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THE NORMALITY IN PRODUCTS
WITH A COUNTABLY COMPACT FACTOR

LECHENG YANG

ABSTRACT.  Itisknown that the product wq x X of wy with an M1-space may be non-
normal. In this paper we provethat the product x x X of an uncountable regular cardinal
r with a paracompact semi-stratifiable space is normal iff it is countably paracompact.
We also give a sufficient condition under which the product of a normal space with
a paracompact space is normal, from which many theorems involving such a product
with a countably compact factor can be derived.

1. Introduction. Asis well known, the product of a hormal countably compact
space with a metric space is normal, see [5], [12] and [17]. Kombarov [11] later gen-
eralized this by proving that the product of a normal countably compact space with a
sequential paracompact space is normal. Since then the normality of products with a
countably compact factor or more specially, with a cardinal factor, was investigated in
[3],[7], [10], [14], [15] and [18]. Observe that the product of a normal countably com-
pact space with aL aSnev spaceis normal. However, there exists an M;-space X such that
w1 xXisnot normal [3]. On the other hand, the equivalence of normality and countable
paracompactness was established for many cases in the theory of product spaces, see
[81, [9], [13], [15], [16], [19] and [20], in particular, it is well known by [16] that the
product of anormal countably paracompact space with a metric spaceis normal iff itis
countably paracompact. In section 2 of this paper, we prove that the product « x X of an
uncountableregular cardinal x with aparacompact semi-stratifiable spaceisnormal iff it
is countably paracompact. In section 3, in place of a semi-stratifiable space, we consider
general paracompact spaces. A sufficient condition under which the product of anormal
spacewith aparacompact spaceisnormal is given, so that many theoremsinvolving such
aproduct can be derived.

All spacesconsidered here areregular T;. By N we denote the set of positiveintegers,
and by « acardinal with the usual order to topology when consider it as a space. For a
set T, || isthe cardinality of I and F<* isthe set of all finite subsetsof I".

2. Productswith a semi-stratifiable factor. A space X is said to be semi-stratifi-
able[4] if there existsafunction g of X x N into the topology of X, satisfying
(i) Nnen 9%, n) = {x} for eachx € X,
(ii) if {xn} isasequence of pointsin X with x € Ny 9(Xn, N) for some x € X, then
{Xn} convergesto x.
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Itiswell known that semi-stratifiable spaces are perfect and subparacompact and that
the class of semi-stratifiable spaces contains o-spaces.

The following lemma, dueto [8], is very useful in proving our main theorem in this
section.

LEMMA 2.1. Let X be a countably paracompact space, and let E and F be a pair of
digioint subsets. Supposethat F is closed and there exist open setsU,,, n € N such that
E C Mnen Un and Npen Un N F = ). Then E and F are separated by open sets.

LEMMA 2.2([15]). A space X isnormal iff for any disjoint closed sets F and K of X
there exists a o-locally finite open cover U of X such that U is disjoint from F or K for
eachU e U.

LEMMA 2.3. Let X be a countably compact space and Y a semi-stratifiable space.
Then X x Y is countably metacompact.

PROCOF. Let g be afunction of Y x N into the topology of Y satisfying (i) and (ii)
above. Let {G, : n € N} bean increasing open cover of X x Y. We shall now construct
for each n € N inductively two o-locally finite collections G, and F, of closed subsets
of Y satisfying the following conditions.

(1) Gn = {F\ Uy, 9(pX). 1) : F € Fo_s}

(2 Fn=U{Fe: F € Fo 1} suchthat Fe refines {F N g(p(x),n) : x & Gn}
where, Fo = {Y} and p: X x Y — Y isthe projection.

Assume that the above construction has been already performed for values no greater
than n. Then let

Gri={F\ U g(px.n+1):FeFy}
XZGns1
Since F,, is o-locally finite collection of closed sets of Y, s0is Gps1.
To define Fp.1, fix an F € F,,. Since Y is perfect and subparacompact, the collection

{FNg(p(),n+1) : X & Gua }

has a o-discrete closed refinement Fe. Since F, iso-localy finiteand | Fe € F, we see
that the collection Fr.; = U{Fr : F € F,} iso-locally finite. Thuswe haveinductively
accomplished the desired construction.

Now set G = Jnen Gn. We assert that Y = |J G.

Assumethe contrary and pick y € Y\ G. Thenthereexist (x1,y1) ¢ G1andFy € F
suchthaty € F; C g(y1, 1). Proceeding by induction, it follows fromy € F, \ U Gy that
there exist (Xn+1, Ynr1) & Gne1 @nd Frug € Freg suchthaty € Fret C g(Yne1, N+ 1). Thus
we have obtained a sequence { (X, ¥n) & Gn : N € N} withy € Npen 9(Yn, N). It follows
from the above definition of semi-stratifiable spacesthat the sequence{y,} convergesto
y. Since X is countably compact, the sequence {x, : n € N} has a cluster point x in X
so that the point (x,y) in X x Y, being a cluster point of {(X,,¥n) : N € N}, isnot in any
Gn. This contradicts with the assumption of {G, : n € N} being a cover of X x Y. Thus
Y=G.
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For eachn € Nwrite Gp = Urnen Gnm, Where Gpm islocally finite. Let Gom = U Gnm;
then Gnm isclosed and Xx Gnm C Gp for eachn, m € N. Moreover, let C, = X< <, Gij.-
It followsthat Cyisclosedand C,, C Gy, Itiseasy toseethat {C, : n € N} coversX x Y.
Thus X x Y is countably metacompact.

THEOREM 2.4. Let X be a paracompact semi-stratifiable space and cf (k) > ws.
Then k x Xisnormal iff it is countably paracompact.

PROOF.  Since normal countably metacompact spaces are countably paracompact,
the necessity follows from Lemma 2.3. To prove the sufficiency, let A and B be any
digoint closed setsin x x X. In [18, Theorem 4.1], Yajima proved that there exists a
o-localy finite closed cover F = (J,o\ Fn of X satisfying that for each F € F, there
existsaA\(F) € x suchthat

((AP.r) x F)nA=0or (AF).x) xF)NB=0.

Take alocally finite open expansion G, = {Gr : F € F,} of Fj, for eachn € N given
by the paracompactnessof X sothat {x x G : F € Fp} islocaly finiteinx x X.

Now for eachF € F , if ((A(F), K) X F) NA = (), by the perfect normality of X, there
exist open sets Vy,, h € N, such that

(AF).r) x F= N (AF),5) x Vo= N (MF), &) x Vo C i x X\ A

neN neN

It follows from Lemma 2.1 that there exists an open set U(F, 0) C x x Gg such that
(MF),x) x F C U(F,0) C U(F,0) C & x X\ A.

Moreover for each F € F, since [0, \(F)] x X is paracompact, there exist open sets
U(F, 1) and U(F, 2) of k x X suchthat [0, A(F)] x F C U(F,1) UU(F,2) C x x Gg and
U(F,1),i = 1,2, isdisjoint from A or B.

For eachn € N put

U, = {U(F,i): F e Fyandi = 0,1,2}.

Then U, islocally finite such that U = (J,.y Un coversx x X and for eachU € U,,, U
isdigoint from A or B. It follows from Lemma 2.2 that x x X isnormal. Thetheoremis
proved.

Since normal countably metacompact spacesare countably paracompact, Lemma 2.3
actually saysthat the normal product of a countably compact space with a semi-stratifi-
able spaceis countably paracompact. But we do not know if the inversion istrue or not.
We pose here the following

PROBLEM 2.5. Let X be a normal countably compact space and Y a paracompact
semi-stratifiable space. Is then the normality of X x Y equivalent to its countable para-
compactness?
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3. Productswith a paracompact factor. A space X is said to be shrinking if for
every open cover U of X, there exists an open cover V = {V(U) : U € U} of X such
that V(U) c U for eachU € U. The open cover V iscalled ashrinking of U. It is well
known that paracompact spaces are shrinking and shrinking spaces are normal.

The following lemma from BeSlagic [2] is often used for the proof of the shrinking
property of spaces.

LEMMA 3.1. If for each opencover U = {U, : o € r} of aspace X, thereexistsan
open cover {V,n: o € k andn € N} such that V,,, C U, for eacha € x andn € N.
Then Xis shrinking.

Let x be aregular uncountable cardinal. In [19], the author proved that the normal
product x x X of k and a semi-stratifiable space X with x(X) < x isshrinking. In aletter
to the author, Ygjimakindly pointed out that this actually istrue for any subparacompact
space X with x(X) < k. However theideaused thereisvery useful. In fact, using theidea
we shall establish Theorem 3.2 below from which many theorems involving products
with a k-compact factor can be derived. But we first give some terminology.

Let X and Y be spaces, and U acover of X x Y. A subset Sof Y is called stableto U,
if every x € X hasaneighborhood O, such that O, x S U for someU € U.

THEOREM 3.2. Let X bea normal (shrinking) space and Y a paracompact space. If
for every binary (any) open cover U of X x Y, each pointin Y has a stable neighborhood
to U. Then X x Y isnormal (shrinking).

Proor. Let U be any open cover of X x Y and suppose that each point y in Y has
a stable neighborhood Vy to U. It sufficesto show that U has a shrinking. Put for each
ueU

G(U,y) = [U{P: Pisopenin X suchthat P x Vy, C U}.

Then X = [J{G(U,y) : U € U}. It follows from the normality (resp. shrinking property)
of X that there existsan open cover {H(U,y) : U € U} of X suchthat H(U,y) C G(U, y)
for eachU € U. Takealocaly finite open cover {W, : y € Y} of Y with W, C V, given
by the paracompactnessof Y. Now for each U € U define

Wy = | J{H(U,y) x W, : y € Y suchthat H({U,y) x W, C U}.

One sees easily that {Wy : U € U} isashrinking of U. The proof of the theorem is
complete.

It is known by [6] that the product of a normal countably compact space with afirst
countable paracompact space is normal. We now have

COROLLARY 3.3. Let X bea shrinking countably compact spaceand Y a first count-
able paracompact space. Then X x Y is shrinking.

Proor. Let U beany opencover of X x Y. Lety € Y and take aneighborhood base
{Vh:ne N} ofy. Foreachn € N, put
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Gn = |J{P: Pisopenin X suchthat P x V, C U for someU € U}.

It follows that X = (Jnen Gn. Since X is countably compact, X = (JL; Gn for some
m € N. Oneseesthat Vy, = N, V» isastable neighborhood of y to U. By Theorem 3.2,
X x Yisshrinking.

A spaceissaidto ber-paracompact if its every open cover of cardinality < x admitsa
locally finite open refinement, and aspaceis x-collectionwise normal if for every discrete
collection {F, : ¥ € I'} of closed sets of the spacewith || < x there existsacollection
{Uy : v € I'} of mutually disjoint open sets such that F, C Uy foreachy € T.

Let 1" bethe product spaceof « copiesof | = [0, 1], and A(k) the one-point compact-
ification of the discrete space of cardinality . Then it is known from Morita [12] and
Alas[1] respectively that aspace X is r-paracompact and normal iff X x I* isnormal, and
aspace X is r-collectionwise normal and countably paracompact iff X x A(x) isnormal.
Thus the same proof asin Corollary 3.3 aso showsthe following

COROLLARY 3.4 ([12, THEOREM 4.1]). Let X be a normal x-compact spaceand Y a
paracompact spacewith x(Y) < . Then X x Y isnormal and thus collectionwise normal
and x-paracompact.

COROLLARY 3.5 ([11, THEOREM 1.1]). The product of a normal countably compact
space with a sequential paracompact space is normal and thus collectionwise normal
and countably paracompact.

PROOF. Let X beanormal countably compact spaceand Y asequential paracompact
space. Let {V,,V,} beabinary open cover of X x Y. Lety € Y. Put

G ={xeX:(xy)eVi}i=12

Then Gj,i = 1,2,isopen and X = G; U Gy. Since X is normal, there exist open sets
Hi, H, suchthat X = Hy UH, andH;i C G fori = 1,2. Put

S:{yGYIﬁi X{y}CVi},i:l,Z.

Then § is open. Otherwise, for example, we can find asequence {y, € Y\ S : n € N}
which convergesto apointy, € S;. For eachn € N, choosex, € Hy sothat (X, yn) & V1.
Let xo € Hy beacluster point of the sequence {x, : n € N} so that (Xo, Yo) is a cluster
point of the sequence {(xn,¥n) & V1 : n € N}. It follows that (Xo,Yo) & Vi, thisis
impossible. S thusis open. It iseasy to seethat S, N S, is a stable neighborhood of y to
{V1,V2}. Theorem 3.2 then implies that X x Y is normal.

A spaceis called strongly x-compact if the closure of any subset of cardinality < «
iscompact [11]. It is easy to seethat strongly «-compact spaces are k-compact. In order
to show that normal products with a strong «-compact factor are collectionwise normal
and x-paracompact with the aid of Alas' result and Morita's result mentioned above, we
need the following lemma.
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LEMMA 3.6. Let X be a strongly x-compact space and Y a compact space. Then
X x Yisstrongly x-compact.

PROOF. Let F be any subset of X x Y of cardinality x andG = {G, : v €T} a
collection of open setsof X x Y with F c | G. We have to find afinite subcollection of
G which coversF.

Index F by k asF = {(X,,Ys) : @ € k}. Let p: X x Y — X bethe projection. Note
that pis closed. Now for each p € T<* let

V,={xeX:({x}x)nFc U G}

Yep

ThenV,, is open since Y is compact. On the other hand,

p(F) C U{V, : p T}

However, since pisclosed, p(F) = {X, : a € x}. It follows from the strong x-compact-
ness of X that there exist finitely many ¢4, ..., ¢n € ¥ such that

n
{Xe i x €} CUV,.
i=1

Letusputforeachy € ¢j,i =1,...,n,

Hon = (Vo X Y)NG,.
Then{H, -, :7 € piandi = 1,...,n} coversF.

COROLLARY 3.7 ([11, THEOREM 1.4]). Let X be a normal strongly x-compact space
and Y a paracompact spacewitht(Y) < . Then X x Y isnormal, and thus collectionwise
normal and x-paracompact.

PrROOF. LetV;,Gj,H and S, fori = 1,2, be as in the proof of Corollary 3.5. It
remains to prove that §,i = 1,2, isopen. Thisis essentialy done in Kombarov [11].
Indeed, for example, lety € S suchthaty € F for someF C Y\ S with |[F| < &.
Index F asF = {y, : « € x}. For each a € k choose x, € Hj sothat (X,,Ys) & Vi.
Take aneighborhood base {V, : v € I'} of y. Foreachy € T defineRy = {X,: « € &
andy, € V,}. It follows that the collection {R, : v € '} of compact sets has the finite
intersection property. And thus we may pick an x € N{R, : ¥ € I'} C Hy. Since
(%, y) € V1, thereexistsaneighborhood H of x such that H x V,, C V; for somevo € T.
We can find some x, € H N Ry,. One sees easily that (X,,Ys) € Vi, acontradiction
provingthat §,i = 1, 2, is open.

COROLLARY 3.8. Let X be a paracompact space with t(X) < x. Then X x x* is
collectionwise normal and «-paracompact.

COROLLARY 3.9 ([10, THEOREM 2.7]). Let X be a paracompact space. If X x & is
orthocompact, then it is shrinking, where cf (v) < ws.
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ProOF. If X x & is orthocompact, by [10, Lemma 1.1], X has orthocaliber «, i.e.,
if x € X and U is a collection of neighborhoods of x with |U| = &, then there exists
V € U suchthat x € Int((O\V) with [V| = x. Now let G = {G, : ¥ € I'} be any
open cover of X x x and fix x € X. Then for each o € &, thereexist f(a) < o and a
neighborhood V,, of x such that V,, x (f(a), a] C G, forsomey € I'. Take# C & such
that |6] = = and Vx = ({V, : « € 6} isaneighborhood of x. Then, athough 6 # &,
using the Pressing Down Lemma, we can regard Vy as a stable neighborhood of x to G.
Hence, the corallary is proved.
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