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The paper is closely related to [1] and [2]. A skew connection in a vector
bundle £ as defined here is a pseudo-connection (in the sense of [1]) which can be
changed into a connection by transforming separately the bundle E itself and the
bundle of its differentials, i.e. one-forms on the base with values in E. The proper-
ties of skew connections are thus expected to be only ““‘algebraically” more com-
plicated than those of connections; especially one can follow the pattern of [1],
and prolong them to obtain higher order semi-holonomic and non-holonomic
pseudo-connections. It is shown in this paper that under some circumstances the
main theorem of [1] or [2] applies also to skew connections.

Let M be a fixed (finite-dimensional, C*-differentiable) manifold, £ a (finite-
dimensional over the reals, C*-differentiable) vector bundle with base M and
fibre type R". Let the dimension of M be m. We shall always suppose that the
structure group of a vector bundle is the maximal linear group (i.e. GL(n, R) in
the case of E'), and neglect the question of its possible reducibility. Let F be another
vector bundle over M, p: E— M and p' : F - M the corresponding projections. A
C*-map ¢ : £ — F (a diffeomorphism), such that p’® = p and @ is linear on each
fibre, is called a bundle morphism (isomorphism). If T(M) and T(M)* are the
tangent and cotangent bundles respectively to M,denote T'(E) = E® E ® T(M )*,
and by S'(E) the vector bundle over M of all one-jets of local sections of E.
Denoting by R the trivial bundle M x R, we have clearly S'(R) = T'(R). Note
that the fibres of both S'(E) and T'(E) have the same dimension, and that
E ® T(M)* can be regarded as a subbundle of both T'(E) and S*(E), identifying
it with Ker ny and Ker rg respectively, where ny : T'(E) » Eand ng: SYE) - E
are the natural bundle projections. In [1] we have defined a pseudo-connection in
E as a bundle isomorphism H : S'(E) - T'(E), and we have seen that it cor-
responds to a usual connection iff iy H = ng and H is the identity on £ ® T(M )*.

Let H= H,+H, be a pseudo-connection, where H,:S'(E)— E and
H,:SY(E)-» E ® T(M)* are its natural composants. It is called a skew connec-
tion iff it preserves the subbundle £ ® T(M)*, i.e. iff ng(X) = 0= H((X) = 0.
We have the evident
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LEMMA 1. A pseudo-connection H is a skew connection iff any of the two
conditions is satisfied.

(A) There is a bundle morphism A : E — E such that H, = Ang;
(B) There is a bundle morphism Q : EQ T(M)* - E® T(M)* such that ng(X) = 0
= H(X) = Hy(X) = Q(X).

Note that if such 4 or Q exists for a pseudo-connection H, then both they
exist, are uniquely determined and invertible (i.e. bundle isomorphisms). Call 4
the first and Q the second tensor of the skew connection H. A pseudo-connection
is thus a connection iff it is a skew connection with trivial (i.e. identity) first and
second tensors. A skew connection is called a relative connection with respect to
a bundle isomorphism A :E — E (or briefly an A-connection) if its first and
second tensors are 4 and A ® id 1)y TESpECtively.

REMARK. A pseudo-connection is a skew connection, iff its components
Iyt k=1,"+-n;a, f=0,1,--+m) in coordinate neighbourhoods (c.f. [1])
satisfy I'jo =0 (h,k=1,---n; i =1, --m). In this case I'ts are the com-
ponents of the first, and I, ,ﬁ'} the components of the second tensors.

Both the groups Aut S'(E) or Aut T'(E), of all bundle automorphisms of
S'(E) or T'(E)) respectively, act freely and transitively (to the right or left respec-
tively) on the set PC(E) of all pseudo-connections in E. Each element B Aut
T'(E) is uniquely determined by a ‘matrix of tensors’ (By); x=1,2, Where By, :
E—E By E-EQ®T(M) By : EQT(M)* > E, By, : E® T(M)* > E®
T(M)* are bundle morphisms subject only to the condition that the morphism
(X+Y) > (B11(X)+B;,1(Y))+(By2(X)+B,,(Y)) of T'(E) onto itself be in-
vertible.

THEOREM 1. The subset SC(E) = PC(E) of skew connections in E is one of
the orbits in PC(E) with respect to the action of the subgroup # < Aut T'(E)
characterized by the condition B,, = 0.

The proof is evident. Note that B,; = 0 implies the invertibility of both B,
and B,,.

THEOREM 2. If H is a skew connection in E, its first and second tensors being
A and Q respectively, and B € &, then the first and second tensors of the skew con-
nection BH are B, A and B,, Q respectively.

The proof is again evident as well as that of the

COROLLARY. Given any pair A:E— E,Q:EQ® T(M)* > E® T(M)* of
bundle isomorphisms, there is a unique orbit C,,(E) = PC(E), with respect to the
action of the subgroup #, = # < Aut T'(E), consisting of all the skew connec-
tions in E admitting A and Q as their first and second tensors. The subgroup %, is
characterized by the condition B,; = 0, B,, = id;, B;» = idggrrams-
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If H is a skew connection, 4 and Q its tensors as above, let B be defined by the
quadrupole B,; = A™', B,; = B;, = 0, B,, = Q"*. Then H° = BH is a con-
nection in E called the associated with H connection. Conversely, if H® is a con-
nection in E, A, Q arbitrary bundle automorphisms as above, then H = B~ 1H°,
where B™! is the inverse of B as above, is a skew connection admitting 4 and Q
as its first and second tensors respectively. Explicitly

H = jrAnpH® +j;" Qn7 H°,

where T'(E) is represented by the direct sum diagram

. 1%
Jr Jr

—_— -—
E T'(E) E® T(M)*
D— >

(c.f. [1]). There is hence a natural one-to-one-correspondence between SC(E)
and all the triples consisting of connections in E and bundle automorphisms
A:E—E Q:EQ®T(M)* > E® T(M)*

REMARK. If Be AutT'(E), B'e #,B then B, = B,,,B;, = By,; if
moreover B,; = 0, then also B{, = B,,. Thus the tensors B,,, B,, are in-
variants of the right cosets with respect to %, ; i.e. given H € PC(E), the tensors
B,, = B,,(H) and B,, = B,,(H) corresponding to any automorphism of T*(E)
taking H into a connection are “invariants of the pseudo-connection H”. It is a
skew connection iff B,;(H) = 0; in that case also B,, = B,;(H) is an ‘invariant’
and evidently B,,(H)™" and B,,(H)™! coincide with the first and second tensors
of the skew connection H.

Let @ : E — E be a bundle morphism. We have then also bundle morphisms
SY(®): SY(E) » SY(E) and TY(®) : T(E) » T'(E) (cf. [1]); S* and T' are
functors from the category of vector bundles over M into itself. A skew connection
Hin E'is called ®-invariant if T'(®)H = HS'(®). We have again an evident

LemMA 2. If He SC(E) is ®-invariant, then so is any skew connection BH,
where B e %, and By, commutes with ®, B, with ® @ idr .

COROLLARY. A4 skew connection is $-invariant if the associated connection is
@-invariant and ® commutes with the first tensor, @ @ idryy» with the second tensor.

A skew connection is called regular, if it is A-invariant, where A is its first
tensor. Thus such H € SC(E) is regular if its associated connection is A-invariant
and 4 ® idy(. commutes with the second tensor; especially an A-connection is
regular if its associated connection is A-invariant.

REMARK. The ®-invariancy of a connection H, i.e. the condition HS'(®) =
T'(®)H, is equivalent with the condition Vy(Pf) = &V f for any local section
X of T(M) and any local section f of E, where Vyf = (X, H,(j'f)> is the co-
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variant derivative induced by the connection H (c.f. [1], p. 144). In other words
H is ¢-invariant iff the absolute differential of @ is zero. This gives also the local
conditions for the regularity of a skew connection in terms of its components
I}and I'7; as

0+ Y (M —Iwli) =0
h=1

foreachi=1,-"m;s,k=1,"-n.

If £ and F are two vector bundles over M, Hy and H connections in £ and
F respectively, then they induce natural connections Hy(®) Hp in E@® F and
Hy (®) Hp in E ® F; there is also a connection Hy. in the dual bundle £* in-
duced by the connection Hj (see e.g. again [1] including the notations). Trying
to generalize this to arbitrary skew connections Hy and H with the first tensors
Agand 4, the second tensors O and Q respectively, we first pass to the associated
connections Hy, Hy, form Hy (®) HY or Hg (®) H? or HJ. as above, and in-
troduce Hy (®) Hy or H (®) Hy or Hp. as the skew connections with these as-
sociated connections and the tensors ‘naturally’ connected with those of Hy and
Hp. In the case of the direct sum this means that we put Aggr = Ax @ Ap,
Oror = Qr @ QF for the tensors of H;(®) Hp, but in the case of the tensor
product, to obtain the second tensor reasonably linked with Q; and Qf, one has
to suppose that Qr = P ® R, Qr = Pr ® R, where P, : E— E, Pp: F > F,
R :T(M)* - T(M )* are some bundle automorphisms. We shall refer to this situ-
ation by saying that H; and H are R-linked. Now if the skew connections Hg
and Hy are R-linked, we define the tensors of Hy (®) Hr and Hg by Arer =
Ay ® Ap, Qrer = Py ® Pr ® Rand Ag. = (Ag)*, Op = (Pg)* ® R. Note that
if Hg is an Ag-connection, Hy an Ag-connection, then they are linked by the
identity and Hy (®) Hy is an (4y ® Ap)-connection,

An easy consequence of Lemma 3.1 and 3.2 in [1]is

LEmMMA 3. If @ : E—> E, ¥ : F > F are bundle morphisms, Hg and Hy con-
nections in E and F respectively, then

HESl(cb) (®) HFSI('II) = (HE (®) HF)SI(‘D ® YY)
and

I

TH(@)H; (®) T (P)Hp = TP ® ¥)(H (®) H).

LEMMA 4. Let @ 1 E— E, ¥ : F - F be bundle morphisms. Let H; be a ®-
invariant connection in E, Hp a Y-invariant connection in F. Then

(a) He (®) Hp is (¢ ® ¥)-invariant,

(b) Hg (®) Hp is (P ® ¥)-invariant,

(c) Hgs is ®*-invariant.

Proor. (a) If E @ Fis represented by
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E E®F F
_— <
JE JF

then Hy (®) Hp = T'(jg)HeS (ng)+ T (jp)HpS'(ny) (c.f. (3.23) in [1]) and
hence HS'(®) = TH(®)Hy, HpS'(¥) = T'(¥)H implies
(HE (@)HF)Sl(dj @ Y’) = Tl(jE)HESl((an)'i_Tl(A/-F)HFSX(.{IRF)
= Tl(.iE(p)HESI(nE)+T1(jF YI)HFS:(HF) =T"(® @ Y)T'(jg)Hg S  (ng)
+TY(® ® V)T'(jr)He S (np).
(b) follows directly from Lemma 3.3 in [1].
(c) Denoting by ¢: E ® E* — R the natural contraction, we have c(id; ®
@*) = ¢(P ® idy.) and thus applying this, Lemma 3 and () to the relation 7" (c)
(Hg (®) Hgs) = S'(c), (c.f. (3.49) in [1]), we get
T'(c)(Hg (®) [Hp: S'(9*)]) = T'(c)(Hg(®) Hp)(S'(idy) ® S'(9%))
= S'(c)(SY(P) ® S'(idg)) = T (c)([H:S"(?)] (®) Hp)
TH)NTH(P)HE) (®) Hee) = T ()T idy; ® @*)(Hg (®) Hps)
T'(c)(He (®) [T (9*)H]).
Now according to the uniqueness property in Lemma 3.5 in [1], the proof is
completed.

COROLLARY. Let Hy and Hy be regular skew connections in E and F res-
pectively, their tensors being Ag or Qg = P ® R, and Ag or Qr = Py ® R.
Let Ay commute with Py and Ay with Pg. Then the skew connections Hy (@) Hy,
Hg (®) Hp and H. are regular.

Proor. It is sufficient to show that (4, @ A4,) ® idry)» commutes with
Qr ® Qp,and Ay ® Ay ® idrps With Pp ® Pr ® R. as well as (Ag)* ® idrays
with (P)* ® R; but this is obvious from the assumptions.

This corollary is useful for the prolongation procedure of skew connections.
First let us recall briefly some basic notions and notations from [1], (c.f. also [2]).

For each integer ¢ = 1 denote by S, 57 and §7 the covariant functors from
the category of vector bundles over M into itself which are defined by means of
the holonomic, semi-holonomic and non-holonomic jet prolongations respectively
in the sense of Ch. Ehresmann. We put E = S°(E) = 5°(E) = S°(E) as well as
E =T%E) = T°(E) = T°(E) and define for each ¢ = 1 recurrently

TNE)Y=T"Y(E)®E® (Cq> T(M)*)
(1) TY(E) = TV U(E) ® E® (® T(M)")
TE)=T"Y(E)® T*""YE) ® T(M)*,
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giving rise to the functors 79, T9, T from the category of vector bundles into
itself. Let n% : SYE) - ST Y(E), n} : S4(E) » 59" }(E) and ng = #%: SYE) =
S*(§*~Y(E)) » §47Y(E), or correspondingly %, 7% and 7 (c.f. (1)) be the natural
surjections. Let further 1% : SYE) - SY(E), i¢ : §(E) - S%(E) denote the natural
injections as well as 1% and i in the other case. It is known (c.f. [1]) that i can be
splitted into injections

112 SUE) —> $1(S171(E)) s $1(EI(E)) = SYE),

and analogously
TYirea~1)

4. : TY(E) —— TY(T*"Y(E)) ———3 T(T1-\(E)) = TY(E).

Here the morphism i% is determined by
. g K K Ly k k
7:e@Y @ " Qufre®) of® - ®wf
k=0 k=0
g—1
te®) [0 ® - ® "' 1® wily,
k=0

where e€ E, ofe T(M)* for i=1,"--k; k=0,---¢g; 0} = (I,x)eR and
x € M is the point ‘over which’ these elements are taken.

One also identifies £ ® (O T(M)*) with both the subbundles Ker n} <
SYUE) as well as Ker n% < TY(E), and E ®? T(M)*) with both the subbundles
Ker @ = SY(E) as well as Ker 7% <= T4(E).

A holonomic or semi-holonomic or non-holonomic pseudo-connection of order
g 21 in E is a bundle isomorphism HH?: SYE) — TYE) or SH?: S(E) —»
TYE) or NH?:S%E) — T4(E) respectively. Given a sequence {HH?}>., or
{SH*}7., or {NH} | of pseudo-connections in E, then it is called a sequence of
holonomic or semi-holonomic or non-holonomic connections if for each ¢ = 1,
nt HHY = HH' 'n; HHpg0amymyy = id, with HH® = idg, or #%SH? =
SHY '7i%; SH pegarans = id, Wwith SH® =idg, or m NH? = NH* 'zg;
NH|so-\pyorys = NHI™! @ idpogys, With NH® = idg.

REMARK. These definitions are in accordance with the definitions of higher
order connections in vector bundles in [3], [4] or [S]. On the other hand a higher
order connection as introduced by C. Ehresmann corresponds in the case of vector
bundles to a surconnection (and not connection) of P. Libermann (c.f. [3]). See
also [6] for the relation of these two definitions.

As in [1], we restrict our interest to the semi-holonomic and non-holonomic
cases. The following sequences of first order pseudo-connections have been also
introduced in [1}:

(A%}, with A : SY(§*Y(E)) » TY(§*Y(E));
{A%}, with A% : SY(T*~Y(E)) » T(T*"Y(E));
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{H%}, with HE : S'(S*"Y(E)) —» T"(§*"Y(E));
{H%}, with H% : S{(T*"(E)) » TH(T*"(E)).

Such a sequence {H2} (or {H%}) is called reducible to a sequence {H%} (or
{H%}) if for each ¢ = 1 the relation A4S (14" !) = T' (i~ ")HE (or HLS'(i% ') =
T'(i% *)H%) holds. A sequence

@) {sH*}; (b) {H3}:  (c) {Hi}
of pseudo-connections is called regular if for each g = 1 the following condi-
tion is satisfied:

(a) T4 SH? = SHY™'4%"'7% for some sequence {4’ '} of automorphisms
A1 §TTYE) > STTY(E) or, equivalently, 7&(SHY)™! = (SH*Y)~}(B1)™!
74 for some sequence {B?” '} of automorphisms B?~! : T*"(E) —» T*"(E);

(b) npHEE = A2 7% and T (A ®)HI T IYY = HOZ A7 for some
sequence {47~ '} of automorphisms as sub (a);

(c) ns(H$)™'1f = (B*™)" '@y and SY((BY)T'Ap)HFT) TR =
(A%) g (BY)! n"“ for some sequence {B?”'} of automorphisms as sub (a).

The relations

(2) NH* = T'(NH*""“)Hi{=) i = T"(NH*"')"'NH*
and
(3) NH® = A4S (NH* 1) (=) A% = NH'S*(NH*"*)"!

define a ‘one-to-one-to-one’ correspondence {H2} ~ {NH*} ~ {H%} between the
three sequences dealt with in the non-holonomic case. The main theorem in [1]
states that if there is a triple of sequences in such a correspondence, then the fol-
lowing conditions are equivalent:

(I) {NH?} is reducible to a regular sequence {SH?} with the automorphisms
{4%7'} (or {B*! = SH '41"}(SH*" )" 1});
(I1) {HE} is reducible to a regular sequence {HZ} with the automorphisms
{4}
(IIT) {H£} is reducible to a regular sequence {H{} with the automorphisms
{87}
In particular it has been shown there that if H is a (first order) connection in
E, h a (first order) connection in the tangent bindle T(Af), then one can get ‘by
prolongation’ sequences which satisfy (III) and hence all the above conditions.
This can be generalized with some restrictions to the case where H is a skew con-
nection in E,  a skew connection in T(M).
Thus suppose H € SC(E) with the tensors 4 and Q, he SC(T(M)) with the
tensors a and g are R-linked skew connections, i.e. Q = P® R, g = p ® R for
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some fixed bundle automorphism R :T(M)* - T(M)*. We have already seen
that one can construct then two canonical sequences {H%} and {{4}, where each
HY (g = 1) is a skew connection in T?~'(E) with the first tensor 4% = 4 ® Y1_,
®* a*, the second tensor 0% = P§ ® R, with P§ = P ® Y 1., ® p*, and each
A% (g = 1) is a skew connection in T9"!(E) with the first tensor 4% = 4 ®
(®7! (idg ® a*)), the second tensor Q% = P4 ® R, with P4 = P® (® ! (idg ®
p*)). Denote by {(H%)°} and {(H%)°} the sequences of the corresponding
associated connections — they are constructed from the associated to H and A
connections H® and 4° respectively as in [1].

LEMMA 5. The sequence {H%} is reducible to the sequence {H%), i.e. for each
g1,

HIS'(1571) = T' (17 )HY.

PrOOF. Such a relation certainly holds for the sequences {(H%)°} and
{(FH%)°} (c.f. [1] or [2]). On the other hand the relation between skew connections
and associated connections gives in this case
H% = j 4[, nT(H )0 +JT (Pq ® R)nT(H )0
HY = jy A4 () +j7 (PE @ R)ng(H%),
and thus by (2.14-15) and (2.67-68) of [1] we get subsequently
A%.S'(i571) =j}Z‘1TnTT (%" )(HY )° +jr (P4 @ Ryny(T' (1% ' )(H%)°

= FRAY () 4] (P © R)GY ! © iy f(HE)
=j11“ig‘_1A (A +jr (5 ® ldT(M)‘)(Pq ® R)n7(HT)

=]11“ iT nrh A% ”r(H )0 +JT (’ '® ’dT(M)')n;];‘*(Pq ® R)”T(H )0
= T'(i§ "5,

(4)

Here we have used the obvious relations
A% = 47" 4% and P47 = %71 PY.

THEOREM 3. Let H be a skew connection in E with the tensors A and
Q = P ® R which is regular and such that A commutes with P. Let h be a skew
connection in T(M ) with a trivial first tensor (i.e. @ = idry,) and the second tensor
g = p @ R (especially let h be a connection in T(M )). Then the canonical sequence
{H%} of skew connections is reducible to the canonical sequence {H%}, which is
regular.

PROOF. According to Lemma 5, all we have to prove is that {H%} is regular.
By the corollary of Lemma 4 we easily conclude, that each skew connection H7
is regular, ie. A%-invariant, ie. T'(A}"")H4Y'! = H{'SY(ALH) = S'(7%)
SYAFY YA )Y = S'(RL)HSY)TITHAGH) LY. Now we have
evidently S'(7%)S'(4%')"" = §'(4%)"'S'(7}), and from (4) we also derive
TY(7%)H! = HL S (7%), ie. SY(7L)HEY')™' = (H%) 'T'(7%). Finally by
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(2.64) of [1] we get T'(R4)T (AL ') 15" = TY(A%) 'i4#%"! and this com-
pletes the proof, since we have

(5) TY(A%)~'i% = (A5 ")

because of a = idrqy.

The results just obtained can be summarized in the following way: If the as-
sumptions of Theorem 3 are satisfied — especially if H is a regular relative con-
nection in £ and 4 a connection in 7(M ) — then the prolongation procedure de-
scribed in [1] and [2] ‘works’ in essentially the same manner as for connections.
That is, we get a canonical sequence { NH?} of non-holonomic pseudo-connections
in E reducible to a regular sequence {SH?} of semi-holonomic pseudo-connections
in E, and they are uniquely connected also with a sequence {H%} of first order
pseudo-connections in the nonholonomic jet prolongations of E reducible to a
regular sequence {H{} of pseudo-connections in the semi-holonic jet prolongations
of E. Since {SH?} is regular, 7{(X) = 0 = 7% SHY(X) = 0, and we have also

THEOREM 4. Under the assumptions of Theorem 3, all the HL and HY are skew
connections.

PRrOOF. By (4.89) of [1], A% = TY(NH*"Y)"'NH® = T,(NH*~ ')~ 'fi}
SYNH®Y), ie. n AL = (NHY™ ') ' 44NH? 'z, which proves that A% is a
skew connection. Similarly ng(X) = 0= ngS'(SH? ')(X) = SH* 'n5(X) = 0
and thus also n;H%S'(SH?™') = 0 which means by (4.44) of [1] that SH?™!
nrHE = 0, i.e. H is a skew connection.

One can define, in an evident manner, the functors T2, T9, 5%, §7 from the
category of vector bundles over M into itself. Note that for 4 : £ —» E we have by
our notations now T9(4) = A%"!, T9(4) = A4+, and §9(4) = SY(5771(4))
recurrently also satisfies

(6) 1§5°(4) = §4(4)1}.

THEOREM 5. If H is a regular A-connection in E and h a connection in T(M)
then the canonical prolongations are such that each H% is a T~ '(A)-connection,
each Hi is a T '(A)-connection, each HE is a §9~'(A)-connection, and each
HY is a S*7(A)-connection.

PrOOF. The statement is evident for the A% and H% from their construction.
We shall first show that for g = 1
(7) NH5%(4) = TY(4)NH".
This being evident for ¢ = 1, we proceed by induction using (2) and get NH*S%(A)
= HLS'(NH* 1§17 1(4)) = A4S (T 1(4))SY(NHT™ ') = T9(A)AL S (NH™Y)
= TY(A)NH*, because by the Corollary of Lemma 4 the skew connection A% is
regular. Using this relation we have as in the proof of the preceding theorem
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npH§ = (NH* )T (ANH 'ng = §*7 ! (A)ms. Also if X eKerms =
TT"YE)® T(M)* = SY(T"Y(E)) then AL(X) = (T*"Y(4) ® idppe)(X) and
thus by (2), T (4) ® idyye = NHger ng < siga- ey [(NVHT) ™! @ idragy]s
ie. by (7), NHgerns = NHE7'8771(4) ® idrppe. But then for X e Ker ng
< S'(§?7Y(E)) we have again by (2), HYX) = TY(NH* ') 'NHY(X) =
[(NHT ') ! @ idpae ] INH 1571 (A) ® idype](X), from where we con-
clude that H% is a 5% !(4)-connection, As for the HZ, consider (6) together
with the redumblhty condition of {HZ} to {HZ}. From the just proved result
about AL we get ii 'n,HE = n,T'(& HE = §77 Y(A)ng S' (15 ') = §771(A)
it 'ng = 14718971 (4)ng, and hence ny HE = 597! (d4)ng, because i1 ™" is injecti ve.
Also if XeKer ng = S'(S?"(E)), then Sl(i"s'l)(X) e Ker g = S'(§"Y(E))
and thus by the already proved result about HZ we have T 1(:‘; DHYX)
= HiS'(@ (X)) = (577 (A) ® idron)S' (i 1)(X) = (87 1A% @ idrppye)
(X) = (187" @ idraye)(S* ' (4) ® idrcaye)(X) = T'(i§")(S* ™' (A) ® idruye)(X),
and this proves the last relation because of the injectivity of 7'(i%™!)

THEOREM 6. Under the assumptions of Theorem 5, all the relative connections
H%, H%, AL, HE are regular.

ProoF. It is again evident from the Corollary of Lemma 4 that this is true
for A% and H%. Thus we have only to prove 7'(577!(4))A% = A%5%(4), and
T'(§7"'(4))HL = H{S'(S597'(4)). The first relation follows by (2) and (3)
from (7) as HLS,(4) = TY(NH* ') 'NHIS(A4) = T*(NH**)"'T"(4))
NH? = TV (8 Y(4))TY(NH" ') 'NH? = T*(§91(4))HE. The second relation
is obtained from this, the reducibility of {H%} to {H%} and (6) as T'(i% ")HE
SY(5971(4)) = HLS' (1% 157 1(4)) = BES' (S (4))S' (i) = T'(8**(4))HE
ST ) = TS (A) T (14 HHE = T (14 1)T* (S ' (4))HE, Q.E.D., since
T*(iZ™') is injective.

ReEMARK. Restricting ourselves to the most important case of a skew con-
nection, namely to that of a relative connection, we have seen here that ‘the pro-
longation procedure works’ only if the initial (regular) relative connection in E
is ‘pushed’ by a (strict) connection in T(M). This is due to our definition of the
regularity of the sequence {H%}. If H and h were both arbitrary regular relative
connections, we would still get the prolonged sequence {H%} reducible to {H%},
however not necessarily regular, the obstacle being essentially only with the rela-
tion (5). It seems likely that one could generalize the notion of a relative connec-
tion (most probably by developing the formalism in the category of ‘all’ vector
bundles rather than only of those over a fixed M ), and get a deeper condition for
the ‘initial’ correlation (of the relative connection in T(M ) to the relative connec-
tion in E') in order to ‘let the prolongation procedure work’.
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