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CONNECTIVITY OF FUNCTION SPACES 

CARLOS R. BORGES 

Given two spaces X and Y with Y either an AE (metrizable) or ANE 
(metrizable), little is known with regard to when the function space (Yx, r ) , 
for some topology r, is an AE (metrizable) or ANE (metrizable) except when 
very strong separation properties are imposed on X and Y (see [5, pp. 186-189]). 
One of our tasks will be to eliminate most of these separation property require
ments, therefore complementing or extending some of the results of [5]. We 
also attach an appendix, which contains some needful information, as well as 
the complete local analogue of [2, Theorem 5.1]. 

Throughout, wTe use either the terminology and notation of [2] or of the 
appendix. We also let co stand for the compact-open topology and pc stand for 
the pointwise convergence topology of any function space. 

1. Statement of main results. 

THEOREM 2.1. If X is any space and Y is continuously hyper connected {respec
tively continuously m-hyperconnected, continuously co-hyper connected) then 
(Yx, co) is continuously hyper connected (respectively continuously m-hyper-
connected, continuously oo-hyperconnected). 

THEOREM 2.2. If X is any space and Y is hyper connected {respectively m-
hy per connected, oo-hyper connected), then (Yx, pc) is hyper connected (respec
tively m-hyper connected, co-hyper connected). 

It is easily seen that Theorem 2.2 remains valid if all connectivity concepts 
in it are replaced by their "continuously" counterparts. However, it seems 
that Theorem 2.1 does not remain valid if ''continuously" is everywhere 
removed from it. To a large extent, this is the reason for the appendix. 

THEOREM 2.3. If X is any space and Y is equiconnected then (Yx, co) and 
(Yx, pc) are equiconnected. 

THEOREM 2.4. If X is any space and Y is a metrizable AE (stratifiable) space 
then (Yx, co) and (Yx, pc) are AE (stratifiable). 

2. Proofs of main results. 

Proof of Theorem 2.1. We prove only the harder case of hyperconnectedness. 
Let {hn} be a sequence of functions (hn : Yn X Pn-i —* Y) which satisfy 

conditions (a), (b) and (c) of [2, Definition 2.2]. Define 
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by lett ing 

i ? n ( ( / l , • • • , / » ) , t)(X) = M ( / l ( * ) , • ' • ,/»(*))> t) 

for each x £ X. W e will now show t h a t the functions Hi, H2, . . . satisfy 
conditions (a), (b) and (c) of [2, Definition 2.2]. 

Condition (a) . Let F = (fu • • - , /») € (F*)* and 

£ = (£i, . . . , / t_i, 0, ti+i, . . . , tn) G Pn-i' 
Then 

Hn(F,t)(pc) = M ( / i ( * ) , - . . , / » ( * ) ) , ' ) 

= &»-i((/i(aO, . . . ,fi-i(x),fi+i(x), . . . , / » (* ) ) , M ) 

= H^iôtFtô^ix). 

Hence, Hn(F,t) = Hn_i(ôiF, dit), as required. 
We will now show t h a t the functions i7w are continuous (this automat ica l ly 

shows t h a t they satisfy condition (b) of [2, Definition 2.2]). Le t 

Hn(F,t) G W(K,V) 

for some T7 = ( / i , . . . ,/ re) G (F x ) r e and w £ K. By cont inui ty of &w there 
exist neighbourhoods iV^ ol fj(w) for 7 = 1, 2, . . . , n and Ntw of / such t h a t 

hn((Uj^NJW) X # „ , ) C 7 . 

Then , by cont inui ty o f / 1 , . . . ,fn, there exists a neighbourhood i£^ of w in X 
such t h a t 

/ , ( £ „ ) C # , „ f o r j = 1 , 2 , . . . , » . 

Finitely many i£w cover X ; say i£w i , . . . , KWm. Let 

^ = n i = 1 - [nw w ^(^ , , NJWI)] x n«wJv to i. 
Clearly, [/ is a neighbourhood of (F, t) in ( F x ) w X i \ - i ; furthermore, 
fl»(t/) C W(K, V). (Let ((gx, . . . , gn), s) e U and pick b G X . T h e n fe is 
in some K^ r with 1 ^ r ^ m, and hence g^(&) G NjWr for j = 1, 2, . . . , n. 
T h e n ((gi(6), . . . , &(&)), s) G [ I I ^ W i W r ] X iV„ r and hence 

hni(gi(!>),...,gn(b)),s) G F . 

Th i s shows t ha t Hn{U) C W(K, V).) 

Condition (c). Pick f £ Yx and sub-base neighbourhood 17(K, V) of / . 
W e will show there exists a neighbourhood U oi f such t h a t 

Vn=iHn(U
n X P„_i) C W ( X , F ) . 

For each x £ K, pick an open neighbourhood Vx (Z V ol f(x) such t h a t 
Un=iK((Vx)

n X P w - i ) C V (this can be done because we are assuming t h a t Y 
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is hyperconnected). Then pick a compact neighbourhood Kx of x in K such 
that f(Kx) C Vx. Since K is compact, there exist finitely many Kx, say 
KX1J . . . , i£zn, covering i£. Then let 

U = H M ^ ^ , Vxi). 

Clearly, U C WC&, V) and [/ is a neighbourhood of / . Furthermore, 
Un=iHn(U

n X P„_i) C W(K, V). Let * = (*lf . . . , tn) G P„_x and 

and pick any x £ K. Then x G -K̂ » for some 1 S i ^ #, which implies that 
{fi(x), . . . ,/w(x)} C Fx i , which implies that 

((/i(*), •. . ,/.(*)), 0 e (vxiy x P,-I, 
which implies that hn((fi(x), . . . ,/w(x)), 0 6 F, which implies that 
Hn(F> t)(x) G F for each x G K, which shows that 

Un=iHn(U
n X Pn-i) C W(K% V). 

It is now clear that condition (c) is valid for any neighbourhood of/, which 
completes the proof. 

Proof of Theorem 2.2. This is essentially the same as the proof of Theorem 2.1 
with minor and obvious modifications in order to establish that the functions 
Hn satisfy condition (b) of [2, Definition 2.2]. 

Proof of Theorem 2.3. Let F : F X F X / - > F b e a n equiconnecting function. 

Define 

P* : Yx X Yx X I -> Yx 

by P*(/ , £, /)(*) = P( / (x ) , g W , /) for each x G X. Clearly, P*(/ , g, 0) = / , 
P*(/ , g,V =g and * * ( / , / , 0 = / for each/, g, G F* and t G / . 

Now we show that P* is continuous whenever Yx has the co topology 
(the case when Yx has the pc topology is similar and much easier). This is 
essentially the same as the proof of condition (c) for Theorem 2.1, with n = 2. 

Proof of Theorem 2.4. This is immediate from Theorems 2.1 and 2.2, and 
[2, Theorem 5.1]. 

3. Local connectivity. Unfortunately, local connectivity properties of a 
space Y are not easily inherited by function-spaces F x , as the following 
example shows. 

Example 3.1. Let C be a unit circle in the plane and let P be the discrete 
space of positive integers. Then (Cp, co) = (Cp, pc) is not an ANE (metriz-
able). 

Proof. Clearly, (Cp, co) = (n.i=i°C, product topology) and it is well-known 
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t h a t TLi=iœC is no t an ANE (metrizable) . (For a proof of this, see 

[7, Example 1].) 

In view of the preceding example, the following results appear to be qui te 
satisfactory. 

T H E O R E M 3.2. Let X be a compact metrizable space and Y an A NE (stratifiable). 
Then ( F x , r) is an ANE (stratifiable) for any admissible1 topology r on Yx. 

Proof. This is essentially the same as the proof of sufficiency for 
[5, Theorem 2.4, p . 186]. 

T H E O R E M 3.3. Let X be a compact Hausdorff space and Y a completely 
metrizable ANE (stratifiable) space. Then (Yx, r) is an ANE (stratifiable) for 
any admissible topology r on Yx. 

Proof. Th i s is essentially the same as the proof of Theorem 3.2 because of 
[6, Theorem 3.1(b)] (note t h a t the produc t of a compact Hausdorff spaceand 
a stratifiable space is a paracompac t space; see [3]). 

No te t h a t Theorem 3.3 could have been s ta ted in te rms of hyperlocal-
connectedness, for any admissible metrizable topology r, because of our 
Theorem 4.4 in the appendix. 

4. Appendix . In order to obtain useful information on the connect ivi ty 
and local connectivi ty of function spaces in a general set t ing, we need to 
improve some of the concepts and work of [2]. 

Definition 4 .1 . A space L will be called respectively continuously hyper -
connected, continuously m-hy per connected, continuously co-hyperconnected if the 
sequence of functions ht : Li X Pi-i —> L which satisfy the appropr ia te 
conditions of [2, Definition 2.2] can be chosen to be continuous. 

T H E O R E M 4.2. A metrizable hyper connected space is continuously hyper-
connected. 

Proof. Th i s is essentially contained in the proof of [2, Theorem 5.1]. 

Definition 4.3. A space X is said to be hyper-locally-connected (respectively 
m-hy per-locally-connected) if there exists an open cover Jf of X and functions 
hn = hNn : NnPn-i —>X for each N G Jf and n = 1, 2, . . ., which satisfy 
conditions (a), (b) , (c) (respectively conditions (a), (b) , (d ) ) . 

(a) t G Pn-i and tt = 0 implies t h a t hn(x, t) = hn^i(ôiy x, bit) for each 
x G Nn and n = 2, 3, . . . . 

(b) For each x G Nn, the m a p / —» hn(x, t), from Pn-\ to X, is continuous. 

(c) For each x G N and neighbourhood U of x, there exists a neighbourhood 

1. A topology r for Yx is admissible if the map co: Yx X X —> Y, defined by co(/, x) = f (x), is 
continuous. If X is locally compact Hausdorff then the cotopology is admissible (see [1 j). 
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V C U of x such that 
U * - r A < ( 7 « X P « - i ) C 17. 

(d) For each x £ N and neighbourhood [/ of x, there exists a neighbourhood 
V C U ol x such that 

Ui-iwA|(7* X P M ) C E/. 

The space X will be said to be oo -hyper-locally-connected provided that 
X is w-hyper-locally-connected for m = 1, 2, . . . . 

THEOREM 4.4. 4̂ metrizable space M is hyper-locally-connected if and only if 
M is an ANE (stratifiable). 

Proof. First we prove the "only if" part. By [4, Theorem 28.3] we only 
need show that if / : A —> N is a continuous function from a closed subset A 
of a stratifiable space Z to some TV G Jf of Definition 4.3, then / has a con
tinuous extension g : Z —> M. But the proof of this is exactly the same as the 
proof of [2, Theorem 4.1]. 

Now we prove the "if" part. This is essentially the same as the proof of 
the "only if" part of [2, Theorem 5.1], except that we consider the retraction 
r : U —+ M, where U is a neighbourhood of M in the Banach space B, and the 
functions hNn : N

n X Pn-i —> M where N — J C\ M with J an open convex 
subset of U. 

THEOREM 4.5. If X is a paracompact hyper-locally-connected space then X is 
an ANE (stratifiable). 

Proof. This is the same as the proof of the "only if" part of Theorem 4.4. 

REFERENCES 

1. R. Arens and J. Dugundji, Topologies for function spaces, Pacific J. Math. 1 (1951), 5 -31 . 
2. C. R. Borges, A study of absolute extensor spaces, Pacific J. Math. 31 (1960), 609-617. 
3. J. Dieudonne, Une generalization des espaces compacts, J. Math. Pures Appl. 23 (1944), 65-76. 
4. O. Hanner, Retraction and extension of mappings of metric and non-metric spaces, Ark. Mat. 2 

(1952), 315-360. 
5. S. T. Hu, Theory of Retracts (Wayne State University Press, Detroit, 1965). 
6. E. A. Michael, Some extension theorems for continuous functions, Pacific J. Math. 3 (1953), 

789-806. 
7. Chou Sho-Kwan, On the Borsuk absolute homotopy extension property, Amer. Math. Soc. 

Transi, (ser. 2), 38 (1964), 291-300. 

University of California, 
Davis, California 

https://doi.org/10.4153/CJM-1971-084-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1971-084-5

