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Abstract

In this paper, we obtain some trace inequalities for arbitrary finite positive definite operators. Finally an
open question is presented.
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In 1978, after giving some trace inequalities for positive definite matrices, R. Bellman
brought attention to two open questions [1]. One of the questions asks: Is there
a matrix analogy of the arithmetic mean — geometric mean inequality (for positive
definite matrices)? Y. Yang [4] proved that the answer to the above question is
affirmative for two positive definite matrices. Recently Dinesh Singh [3] generalized
the result of Yang to infinite-dimensional spaces.

In this paper, we generalize the trace inequality in [3] from two positive definite
operators to an arbitrary finite number of positive definite operators.

Throughout, C, (1 < p < 00) stands for the class of all bounded operators A on
an infinite-dimensional separable Hilbert space H, such that Z:‘;l [{Ae,, e,)|P < 00
for each orthonormal basis {e,}]° in H. Let {e,} be any orthonormal basis in H. Let
Tr: C; — C (complex numbers) be defined by

o0

Tr(A) = Z(Ae,,,e,,).

n=1

It is easy to see that Tr is independent of {e,} [2, Lemma 2.2.1], and since C, consists
of compact operators [2, Theorem 2.1.6], Tr (A) is the sum of the eigenvalues of A.
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282 Xinmin Yang 2]
Furthermore, Tr defines an inner product on C, given by
(A, B) =Tr(B*A)

where B is the adjoint of B. This inner product makes C, into a Hilbert space [2,
Theorem 2.4.2]. Clearly C, is contained in C,.
We now state and prove our results as following.

LEMMA 1. Let A be a positive definite operator in C, and B be a operator in C,.

Then
(n Tr (AB) = Tr(BA)

PROOF. Choose an orthonormal basis {¢,};° of H such that each e, is an eigenvector
for A with corresponding eigenvalue «,. Since A > 0, each o, > 0. Let 8, =
(Be,, e,). Then

Tr(AB) = i(ABe,,,e,,) = i(Be,,,Ae,,)
n=1 n=1
= Z_“,la,.(Ben,e,.) = X_I By,
Tr(BA) = i(BAe,,,e,,) = i(Ae,,,B e,)
= i a{e., B*e,) = i w{(Be,, e,)
n=1 n=1
= 2 nﬁn

Hence (1) is proved.

By the Cauchy-Schwartz inequality, we have

LEMMA 2. Let A, B be two operators in C,; then

Tr(AB) < |Tr(AB)| < \/Tr(AA*) - \/Tr (BB*).

LEMMA 3. ([3]). Let A, B be two positive definite operators in Cy; then
Tr(AB) < Tr(A) - Tr(B).

LEMMA 4. Let A; (1 < i < m) be positive definite operators in C,; then

Tr{(A1A; -+ An) (A1Ar - A} < []Tr (A7) <[] (Trcany.
i=1 i=1
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PROOF.

Tr{(A1Ar -~ Ap) (A1Ay -+ An)'} = Tr{ A (A2 An) (A2 -+ AR)" AT

=Tr{(A1A)) (Az--- An) (A2 An)*} (by Lemma 1)

<Tr(AA) Tr{(Az2- - An) (A2 - An)*} (by Lemma 3)

< Tr(A?)Tr(A%)---Tr(A2) < ﬁ [Tr (A2 (by Lemma 3)
i=1

The proof is complete.

THEOREM 5. Let A; (1 < i < m) be positive definite operators in C,; then

[Tr(A1As--- An)| < [ Tr4),  m=2

i=1

PROOF. By Lemma 2 and Lemma 4, we get
ITr (A 1Az - An)| = |Tr[A; (A2 An)]|

< \/Tr (A147) - \/Tr[(Az e Ap) (Az--- AR)T] < l;[Tr (A)

The proof is complete.
THEOREM 6. Let A; (1 < i < m) be positive definite operators in C,; then

m i=l1

PROOF. By the arithmetic mean — geometric mean inequality for m positive real

numbers, we have
1 m m m
— D Tr(4) z(]‘[Tr(Ai)) .
m i=1 i=1

From Theorem 5, we get

L [iTr(A,-)] > |Tr(A1A2"'Am)|$-
m i=1

The proof is complete.
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The above Theorem 6 generalizes the theorem in [3].

THEOREM 7. Let A; (1 <i < 2™) be positive definite operators in C,; then

o 2"

< T] (e (a7)]

i=1

2 Tr(AjA; - A)

PROOF. We will prove the above inequality by induction on m. If m = 1, inequal-
ity (2) is obvious by Lemma 2. Now suppose that, for m < p, inequality (2) is true.
Ifm = p,let

Bi = Azp—iAzp—i_l ... A2A1A1A2 .. Azpfi_lAzpfi
and C; = A’Zp—i+1 Agpi » v - Agp—(«~n Azp—(i—l) LR Azp—iA2p~i+l

p—i

* lfifp'

u, = ‘TI‘ (Bizi-l)r”_" v = ‘TI‘ (Cizi-x)

We have

u; = |Tr (B,?"‘)

= Tr[(AZ,,_,. ---Af-“Az»—i) (Az,,_,. e A%-‘-Azp_s) .

2

2v-i

(Az,,_,. Af .. Az,,_,.)]

(with 2'~! bracketed factors)

= |Tr [(Az,,_,._. A"; - Az,,_i_,) (AZ,,,,.,,+1 ... A%,,_,- ...Az,,,,.,,ﬂ) ..

2p~

(Azp—i—l o A% s Azpvi—l) (A2p—i—l+1 s Ag,,_,- HE A2p—i—l+1)]
(by Lemma 1) (2 factors)

2p-i
, (i<p-D1 (2"~ factors Bi;1Citt)

1 fre(er ) (e )

j=1
i 2071 i
= |Tr (Bi2+1) : ‘Tr (Ci2+1>

SUipr-viyy (I <i<p)

= |Tr (Bi1Cis1 -+ Bi1Cizr)

207

IA

(by inductive hypothesis)

9p=i=1

that iS, Ui S Uity - Vit 1 < i < p-
Since

) 2
upr = |Tr (B2

= e { (424342}
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2
= )Tr (AAAA]--- Ang)) (by Lemma 1) (2772 factors A2A2)

202 » ot 3 2
< ]—[ [Tr [(Af)zp } -Tr {(A%)2 }] ¥ (by inductive hypothesis)
i=l1
=Tr (A7) Tr (A7),
and
p-2 2 2 42 42 2 2
v = [T (C27)| = [Tr (4543434 - 4345)|
- Tr(A§A§---A§A§)|2 (by Lemma 1)
2r-2 1 2
p—1 p—~1 =
< [T {2} {(a)""}]”"|  (by inductive hypottesis)
i=1
= Tr (AY) Tr (A7),

we have
Up_g S Up_y - Vpoy < Tr (A7) Tr (A) Tr (A]) Tr (AT).

In exactly the same way, we can establish the following inequality.

8
Up2 = l_[Tr (A?p)

i=5
8

Up_3 < Up-2Vp 2 < l_[Tl' (A,zp)

i=1

2!

w < []rr(a?)
i=12p
vy < 1_[ Tr (A,zp) .

i=2P"141

Therefore we obtain

2P

2°
[ Tr(Aid, - 40| = I Tr (4142 - A) (Aprrss -+ A420)]

20!

< |Tr (Agpms -+ A2+ Ay} - Tr (Agryy -+ A2, - Agpr 1)

(by Lemma 2)

2°

=u - < nTr(Aiﬂ).

i=1
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Finally, we present an open question:
Let A; (1 <i <m) be positive definite operators in C,. Does the following

inequality hold:
Tr(A4;--- A ]_[ [Tr(ar)] 2
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