain. 1In giving such a characterization, we shall te able to place

certain additional restrictions on the conditions given by [2].

The following terminology is convenient. An even graph is any graph
with no vertex of odd degree {(though vertices of infinite degree are not
excluded). An eulerian graph is a connected finite even graph. A quasi-
eulerian graph is a connected countably infinite even graph. (Some authors
omit connectedness from their definitions of the last two terms, and allow

quasi-eulerian graphs to be uncountably infinite.)

If H is a subgraph of a graph G , the edge complement of H in G
is the graph G\EH induced by the edges of G which are not edges of H .
The cofinite rank of G is the smallest cardinal o such that for every
finite subgreph H of (G , the number of infinite components in G\EH is
et most O . We similarly define the connected cnfinite rank, the even
cofinite rank and the eulerian cofinite rank of G to correspond to the
cases in which H is further restricted to be connected, even, or

eulerian, respectively.

Clearly, any graph which has an eulerian chain must be connerted and
countable, so this restriction is built into the following synthesis of the

conditions of [2] and [3].

THEOREM 1. Let G be a conmmected countable graph with »n odd
vertices, cofinite rank r and even cofinite rank = . Then G has an

euleriom chain if and only if n+r =<2 aud s <1 .

We shall in fact prove the following sharper form of this
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characterization.

THEOREM 2. Let G be a connected countable graph with = odd
vertices, connected cofinite rank ¢ and eulerian cofinite rank e . Then

G has an eulerian chain i{f and only if n+ ¢ <2 and e <1 .

In [1] we recently announced, without proof. an intermediate version
of these formulations. That version is an immediate corollary of the

results in the present paper.

In Section 2 we shall examine some relationships between the various
kinds of cofinite rank. The results obtained are applied in Section 3 to
deduce Theorems 1 and 2 from the characterizations of Euler and ErdSs et
al. The paper concludes in Section L4t by briefly examining the independence

of the various kinds of cofinite rank.

2. Cofinite rank relaticnships

First consider the relationship between cofinite rank and connected

cofinite rank.

THEOREM 3. For any connected graph, the cofinite rank and connerted

cofinite rank are equal.

Proof. The theorem is clearly true for finite graphs. Let G be a
connected infinite graph with cofinite rank »r and connected cofinite rank
¢ . By definition, ¢ = r . We now prove that equality holds. Let H be
a disconnected finite subgraph of G , and suppose G\EH has n infinite
components. Becanse (G 1is connected, there is a path P in G\EH

between two compenents H, and H2 of H. Let H' :=Hu P . Then

H1 u H2 u P belongs to a single component of H' , so H' has fewer

components than H . Also G\FH' has at least » infinite components.
Iteration of this procedure yields a connected finite subgraph of (G whose
edge complement has at least »n infinite componerts, so 7n < ¢ . Hence

r<¢, andso r =c¢ , as required. m}

Next we examine the relationship between even cofinite rank and

eulerian cofinite rank.

We shall say that a graph G has oroperty P if, for each finite
even subgraph H having ezactly two components, the graph G\EH has a
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single infinite component. An important class of quasi-eulerian graphs has

this property-

LEMMA 1. If G 1is a quasi-eulerian graph with eulerian cofinite

romk 1 , then G has property P .

Proof. Let G be a quasi-eulerian graph with eulerian cofinite rank
1 . Suppose (G does not have property P : we shall show this leads to a

contradiction.

By hypothesis, G has an even subgrarh H , comprising two vertex

disjoint eulerian subgraphs Hl and H2 , such that G\EH has at least

two infinite components. Since H is finite and (¢ 1is quasi-eulerian,
every component of G\EH is even. If K 4s any component of G\FH , its
vertices of attachment are the vertices shared by X and H , and its
edges of attachment are the edses of H which are incident with the
vertices of attachment of KX . A connecting path for H 1is a path in

G\EH with end vertices in H1 and H2 , and no other vertices in common
with H . Three properties of such paths will now be established.

(1) Every infinite component of G\EH contains a connecting

path for H .

Let X and KXK' Dbe any two infinite comprnents of G\EH , and suppose
K does not contain s connecting path for H . Then all vertices of

attachment of K must be in one component of H , say H1 . Therefore all

edges of attachment of K are in Hl , 80 K 1is a component of G\EHl .
Also, G\E'Hl has a component which contains X' , and K' is disjoint
from X , so G\E’Hl has at least two infinite components. Because G has

eulerian cofinite rank 1 , this contradicts the fact that Hl is

eulerian. Hence there is no infinite component X of G\EH which does

not contain a connecting path for H .

(2) No two edge disjoint connecting paths for H have the same

end vertices.

Suppose P and P' are edge disjoint connecting paths for H . Each
infinite component of G\EH must contain at least one infinite component

of G\E(H u Pu P') , so this graph has at least two infinite components.
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But G has eulerian cofinite rank 1 sn Hu Pu P' cannot be eulerian.
But Hu Pu P'" is connected, and both components of H are eulerian, so

P and P' cannot have the same end vertices.

(3) No finite component of G\EH contains a connecting path for
H .

Tet K be any finite component of G\EH . Sinece ( has eulerian
cofinite rank 1 , and the infinite components of G\E(H u X) are the same
as those of G\EH , at least two in number, it follows that H u K is not
eulerian. But X and each component of H are edge disjoint eulerian
graphs, so H u K 1is not connected. Therefore K cannot contain a

connecting path for H .

Let Kl and ¥ be any two infinite components of G\EH . Each is

2

incident with Hl and H, , by property (1). Since H. is eulerian, its

1
e ee- . ) N i
edges can be labelled al, a2‘ N am so that 1lalv202 vmamvl 1s an
enlevrian circuit with vertices vi . Moreover, we may suppose the

lahelling to he such that Kl is incident with ul ., and K2 is incident

with v, while no intervening vertex v; (1L <1 < »r) is incident with

any infinite component of G\EH . Again, H2 is eulerian so its edges can
be labelled bl, b2, - bn so that wlblw2b2 ... wnbnwl is an eulerian
cireuit with vertices wi . We may also suppose the labelling to be such

that wl is incident with Kl , and ws is inecident with K2 , while no

intervening vertex w, (1 <% <s) is incident with Kl or K,

Since Kl is connected, it contains a path Pl with end vertices vl

and W, . Similarly, there is a path P? in K2 with end vertices v,

and ws . Let Q] and Tl be the trails in Hl specified by

v]alveaz e vr and vrar ‘e vmamvl , respectively. Thus Ql and Tl
are edge disjoint and Hl = Ql U Tl . Similarly. let Q2 and T2 be the
trails in H2 speci fied by wlblw2b2 e W and wsbs e wnbnwl
respectively. Clearly, C := Pl v Tl u P2 u T2 is a circnit, so an
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eulerian subgraph of G . We shall now show that G\EC must have at least

two infinite components, contrary to the fact that (¢ has eulerian

cofinite rank 1 . This shows that H does not exist, whence the lemma.
All vertices of attachment of Kl and K2 are in Tl v Té - Hence

the only edges of attachment of Kl which are not in T1 v T2 are a,

and bl . Similarly, the only edges of attachment of K2 which are not in

'Z’lu T2 are ar_l and bs—l

Since there are not two edge disjoint paths in K] between vy and

w, , by property (2), it follows that v, and w, 1lie in different

1 1

components of Kl\EPl , Which we shall denote by Ki and Kq

respertively. With the possible excention of vl , no vertex in Ki is

odqd, because Kl is quasi-eulerian; v, mav be 0odd or infinite. 1In

either case it follows that Ki is infinite. Similarly K{ is infinite.

Suppose there is a vpath P in G\EC between vl and wl . Since
Ki and K{ are disjoint, and the only edges of attachment of Kl in
G\E(Tl U T2) are a1 and bl , S0 the edges of P incident with vl and
wl must be ay and b1 . This implies that P 1is edge disjoint from
Kl . Also, it follows that P contains a connecting path P' for

with end vertices in Ql and @, - By property (3), P' 1lies in an

infinite component of G\EHF . This must be K2 , since P 1is edge

disjoint from Kl , and no other infinite component of G\EH is incident
with Ql . Hence the end vertices of P' are vr and ws . SO

cannot be edge disjoint from Pé , by property (2), and so P' cannot
exist in G\EC . It follows that there is no path in G\EC Dbetween vl

and wl . Hence G\EC has at least two infinite components, one

containing Ki and one containing K{ . This is the required

contradiction which shows that H does not exist. and hence that G has

property P . a
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If the graph G has property P , there is only one infinite
component after the edges of any two disjoint eulerisn subgraphs are
deleted, so if H 1is any eulerian subgraph then G\EH has eulerian
cofinite rark 1 . This equivalent of property P is useful in proving

the next lemma.

LEMMA 2. A quasi-eulerian qraph which has eulerian cofinite rank 1

has even cofinite rank 1 .

Proof. Let G be a quasi-eulerian graph with eulerian cofinite rank
1. Then G has property P , by Lemma 1. Tet H he a finite even sub-
graph of G having components Hl, H2, vees Hn . Since Hl is eulerian

it follows that G\E‘Hl is even, has a single infinite component, and has

eulerian cofinite rank 1 . Let Gl be the infinite component of G\EHl .

Then Gl is quasi-eulerian, has ewnlerian cofinite rank 1 , and so has
property P . Also G\E‘G1 is finite and contains Hl . Clearly

H o, H o« ..., Hn each lie in some component of G\EHl . Thus Gl\E’H2 is

2’ '3
even, has a single infinite component, and has eulerian cofinite rank 1 .

Let 02 be the infinite component of Gl\E’H2 . Then G, is quasi~

2
eulerian, has eulerian cofinite rank 1 , and so has property P . Also
G\EG2 is finite and contains Hl U H2 . Continuing thus, the quasi-

eulerian graph Gn which is iteratively defined by this procedure is such
that G\EGn is finite and contains H . It follows that one component of
G\EH contains Gn , and any other components are finite. Thus G\EF has
a single infinite component.

Since H was arbitrary, G has even cofinite rank 1 . a

THEQREM 4. For anu quasi-eulerian graph, the eulerian cofinite rank

18 1 precisely when the even cofinite rnmk is 1 .

Pronf. Let G be a quasi-eulerian graph with even cofinite rank s
and eulerian cofinite rank ¢ ,s0 e<g . If s =1 then ¢ <1 ; but
G 1is infinite, so ¢ =1 . Conversely, if ¢ =1 then g =1 , by Lemma
2. a
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3. Characterizing graphs with eulerian chains

The theorems of Euler and Erdds, Gallai and Vdzsonyi characterizing
graphs with various kinds of eulerian chain are our essential starting

point. They may be stated as follows.

THEOREM 5 (Euler). A connected finite graph has an eulerian circuit
precisely if it is even, and has an eulerian trail precisely when it has

two odd vertices.

THEQREM 6 (Erdos, Gallai, Vazsonyi). A connected countably infinite
graph has an eulerian one-way chain precisely if it has cofinite rank 1 ,
has at most one odd vertex, and has at least one infinite vertex if it has

no odd vertex.

THEOREM 7 (ErdSs, Gallai, Vazsonyi). A quasi-eulerian graph has an
eulerian two-wau chain precisely 1f it has cofinite rank at most 2 and

even cofinite rank 1 .

We now verify that Theorem 1 follows from Theorems 5, 6 and 7. A
graph with exactly one odd vertex must be infinite, so the parameters n,
r, 8 in Theorem 1 must have r =21 if n =1 . Also, cofinite rank
cannot be less than even cofinite rank, and deletion of a single vertex
shows that even cofinite rank is at least 1 for any infinite graph. Thus
8 2 1 exactly when r =2 1 . Only five triples of parameters meet these

conditions and the inequalities of Theorem 1. namely
(n, r, s) =(0,0,0), (2,0,0). (1, 1,1), (0,1,1) and (0.2, 1)

The existence of an eulerian chain is guaranteed in the first two cases by
Theorem 5, in the next case by Theorem 6, and in the last two cases by
Theorem 7. Conversely, for each of the four kinds of eulerian chain, it is
trivial to check that the inequalities of Theorem 1 are satisfied. Thus,

Theorem 1 characterizes all graphs with an eulerian chain.

Theorem 2 now follows from Theorem 1, using the results established in

Theorems 3 and L.

4. Independence of the kinds of cofinite rank

In Theorems 3 and b we established relations between various kinds of
cofinite rank. How far do such relations extend? This question will now

be briefly discussed, with regard to connected graphs. (The results for
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disconnected graphs easilv follow from this discussion.)

Theorem 3 shows that the cofinite and connected cofinite ranks are
always equal for a connected graph. However, the even and eulerian
cofinite ranks are not always equal. For example, Figure 1 shows a graph
which has cofinite rank 2 but even cofinite rank which is infinite.
Indeed. it is not difficult to construct a graph which has any countable
number of odd vertices and any eulerian cofinite rank greater than 1 , but

for which the even cofinite rank is infinite.

FTGURE 1. A graph with eulerian cofinite rank 2 but even cofinite rank

which is infinite.

Theorem 4 shows that, for a quasi-eulerian graph, the eulerian
cofinite rank is 1 precisely when the even cofinite rank is 1 . It can
readily be shown that this also holds for any connected countable graph
with a single odd vertex. On the other hand, Figure 2 shows two graphs
which both bave more than one odd vertex. and have eulerian cofinite rank
1 Dbut have even cofinite rank greater than 1 . The graphs in Figure 2
generalize to give a connected, countably infinite graph which has eulerian

cofinite rank 1 and any given even cofinite rank.

https://doi.org/10.1017/50004972700021638 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021638

398 Roger B. Eggleton and Donald K. Skilton

FIGURE 2. Two graphs with eulerian cofinite rank 1; G has even

cofinite rank 2 and H has even cofinite rank 3.

In conclusion, we note that connected and eulerian cofinite ranks are
independent. Figure 3 shows a graph which has eulerian cofinite rank 1

but connected confinite rank which is infinite.

s
ecsoe

- — O

FIGURE 3. A graph with eulerian confinite rank 1 and connected

cofinite rank which is infinite.
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