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COPRIME ACTIONS AND DEGREES OF
PRIMITIVE INDUCERS OF INVARIANT CHARACTERS

ALEXANDER MORETO AND Lucia SANuUS

Let a finite group A act coprimely on a finite group G and x € Irr4(G). Isaacs, Lewis
and Navarro proved that if G is nilpotent then the degrees of any two A-primitive
characters of A-invariant subgroups of G inducing x coincide. In this note we aim at
extending this result by weakening the hypothesis on G.

1. INTRODUCTION

Let A and G be finite groups of coprime order. If A acts on G, we write Irrs(G)
to denote the set of A-invariant irreducible characters of G. This set of characters has
been widely studied. Also, the A-version of several usual character theoretic concepts has
been defined. For instance, recall that an A-invariant character x € Irr(G) is A-primitive
if it is not induced from any A-invariant character of any A-invariant proper subgroup.
We say that x is A-monomial if it is induced from an A-invariant linear character of
an A-invariant subgroup. Isaacs, Lewis and Navarro have recently proved the following
result [4, Theorem B], which we state for the ease of reference.

THEOREM 1.1. Let A act coprimely on a finite nilpotent group G and x €
Irr4(G). Then the degrees of any two A-primitive characters of A-invariant subgroups
inducing x coincide.

Navarro has asked to what extent it is possible to weaken the nilpotency hypothesis
and, in particular, whether the result holds when G is supersolvable. In this note we show
that Theorem 1.1 cannot be extended to supersolvable groups, but that it is possible to
generalise it along other directions.

THEOREM A. There exists a supersolvable group G acted on by a cyclic group A
with an A-monomial irreducible character x which is also induced from some non-linear
A-primitive character.
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The degree of the irreducible character x of the group constructed in Theorem A is
not a prime power. As in a number of situations when dealing with induction of char-
acters, characters of prime power degree also have a different behaviour in this problem
(examples of this different behaviour are, for instance, Theorem A of [4], {1] and [6]).
In fact, for characters of prime power degree it is possible to replace the supersolvability
assumption by a much weaker one, namely that the group G is metanilpotent, in order
to obtain the desired equal-degrees conclusion.

THEOREM B Let A act coprimely on a supersolvable group G and assume that
x € Irr4(G) is such that x(1) is a prime power. Then the degrees of any two A-primitive
characters inducing x coincide.

Theorem A shows that it is not possible to extend Theorem 1.1 to nilpotent-by-
Abelian M-groups. However, we are able to extend it to Abelian-by-nilpotent groups. In
fact, we prove more.

THEOREM C Let A act coprimely on a solvable group G and let x € lrrs(G).
Assume that there exists a normal subgroup N of G such that G/N is nilpotent and
N has Abelian Sylow subgroups. Then the degrees of any two A-primitive irreducible
characters inducing x coincide.

2. PROOF OF THEOREM A

We begin with the proof of Theorem A.

THEOREM 2.1. There exists a supersolvable group G acted on by a cyclic group
A with an A-monomial character which is induced from an A-primitive irreducible char-
acter of degree 25.

PROOF: Let P be the extraspecial 5-group of order 5° and exponent 5, that is, P has
generators z,y,u,v and 2 all of them of order 5 and the following non-trivial relations:

[z, 9] = [u,v] = 2
and let @ be the dihedral group
Q={g,hlg*=1=h" A" =h"").
Now, let G = PQ where ) acts on P with the following nontrivial relations:
1 .k -1 h_,-1 h -1 .k -1

wW=uho=v =gyt =y ut=u W =

We have that G is supersolvable and Z(G) = (z, h?). Now, let A = {a) be the cyclic
group of order 3 acting trivially on @ and with the following nontrivial relations on P:

=yt =z lyhut=v,0" =uly
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It is a routine to check that the action of A on G is well-defined. Now, consider X =
(zu?,yv?, z) < P and put Y = (zu? yv?). Since P has nilpotency class 2,

[zu?, yv?] = [z, y][x?, v = 22" = L.

Hence X is Abelian. Write H = {h). We have that X is an AH-invariant normal
subgroup of P. Since X is H-invariant, V = X H is a subgroup of G of index 50. Let ¢
be a non-trivial irreducible character of Z(P). Let A = § x 1y € Irr4(X) which is also
H-invariant. Let A be the canonical extension of A to VA (see [3, Lemma 13.3]) and
A= :‘:v € Irr4(V), which is the canonical extension of A to V. Now, consider a linear
character p of H such that pz(0) # 1z(g). Let [i be the extension of x4 to PH such that
P < Keri and i = Jiy, which is the extension of g to V such that X < Ker . Define
B=Aie Irr 4 (V).

We claim that there exists an A-invariant linear character of V' which induces irre-
ducnbly to G. Since A induces irreducibly to P, AP¥ € Irr(PH). We may assume that
MPH is G-invariant (otherwise, A¢ would be irreducible and the claim would follow). We
have that

H = (\p)PH = XPHE e Irr(PH),

by [3, Problem 5.3]. Since u is not Q-invariant (because Z(Q) £ Ker ), fi is not G-
invariant, and thus 8P# is not G-invariant. Consequently, 8¢ € Irr4(G) and the claim
holds.

Let x € Irra(G) be induced from an A-invariant linear character of V. Set U =
(g, h*)[P]). We claim that 50 € cd(U). Otherwise, let ¥ € Irr(U) such that (1) = 50.
By [3, Corollary 11.29], 9 lies over an irreducible character ¢ of P such that ¢(1) = 25.
Now, ¢ is fully ramified with respect to Z(P). Since Z(P) is central in G, ¢ is Q-invariant.
By [3, Problem 6.18], there exists ¢ extension of ¢ to U and, by Gallagher’s theorem [3,
Corollary 6.17]), the irreducible characters of U lying over ¢ are é7 where T € Irr(U/ P).
Now the contradiction follows from the fact that U/P is Abelian. We deduce that there
exists ¥ € Irr4(U) lying under x such that 1(1) = 25 (we are using [3, Theorem 13.27]).

It is clear that ¥ = x and to conclude the proof it is enough to show that ¢ is A-
primitive. We argue by the way of contradiction. Let K be a proper A-invariant subgroup
of U with an A-invariant irreducible character ¢ inducing . Now, gxnp € Irrg(KNP)
induces ¢. The subgroup K N P is A{g)-invariant and contains Z(P). However, it is
not hard to show that the unique non-trivial A{g)-invariant subgroups of P containing
Z(P) are (z,y,Z(P)) and (u,v, Z(P)). Now, since ¢(1) = 25 and P is extraspecial,
@zpy # 1z(p) and this implies that ¢ is induced from a character of degree 5 of K N P.
This is a contradiction. ]
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3. CHARACTERS OF PRIME POWER DEGREE

Our next aim is to prove Theorem B. In the proof we shall use Isaacs factorisation
theory. (See, for instance, [7, Section 21] for an introduction to this subject.) We are
going to prove a more general result, from which Theorem B is an immediate consequence.

THEOREM 3.1. Let A act coprimely on a metanilpotent group G. Let x €
Irr4(G). Suppose that G has a nilpotent Hall n-subgroup, where 7 is the set of primes
dividing x(1). Then the degrees of any two A-primitive characters inducing x coincide.

ProOF: We argue by induction on |G|. Let U,V £ G be A-invariant subgroups of
G and a € Irr(U), B € Irr(V) A-primitive characters such that o® = x = 8¢. We want
to prove that a(1) = S(1). Write G = KH where H is an A-invariant w-complement of
G and K is an A-invariant Hall m-subgroup.

Since a and B are A-primitive characters we know that « and 8 are w-factorable,
that is, @ = aya and § = B8, where a, and [, are w-special characters and «,s and
B are m'-special (by [5, Lemma 2.6]). Note that, since x(1) is a m-number, o, and S
are linear. Hence, we want to prove that a, (1) = 8:(1).

Write X = KF(G) = KF, where F is the Hall n'-subgroup of F(G). Of course,
since |G : U] and |G : V| are w-numbers, Fy+ is contained in U N V. Since G/F(G) is
nilpotent, X is normal in G. Put U, = U N X and V; = V N X. By the uniqueness of
Gajendragadkar’s factorisation |7, Theorem 21.6], a,» and B, are A-invariant. Thus, we
have that (am)r, and (B )r,, are A-invariant irreducible constituents of x ,. Then by
Glauberman’s lemma we know that they are conjugate by an element ¢ € Cs(A). Hence,
replacing (V, ) by (V¢, 5°), we may assume that A\ = (aw)r, = (Bx)F,,. Let T = Ig())
be the inertia group of A in G. Note that U and V are subgroups of T. Suppose that
T < G. We have that a7 and 87 are Clifford correspondents of x. Since the Clifford
correspondence is a bijection {3, Theorem 6.11}, T = 7. By the inductive hypothesis
it follows that a(1) = B(1), as desired. Therefore we may assume that X\ is G-invariant.
Let A be the canonical extension of A to X. By Glauberman’s lemma, we may assumne
that H is contained in U NV. We have that xx € Irr(X) (because (x(1),|G: X|) = 1).
Then

(0%)x = (av,)* = ((en)v, W)

and similarly (8%)x = ((6:)n; (X)vl)x. Hence,
((@n)or) X = ((Be)u) "X

We deduce that ((ax)u;)” = ((Bz)w)". Since Fy is contained in the kernel of this
character (see [2, Corollary 5.3)) we may view it as a character of the nilpotent group
X/Fy. Now, (aq)y, and (Bz)v, are AH/F.-primitive (because o, and 3, are A-primitive)
and induce the same AH/F,.-invariant irreducible character of X/F,.. By Theorem 1.1,
ar (1) = Bx(1), as desired. 0

https://doi.org/10.1017/50004972700039976 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039976

3] Coprime actions and degrees 319

4. PrROOF OF THEOREM C

Theorem 3.1 is a generalisation of the theorem of Isaacs, Lewis and Navarro. In this
section we prove Theorem C, which is another generalisation. As in the nilpotent case,
the key of the proof of Theorem C is the following lemma.

LEMMA 4.1. Let A act coprimely on a solvable group G and let x € Irrs(G)
be A-primitive. Assume that there exists a normal subgroup N of G such that G/N
is nilpotent and N has Abelian Sylow subgroups. Then xyu is homogeneous for every
A-invariant subgroup H of G.

PROOF: We may take N to be the nilpotent residual, and thus N is A-invariant.
We argue by induction on |G|. If x is not faithful, working on G/ Ker x and applying the
inductive hypothesis, we have that the restriction of x to H Ker x is homogeneous and
we deduce that g is homogeneous. Hence, we may assume that x is faithful.

Since G has an A-primitive faithful irreducible character, we deduce that every A-
invariant normal Abelian subgroup of G is central (by [3, Corollary 6.13]). Since N has
Abelian Sylow subgroups, F(N) is central in G. Hence F(N) = N and G is nilpotent.
Now we are done by (4, Corollary 2.2]. ' g

LEMMA 4.2. Suppose that A acts coprimely on a group G and that whenever
D £ U £ G are A-invariant subgroups and « is an A-primitive irreducible character of U
then ay is homogeneus. In this situation, if & and B are any two A-primitive characters
of A-invariant subgroups of G, and o and 3 induce the same irreducible character of G,
then a(1) = B(1).

PROOF: It is exactly the same as in [4, Theorem 2.5]. 0

Now we are ready to prove Theorem C, which we restate.

THEOREM 4.3. Let A act coprimely on a solvable group G and let x € Irra(G).
Assume that there exists a normal subgroup N of G such that G/N is nilpotent and
N has Abelian Sylow subgroups. Then the degrees of any two A-primitive irreducible
characters inducing x coincide.

PRroOOF: It is enough to apply the previous lemma. The hypothesis about the exis-
tence and properties of the subgroup /V are inherited by all subgroups of G, and thus by
Lemma 4.1, we see that the hypotheses of Lemma 4.2 hold. 0
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