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EXISTENCE THEOREMS ON THE DIRICHLET PROBLEM
FOR THE EQUATION Au+ f(x,u)=0

by GABRIELE BONANNO
(Received 24th February 1994)

In this note we consider the Dirichlet problem Au+ f(x,u)=0 in Q, u=0 on éQ; here Q is a bounded domain
in R" (n23), with smooth boundary dQ. We prove the existence of strong solutions to the previous problem,
which are positive if f satisfies a suitable condition. As a consequence we find that the problem with

(x,u)= uL“"””""z”+g(x, u), may have positive solutions even if g is not a lower-order perturbation of
[£|“"*2”"" ». Next, we examine the case f(x,u)=|u]"* 2/~ D)4 j(x).

1991 Mathematics subject classification: 35J65, 35J60.

1. Introduction

Let Q be a bounded domain in R", n=3, with a C':!-boundary 4Q, and let f be
a real-valued function defined on QxR. If ge]l,+oo[, we set X_(Q)=
{ue WA WEQ): Aue L°(Q)}. Owing to known results (see, for instance, [5,
Theorem 9.15]), we see that the set X () is independent of g. Moreover, it is easy to
see that X (), equipped with the norm |||y =||#||o +||Au||l, is @ Banach space.
Finally, by Lemma 9.17 of [5] and Theorem 6.2 of [1], we have that X (Q)<C'(Q)
and the natural injection is compact.

Consider the problem

Au+ f(x,u)=0 inQ
(P) {u=0 on 0Q.

A function u:Q—R is said to be a strong solution to (P) if ue X _(€2) and, for almost
every x€Q, one has Au(x)+ f(x,u(x))=0. A strong solution u to problem (P) such that
u(x)>0 in Q is said to be a positive solution to (P).

In this note we establish existence theorems concerning strong solutions (Theorem 1)
and positive solutions (Theorem 2) to problem (P). We next observe that, under the
assumptions of Theorem 2, the problem Au+ |u|* 2/~ 2) 4 g(x,u) =0, u=0 on IQ, may
have positive solutions even if g is not a lower-order perturbation of |u[*2/"=2)
(Remark 2). Finally, as a consequence of Theorem 1, we obtain a result (Theorem 3)
which improves, for significant values of n, Theorem 3.3 of [8].

Our notation is standard and, in any case, we refer to [1] and [5].
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Results

Owing to Theorem 9.15 of [5], we see that A is a one-to-one operator from X _(Q)
onto L®(). Moreover, because of Remark 1 of [7], for every ue X ,(Q) we have

[Jull.o < Bl|Au]| o,
1 [ n L
%_r(wi)mq if jo]> 1

Llr(iem " if Q<1
s T(1+3)] s

(| is the Lebesgue measure of Q and I is the Gamma-function).
We have the following results.

where

Theorem 1. Let f be a real-valued function defined on Q x R. Assume that
(i;) for almost every xeQ the function z— f(x,z) is continuous,
(i;) for every zeR the function x— f(x, z) is measurable,
(i3) there exists r>0 such that the function

x—>M(x)= sup |f(x,2)

lz| s Br

?

where B is given by (1), belongs to L*(Q) and its norm in this space is less than or
equal to r.

Then, problem (P) has at least one strong solution ue X ().
Proof. Let ge]3, + oo[. Consider the set
K={veL/(Q):|v(x)| SM(x) ae. inQ}.

Obviously, K is a nonempty, convex, closed and bounded subset of L%(). Therefore,
because of reflexivity of L(Q), it is weakly compact (see, for instance [3, Theorem 13, p.
422 and Corollary 8, p. 425]).

Now, let ¢: X (Q)—->L*(Q) be the operator defined by Y(u)=—Au for every
ue X ,(Q). Bearing in mind the definition of X (), Theorem 9.15 of [5] ensures that ¢
is a one-to-one operator from X () onto L®(£).

For every ve K and every xe(Q, we set

G)(x)= f(x,¥ ™' (v)(x)).

https://doi.org/10.1017/50013091500022744 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500022744

EXISTENCE THEOREMS ON THE DIRICHLET PROBLEM 33

Let us prove that G(K)< K. To this end, fix ve K and observe that, by Remark 1 of
[7] and (i;), we have

esssup [y ~*(v)(x)| < Bess sup |v(x)| < Bess sup M(x) < Br.
xefd xe) xefd

Then,
If(x,lﬁ—l(v)(x))l%SUp |f(x,2)] ae inQ

z| £ Br

This implies G(v) e K.

Now, let us prove that the operator G is weakly sequentially continuous. Let veK
and let {v,} be a sequence in K weakly converging to v in LY(Q). Due to Lemma 9.17 of
(5], {¢~*(vs)} converges weakly to ¢ ~'(v) in W*9Q). Therefore, since g>(n/2), the
Rellich~Kondrachov Theorem (see [1, Theorem 6.2]) guarantees that the sequence
{y~"(vy)} converges to ¥ '(v) in C%Q). So, by (i,), {G(v,)} converges to G(v) almost
everywhere in Q. Bearing in mind that, for almost every xeQ and every he N one has

|G(un)(x)] £ M(x),
the Lebesgue Dominated Convergence Theorem yields lim,_ ., G(v,) =G(v) in LYQ).
Consequently, {G(v,)} converges weakly to G(v) in LY(Q).
We now have proved that the function G:K—K verifies all the assumptions of

Theorem 1 of [2]. Then, there is ve K such that »=G(v). The function u(x)=y ~'(v)(x),
x €9, satisfies our conclusion. O

Remark 1. We explicitly observe that the preceding theorem can be regarded as an
extension to the case p= + oo of Theorem 2.3 of [6].

Theorem 2. Let f be a real-valued function defined on Q x R. Assume that all the
hypotheses of Theorem 1 hold. Moreover suppose that

(is) for almost every x € Q one has

m(x)= inf f(x,z)>0.

0szsBr
Then, problem (P) has at least one positive solution ue X ,(Q).
Proof. Let us sketch the proof. We define
K, ={vely(Q):m(x)Sv(x)SM(x) ae.inQ},

L2(Q)={ueL®(Q):u(x)>0 ae.in Q},
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X5Q)={ue X (Q):u(x)>0 in Q).

Due to the Strong Maximum Principle (see [5, Theorem 9.6]), the operator
V. X Q- L) defined by ¢, (u)= —Au for all ue X1(Q) is a one-to-one mapping
from X}(Q) onto LP(Q). Now, for every veK, and every xeQ, we set G,(v)(x)=
f(x,¥7'(v)(x)). The same arguments used in the proof of Theorem 1, show that
Theorem 1 of [2] can be applied to G, to conclude the proof. O

Remark 2. Consider the problem

—Au=u"+g(x,u) inQ
(P.,) u>0 in Q
u=0 on 0Q,

where p=(n+2)/(n—2) is critical from the viewpoint of Sobolev embedding. In the
paper [4] this problem is studied assuming that the function g:Q x [0, + o[—-R is a
lower-order perturbation of u?, namely

(*) lim g(x,u) =0.
u—+w up
We emphasize that Theorem 2 may be applied also when the preceding condition is not
satisfied. In fact, consider the equation —Au=|u|?+A(1+|u|)?, where 1 is a positive real
parameter. Of course, in this case, condition (*) is not satisfied. Nevertheless, Theorem 2
can be used when, for instance, n=3, |Q|§1, and 1€]0,((1—B)(22°B))[ (by choosing

r=1/B).
Now we set
4 [n—2\tn—2y4)
n+2 (n + 2)
Bn+2)/4) ’

C(n)=

where B is given by (1), and

4 n—>2 ((n—2)/4)
n+2(n+2>

n-1 1 ((n+2)/2) '
(n—2 ﬁ)

It is a simple matter to see that, for significant choices of n (as n=3,4,5,6,7 and others),
the constant C(n) is considerably larger than B(n). Therefore, the following result
improve, for these n, Theorem 3.3 of [8].

B(n)=
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Theorem 3. Let he L*(). Suppose that

[|#]].o = C(n).
Then, the problem

(P Au+|u|+ D= L h(x)=0 inQ
u=0 on 0Q),

has at least one strong solution ue X ().

Proof. Let us apply Theorem 1. To this end, choose, for every xeQ and for every
zeR

S =zl D 4 k) and re =2\ 208 [ 1\ 21
T n+2 B ’

Of course, the function f so defined satisfies all the assumptions of Theorem 1. Indeed

sup |/ (x, 2| Bt 2104 1], <
|zl < Br

— 9\ (n=2)/8) £ 1\ n+2)/a) Y+ 2)f(n~ 2)) — 9\ n—=2)/4) / 1 \(n+2)14)
Bln+2)/(n-2) n—2 1 +C(n)< n—2 1 .
n+2 B n+2 B

By Theorem 1, there exists ueX () such that Au(x)+|u(x)|"*2=2 4 h(x)=0
almost everywhere in Q, u(x)=0 on dQ and this completes the proof. a

Remark 3. We observe that Theorem 3.3 of [8] yields weak solutions to problem
(P’), while the preceding result gives strong solutions, belonging to X ().
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