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Let L be a complemented, ^ -comple te modular lattice. 
A theorem of Amemiya and Halperin (see [ l ] , Theorem 4. 3) 
a s s e r t s that if the intervals [O, a] and [0 ,b ] , a ,b e L, are 
upper ^-continuous then [O, a u b ] is also upper ^/-continuous. 
Roughly speaking, in L upper ^-continuity is additive. The 
following question a r i s e s naturally: is ^-completeness an 
additive property of complemented modular lat t ices? It follows 
from Corollary 1 to Theorem 1 below that the answer to this 
question is in the negative. 

A complemented modular lattice is called a Von Neumann 
geometry or continuous geometry if it is complete and 
continuous. In part icular a complete Boolean algebra is a 
Von Neumann geometry. In any case in a Von Neumann 
geometry the set of elements which possess a unique comple
ment form a complete Boolean algebra. This Boolean algebra 
is called the centre of the Von Neumann geometry. Theorem 2 
shows that any complete Boolean algebra can be the centre of a 
Von Neumann geometry with a homogeneous basis of order n 
(see [3] Par t II, definition 3. 2 for the definition of a homogeneous 
basis) , n being any fixed natural integer. 

P re l iminar ies 

We first recall some proper t ies of regular rings. The 
definitions and proofs can be found in [3] part II, Chap. II or 
[2], § 3. We always assume that the regular ring has a unit 
element which will be denoted by 1. 
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If S is a regular ring, L (R ) denotes the 
o o 

complemented modular lat t ices of principal left (right) ideals . 
The m a p p i n g which t a k e s e a c h e l e m e n t of L. into i t s r igh t 

a n n i h i l a t o r i s a d u a l - i s o m o r p h i s m of L. onto R . U n d e r 

t h i s m a p the p r i n c i p a l left idea l ( e ) ^ g e n e r a t e d by the 

i dempo ten t e goes into the p r i n c i p a l r igh t i d e a l (1-e) . 

If S i s a r e g u l a r r i ng , the r ing S of n x n m a t r i c e s 
n 

wi th e n t r i e s in S i s a l s o r e g u l a r . T h e r e e x i s t s a l a t t i c e 
i s o m o r p h i s m b e t w e e n L (R ) and the l a t t i c e of f ini te ly 

n n 
g e n e r a t e d s u b m o d u l e s of the left ( r ight ) S -module of n - t u p l e s 
(a , a , . . , , a ), a e S. Since S i s r e g u l a r , fo r e v e r y 

1 2 n i n 
A t S t h e r e e x i s t s an i d e m p o t e n t m a t r i x E such tha t 

n 
(E) * = ( A ) ^ . M o r e o v e r , it i s p o s s i b l e to choose 

0 . . . 0 

E = 

6 2 

C A ° 9 
n l nZ 

2 
w h e r e e. = e . , e. c . . = c . . , c . . e . = 0 , for i , j = l , 2 , . . . , n 

1 i i i j i j i j J 
and c . . = 0 , for j > i. Such a m a t r i x i s c a l l ed a left 

i j 
canon ica l m a t r i x . An i d e m p o t e n t m a t r i x such tha t 

2 
e. = e. , c . . e . = c . . , e. c . . = 0 for i , j = l , 2 , . . . , n and 

1 i i j J i j i i j 
c. . = 0 for j > i i s ca l l ed r igh t c a n o n i c a l . F o r e v e r y A c S 

i j n 

t h e r e e x i s t s a r ight c a n o n i c a l m a t r i x E such tha t (A) = (E) , 
r r 

Not ice tha t if E i s a r igh t (left) c a n o n i c a l m a t r i x then 1-E 
i s left ( r igh t ) c a n o n i c a l . 

In what fol lows o u r r e g u l a r r ing S wi l l be the B o o l e a n 
r ing B defined by a Boo lean a l g e b r a £ ? , tha t i s , the e l e m e n t s 
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of B a re those of and 

a + b = ab1 u b a 1 , ab = a r\h , 

where cf denotes the complement of c e & The notation 
c = a Ob implies that ab = 0. If t ^ i s an idea 1 ofV^, it 
defines an ideal I of B. There exists a 1-1 correspondence 
between the elements of and the principal ideal of B. 

In the ring S there is in general more than one left 
n 

(right) canonical mat r ix corresponding to an element AE S . 
n 

However, if two left canonical mat r ices E and F are such 
that (E)/? = (F)y and they have the same idempotents down the 
main diagonal, then E = F. This follows from the fact that 
EF = E if (E)^ = (F) . . Although in general the element e. 

is not uniquely defined by A, the ideal (e.) is unique. 
l —w 

Since in the Boolean ring B any principal ideal is defined by 
a unique element, any principal left ideal of B is defined by 

n 
a unique left canonical matr ix . We will identify the elements 
of Li with the corresponding left canonical ma t r i ces . 

B 
n 

Some examples of complemented modular lat t ices 

Throughout this section will be a Boolean algebra, 
( / a n ideal of *& , and B and I the corresponding Boolean 
ring and ideal. J denotes the cardinal power of the set J. 

THEOREM 1. Let L, consist of the 2 x 2 left canonical 
ma t r i ces 

A= , where e . e c B and a z I. For 
\ a e 2 / d 2 

A 1 , A 2 e L , define A < A2 if (A )^ C ( A ^ where (A)^ 

is the principal left ideal of B generated by A. Then L. is 

a complemented modular lattice. Moreover, the following 
conditions a re equivalent 

113 

https://doi.org/10.4153/CMB-1962-012-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1962-012-9


(i) L i s an % - c o m p l e t e % - sub la t t i ce of L, 
2 

(ii) L i s an % - c o m p l e t e % - c o n t i n u o u s 

% - s u b l a t t i c e of L 
B 2 

(iii) *As an % - i d e a l and S is * - c o m p l e t e . 

Proof . Le t R be the set of r ight c a n o n i c a l m a t r i c e s 

/ e 0 \ 
1 

A = , e , e^ z B with a e I, o r d e r e d by the r e l a t i o n 
\ a e? / 1 

A < A^ if (A ) C ( A ) . Then the dual i s o m o r p h i s m 
1 — 2 1 r 2 r 

be tween L and R induces a dual i s o m o r p h i s m b e t w e e n 
B 2 B 2 

L, and R. Hence any s t a t e m e n t about L i m p l i e s i t s dua l , 
s ince what we p r o v e for L can be p r o v e d a s we l l for R. 

We show f i r s t that L i s a c o m p l e m e n t e d m o d u l a r l a t t i c e . 
When <̂ r = *3 the o r d e r e d set defined in the t h e o r e m c o i n c i d e s 
with L, and t h e r e i s nothing to p r o v e . When *jf $ O w e wil l 

' 2 

prove that L i s a sub l a t t i c e of L» . F o r th i s we u s e the 
B 2 

l a t t i ce i s o m o r p h i s m be tween the p r i n c i p a l left i d e a l s of B 

and the f ini tely g e n e r a t e d s u b m o d u l e s of the left B - m o d u l e of 
2 - t u p l e s (a , a ), a. z B. If { ( a , a )} d e n o t e s the left 

submodule g e n e r a t e d by the v e c t o r (a , a ) then the modu le 

f e i ° \ 
M c o r r e s p o n d i n g to the c a n o n i c a l m a t r i x h a s the 

a S 
\ L I 

f o r m 
(1) M = { ( e i , 0 ) } © { ( a , e 2 ) } = { ( e l f 0 ) } © { ( a , a ) } © { ( 0 ^ ) } 

w h e r e a = e a1 and © i n d i c a t e s d i r e c t sum. Since the 
o 2 

m a t r i x is c anon ica l e . = a O a 
2 o 
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It i s c l e a r tha t the only e l e m e n t s of M whose second o r 
f i r s t component i s z e r o a r e the e l e m e n t s of the submodu les 
{ ( e , » 0 ) } o r { ( 0 , a )} , r e s p e c t i v e l y . The e l e m e n t s of M 

of the fo rm ( c , c ) a r e the e l e m e n t s of { (a O e a , a O e a )} . 
1 o 1 o 

The modu le 

(2) N = {(f 0)} © { ( b , b ) } © { ( 0 , b )} , 
1 o 

w h e r e b e l , bf = bb = 0 , c o r r e s p o n d s to the canonica l m a t r i x 
1 o 

U hi 
w h e r e f = b O b . Now N con ta ins M if and only if 

2 o 

e < f , a < b and a < b O f b , 
1 — 1 o — o — l o 

o r what i s equ iva len t , 

e < f , e < f , a < b ' j f f and a b = 0. 
1 - 1 2 - 2 - 1 2 o 

In g e n e r a l given two m o d u l e s M and N defined by 
(1) and (2) 

M N = { ( e j u f . 0)} + { (a u b , a ^Jh)} + { (0 , a ' ^ b )} = 
1 1 o o 

= { ( e u f "vJba ^ b a, 0)} © { ( c , c)} © { ( 0 , a u b • ^ b e j \J af )} 
l l o o o o l l 

w h e r e c = af1 ,b' U e1 a1 b < a U b e I. Hence M ' J N E L By 
1 o 1 o — 

dual i ty M n N e L. T h e r e f o r e L i s a sub la t t i ce of a m o d u l a r 
l a t t i c e and i s i t se l f m o d u l a r . Since 

MT = {(e« a1 , 0)} © { ( 0 , a1 )} 
1 o 

i s a c o m p l e m e n t of the module M, L i s a c o m p l e m e n t e d 
m o d u l a r l a t t i c e . 
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O a r nex t s tep i s to show tha t if vu i s ^ - c o m p l e t e 
then L i s % - c o m p l e t e . It i s sufficient to show tha t L 

B„ B n 

2 2 
i s u p p e r H - c o m p l e t e , b e c a u s e the l o w e r ^ - c o m p l e t e n e s s 
fol lows by dua l i ty . . 

Le t & = 
(S. o 

1 

a 6 2 

e L. for a l l (3 e J , 

w h e r e J < ^ . It i s i m m e d i a t e tha t if vu i s ^ - c o m p l e t e , 
the union of the c o r r e s p o n d i n g m o d u l e s 

M = { ( e j , 0)} ® { ( a P , a P ) } © {(0, a13)} w h e r e a P = e P ( a V 
p i o o 2 

i s the modu le 

M = { ( KJ e P , 0)} + { ( ^ a P , ^ a P )} + { (0, ^ a P )} 
1 o 

which c o r r e s p o n d s to the canon i ca l m a t r i x 

f w e ^ w ((v- /aP ) . ( w a P ) ) 
1 o 

(3) A = 

i w a j v^ ( w a , 
o 

w h e r e d = ( w a P ) . ( w e f v^(( v ^ a P ) . ( w a 1 3 ) ) ) ' . 
1 o 

Now we a r e r e a d y to p r o v e the equ iva l ence of cond i t ions 
(i), ( i i ) , ( i i i ) . 

(i) i m p l i e s ( i i ) . T h i s i s a c o n s e q u e n c e of the add i t iv i ty 
of u p p e r ^ - c o n t i n u i t y in c o m p l e m e n t e d ^ - c o m p l e t e m o d u l a r 
l a t t i c e s . F o r , if 

1 0 
0 0 I ' 

x = [o il and Y = 

the i n t e r v a l s [0, X] and [0, Y] a r e bo th i s o m o r p h i c to <&\ 
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hence L = [0, X ^ Y ] is upper ^ -con t inuous . Using duality 
we get that L is H -continuous. 

(ii) implies (iii). Since *S is isomorphic to the interval 
[0,X] , if L is H -complete then B is H -complete. 

Now let 

p / ° ° 1 
U P a? 

for all pe J and J < H . Then 
— a 

\ P P / 

| P , 

(iii) implies (i). Let 

which implies that w a e «/^and therefore t / i s H -complete. 
a 

(J> 0 
AP = j e L for all |3 e J , 

\ a e 2 

and J < ^ . Then (3) implies that u A £ L, hence (i) 

holds. 

COROLliARY 1. Let L, be as in Theorem 1. Suppose 
^U is complete and t / i s an ^ -ideal which is not an 
% -ideal . Then 

a+1 

(a) L contains two elements X and Y such that the 
intervals [0, X] and [0, Y] are complete and continuous and 
L = [0, X WY]. 

(b) L. is *S -complete and ** -continuous but not 
-complete. 

a+1 
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Proof. The only thing which has to be proved is that L 
is not % -complete. 

a+1 

Suppose L is H -complete. Then, since 

L = [0, X w Y ] , by the additivity of ^ -continuity in 

W -complete la t t ices , L is *"* -continuous. Let fl 
a+1 r a+1 

be the first ordinal such that -Q. = ** and {a } n _ 
a+1 p < / l 

an increasing chain of elements of ^v such that 

w a P I hf. Take 

Then 

/ e i ° \ 
If C = is the supremum of the C in L then 

l b * / 
j P • 

b ^ v^a , since b e l . On the other hand C < C implies 
6 , 

that w a < b u e , hence e f 0. Now 
~ 1 1 

D = 
e 0 \ 

1 e L . D r\ CP = 0 for all (3 < i l , but 
\ 0 0 / 

D r \ C =£ 0, which contradicts the H -continuity of L* 
a+1 

COROLLARY 2. Let L be as in Theorem 1. Then L 
is a Von Neumann geometry if and only if $Cf is a complete 
Boolean algebra and principal ideal, that i s , 
I = [0,x] , X E B . In this case the center of L is isomorphic 
to [0,x]X [0 ,x ' ]x [0 ,x ' ] . 
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Proof. When vj^ = [0,x] , L is the lattice direct sum 
of the intervals [0, Y ] , [0, Y J , [0, Y J , where 

o 1 2 

Y 
o 

I x 0 \ I x ' 0 \ / 0 0 

• Y l = 

\ 0 x / \ 0 0 / \ 0 x ' 

Hence its center is isomorphic to [0, x] x [0, x ] x [0, x ] 

THEOREM 2. If ^S is a complete Boolean algebra, then 
the lattice JL is a Von Neumann geometry whose center is 

B 
n 

isomorphic to S$ • 

Remark. For n = 2 this theorem is contained in Theorem 1. 

Proof. Because of the dual isomorphism between IT 
r B 

n 
and R we only need to prove that L is upper complete 

B B 
n n 

and upper continuous. Now L_ = [0,X KJ X KJ . ... v^ X ] , 
n 

where X. is the canonical ma t r ix with 1 in the (i , i) place 
and zeros elsewhere, and the interval [0,X.] being isomorphic 

to tâ , is continuous. Therefore, by the theorem of Amemiya 
and Halperin quoted in the introduction, if JL is upper 

B 
n 

complete it is also upper continuous. So it is sufficient to 
prove that L. is upper complete. 

B 

We use induction on n. If n = l , L ~ & and there is 

nothing to prove. Assume then that the theorem is true for 
8 

n - 1 . Let A be an increasing chain, where (3 < Si, JL 
any limit ordinal , and 

1 0 . . . 0 0 
0 1 . . . 0 0 

E = I • • • • . . • I € JLJ 

0 . . . 0 0 

H 9 
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Then the elements A r\ E form an increasing chain. To the 

element A r\ E there corresponds a finitely generated sub-

module N of the left B-module of n-tuples and the elements 

of this submodule have the last component equal zero . 

Therefore, because of the induction assumption, the increasing 
ft 

chain of submodules N has a supremum which is also a 
submodule whose elements have the las t component equal to 
zero . L»et A /e L» be the left canonical m a t r i x corresponding 

B 
n 

to this submodule, 

• _ 

n - 1 , 1 n - 1 , 2 

0 

0 

n - 1 

If C is an upper bound of the A , (3 < SI , then 

C:>A P A E . Hence C > A ' , and C > A P v ^ / A ' . That i s , 
6 

any upper bound of the A is an upper bound of the chain of 
P • P P 

A KJ A and conversely. Let B =A v_;A', since 

0 

0 

"n-1,2 
P 

"n-1 

a 8 a 6 a 
Moreover, if a < p , B < B and this implies B B =B , 

a p a 
which is equivalent to e b = b , i = l , 2 , . , . , n - l , 

a n i i 
a p a 

e e = e . Now it is easily seen that 
n n n 
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B = 

/ e l 

C21 

^ b l 
KJ 

0 

6 2 

* 

< 

. . ' . 

• • • 

0 

0 

• 

n-•1 

0 

0 

-

n 

a a 8 a 
is the supremum of the chain of B • For , e b =b and 

n i i 
ex 6 a 6 6 

e e = e for ex < B imply that the b. and e form 
n n n i n 

a 6 a 
increasing chains* Consequently, e ( w b . ) = b . , 

n i l 
ex 8 ex ex 6 ex (3 ex 

e ( v^e r ) = e and ( KJ e ) { v^rb;) = W (e ( u b ; )) = u b . , 
n n n n i # n g i i 

Therefore B is a canonical ma t r ix such that B B =B , 
ex 

which implies B < B, and it is c lear that B is the 
supremum. 
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