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RELATION BETWEEN THE SHAPLEY VALUE
AND NULL GROUP COHOMOLOGY

ANDRZEJ MADRECKI

The purpose of this paper is to give an application of

homological methods to game theory. The main theorems give

conditions of a homological nature for the existence and

uniqueness of the Shapley value for games with continuum players.

Introduction

The Shapley value for n-person games was introduced in [3]. In [/]

Aumann and Shapley have given the following definition of the Shapley value

for games of continuum players; Let I = [0, l ] be the set of players,

let BV denote the space of all bounded variation set functions defined on

Borel sets 8 of I , and le t FA denote the set of a l l bounded finitely

additive set functions on ( I , 8) . Finally, le t G be the group of a l l

Borel automorphisms of the interval I . Then a Shapley value is a map

<p : Q •—*• FA , where Q is a G-invariant subspace of BV , and <p is

linear, positive and i t satisfies the following conditions:

(I) W * = g*<? for all g € G ;

(II) (<pu)(I) = u(I) for all V € Q .

(Here (g^)(S) := <p{g(S)) for g € G and S € 8 .)

In [7] there were investigated the subspaces Q of BV for which
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188 Andrzej Mgdrecki

there exists the Shapley value cp and also those for which (p is uniquely

determined. A natural question arises: how many Shapley values exist for

a given linear space and how i t depends on the group G . In this paper we

give a partial answer to this question using the homological methods.

Since axioms (i) and (II) state a functor property in the category of

G-modules , i t apparently leads to the algebraic approach to the problem of

existence and uniqueness of the Shapley value.

In Section 1 we define the action of a group G on the Banach algebra

BV , where G is a group of the Borel automorphisms of a Polish space;

and we introduce special cohomological spaces. Section 3 contains the main

result of this paper (Theorem 3.1) • If the null cohomological space,

H (G, FA) is nontrivial, then there exist C-Shapley value on every sub-

space Q 3 PA with Q CBV .

From the proof of Theorem 3.1 i t also follows how many distinct

Shapley values are available. A necessary condition for the existence

exactly one G-Shapley value is established in Theorem 3.2.

For basic notions of homological algebra we refer to [2].

1. Preliminaries and notations

Let (X, B) be any measurable space, that i s , 8 is a a-algebra of

subsets of X . By BV we denote the Banach space of all real valued set

functions of bounded variation defined on (X, 8) . By FA (respectively

FA ) we denote the subspace of all bounded finitely additive (respectively

nonnegative) set functions in BV (see [?]).

By Aut(^, 8) we denote the group of al l automorphisms of the space

{X, B) , where the multiplication is defined as follows:

(1.1) {gx'g^{S) := g2{gxiS)} for a l l g±, g2 € Aut(X, B) , and S € 8 .

Let G be any subgroup of Aut(X, 8) . The action of the group G on the

space BV , that i s , the map

(1.2) G x BV 3 (g, v) *-* g • v € BV

is defined by

(1.3) (gv)(S) = v[g(S)) for a l l g € G , v Z BV and S (. B .
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It is easy to verify that the following hold:

(l.U) (i) giav^&v^ = agv± + &gv2 ,

( i i ) [g^v = g1[g2v) ,

( i i i ) ev = v , where e is the neutral element of G ,

for each g, g±, g^ € G , v, v±., v2 € BV and a , & € R .

Let R[G] be the group algebra of the group G over real numbers,

that i s , the elements of R[G] have the form

(1.5) E y , r € R , ST € G and r = 0
g y y y

for all but finitely many g € G , and the multiplication is defined by

g,h y

Let us define the action of R[G] on BV as follows:

(1.7) R[G] X B ^ X r •£, u] •-»• I r (ffu) € BV .
\g g ) g 9

By (l.U), (1.7) and the definition of R[G] , it follows that BV may be

regarded as R[G]-module. Moreover, the additive group R of real numbers

also is a R[G]-module (it is called trivial R[G]-module), when the action

of R[G] in R is given by

(1.8) h • r = r for each r € R and h € R[G] .

For each subgroup G of Aut(^f, B) we define the sequence

\H (G, • ) ; , q = 0, 1, 2, 3, ••• , of <7-dimensional cohomology groups by

setting

(1.9) Hq(G, A) := Extj*[c](R, A)

for any R[G]-module A (see [2]). Clearly, each ff^(G, A) is a linear

space over R . From the definition i t follows that H^(G, •) is the

covariant functor from the category Modpr̂ -, of a l l R[G]-modules to the

category Vect,-. of all vector spaces over R .
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We note tha t {ff"(G, * ) } o
 n a s t n e following proper t ies :

(1.10) H°{G, A) = H O B W G , ( R , A) for each R[G]-module A ,

(1.11) every short exact sequence 0 t-+ y! H + B M - C H + 0 of R[G]-modules

induces the long exact sequence

0 h + S ° ( C , A) \-+ fl°( G, B) I—t- fl°( G, C1) H-+ fl3^ G, A) \~* tfL( G, B) •-* . . .

of the vector spaces.

LEMMA 1.1. tf°(G, A) = AG , where

A = {a € A •. ga = a , / o r every g € G} .

Proof. I f <p € fl (G, 4) = Honwr-,(|R, /I) , then cp i s a function from

R in to A such tha t <P(z") = J"cp(l) for a l l r € R . Moreover, for each

g £ G we have

/-<
<P(1) = <P(g"l) = g ' <P(1) , hence <p(l) € /5 .

F ina l ly , we observe t ha t the map

H o m R[G] ( R ' A"> 3 (pH^" (P ( 1 ) € ^

i s the isomorphism of the vector spaces and th i s completes the proof.

2. Definition of the G-Shapley value in the framework of cohomology

Let | | : BV H-J- BV denote the set function defined by

(2.1) |w|(S) = \v(S) | for every S € 8 , v € BV .

For every g € G we denote by ^^ the l inea r map from BV to SK

defined by formula

(2.2) ^ ( u ) ( S ) = v[g(S)) for a l l v € BV , g € G , S € 8 .

Following Q7], a G-Shapley value cp on Q i s the R-linear map

cp : Q •—• FA s a t i s fy ing the following condit ions:

(2.3) ( i ) for every g € G , ĝ cp = cpĝ  (the symmetry);

( i i ) (cpu)(X) = v(X) for each u € (3 ( the Pareto opt imal i ty) ;
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( i i i ) <p( \v\) = |<p(u) | for each v € Q .

The condition (2.1) ( i ) and l i n e a r i t y of <p imply tha t

ip € HonfcrG-|(S, FA) . Now we define the R[G]-homomorphism I : BV H-v R

(where R i s regarded as the t r i v i a l IR[(?]-module) , by the formula

(2.U) -T(U) = v(X) for each W € BV ,

where (X, 8) i s a given measurable space.

For every Q <^_ BV we denote by J_ the r e s t r i c t i o n of J to 6 .

Now we are ready for the cohomological def ini t ion of the Shapley value.

DEFINITION 1. We sha l l say tha t <p € Honw£-,(£, FA) i s the

G-Shapley value on the l inear 6-invariant subspace Q c BV i f cp

s a t i s f i e s two conditions:

(SVI) IpA o (p = I § ;

(SVII) <p o | | = | | o <p .

J_, J"p. and | | are mappings defined above, and ° denotes the

composition of the maps.

3. Cohomological conditions for the existence of the G-Shapley

value when H [G, FA) is nont r iv ia l .

Necessary condition for the uniqueness of the G-Shapley value

Let cp be a <7-Shapley value on Q . For any q > 0 , we denote by

cp l", In and JIM "the homomorphisms induced by tp, Ig and Ip. ,

respect ive ly . Then we have the following:

LEMMA 3 .1 . If <p is the G-Shapley value on Q then for each

q > 0 the following diagram

commutes.
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The lemma follows immediately from the cohomological definition of the

G-Shapley value, and from the functional properties of the cohomology

theory.

COROLLARY 3 . 1 . If for some q > 0 and for each ^.-linear map

h : lfl{G, Q) i—»• lfl(G, FA) the diagram (SVI) does not commute, then there

is no G-Shapley value on Q .

Since we always assume that Q is a fixed G-invariant subspace of

BV , FA <=_Q , and G is a group such that H°{G, FA) ± {0} , i t also

follows that H°(G, Q) ± {o} .

Let A be any subset of BV , and le t V € BV-A . Then by A we

denote the IR-linear subspace of BV containing A and {gv : g (. G] ,

that i s ,

(3.1) A := l i n . J ^ y : g € G) o A) .

I t is easy to see that if A is the C-invariant subset of BV then the

sets {gv : g € G} and A are disjoint, and the space A is a

G-invariant subspace of BV .

LEMMA 3.2. Each G-Shapley value if on Q can be extended to a

G-Shapley value (p defined on the G-invariant space Q , when

v € BV-Q .

Proof. Let v € BV-Q . Then, for each g € G , gv \ Q . Indeed, if

for some g. 6 G , u = g~v € Q , then u = g u € Q , because Q is

G-invariant, but i t yields a contradiction.

Let v = v - U? be the Jordan decomposition of V . By G we

denote the subgroup of G defined by the formula

(3.2) Gv = {g i G : gv = v) .

Now we extend (p to the R-l inear map cp : Q i—>• FA by s e t t i ng
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cp(u) for u € Q ,

(3.3) <Py(") =

for y = gv , g € G ,

1 2 +
where y and y are any elements of FA sa t i s fy ing two condit ions:

( 3 . U ) U j . V2
V *lP{Gv, FA+) ,

(3-5) y (^0 = V {X) and y (^) = u (Af) ;

such elements ex is t because H°[GV, FA+) 3ff°(G, FA+) + (0> .

I t i s easy to verify that the mapping cp defined above s a t i s f i e s the

condition (SVI) and (SVIl) on Q . Thus cp i s a G-Shapley value on the

G-invariant space Q ,^_Q •

LEMMA 3.3. A G-Shapley value cp on the subspace Q exists if and

if

diagram

only if there exists a linear map cp : Q 1—> FA such that the following

(svi)0

commutes and

( S V I I ) O I I ° <P0 = w

(cp i s the G-Shapley value on Q ) .

Proof. I f cp i s the G-Shapley value on Q , then <p((2^ c FA , and

cp defined by cp = cp|<2 = cp* s a t i s f i e s (SVI) . Indeed, i t follows from

Lemma 3 -1 , because H°(G, IR) = Honw^fR, R) = R = R (G acts on R

trivially). The condition (SVIl)- is obviously satisfied. Conversely, let
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<pQ : Q •—»- FA be a R- l inear map sat isfying (SVl) and (SVII) . We shal l

cons t ruc t the G-Shapley value <p on Q . I f Q = Q , then we put

cp = <p_ . Now l e t us assume tha t Q t Q . Let v € Q-Q . Applying Lemma

3.2 for (p., Q and v we obtain the G-Shapley value {fn)v
 o n t n e

G-invariant space Q ^ Q . Now we apply Lemma 3.2 for ('PrJy' Q a n d

v' € Q-Qv we obtain a G-Shapley value {{fr)v)vi
 o n t n e s P a c e KL >

and so on. Proceeding by the t r a n s f i n i t e induction f ina l ly we obtain a

G-Shapley value on Q .

THEOREM 3 . 1 . Let Q be G-invariant subspaae of BV . Assume

further that Q ̂  FA and H (G, FA) is nontrivial. Then there exists at

least dim H (G, FA)-distinat G-Shapley values on Q .

Proof. I f Q ̂ FA and FA° t {0> , then QG * {0> and FA°

contains the R-l inear subspace isomorphic with (R, +) . Indeed, FA i s

the R-l inear vector space and i f V € FA then V and V ( in the

Jordan decomposition of V ) both are in (FA ) . Since

k
v (S) = supremum £ max(y[s.)-v[s. ) , o) ,

0 = Sn c . . . c S, = S and v~ = v+ - v .

Thus there exists X € (FA+) such that R • \ c FA and X(JT) = 1 .

If we put

(3.6) <po(y) = v(X) -X for all v € Q
G ,

then the diagram
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commutes.

From (3.6) we have (f. ° | | = | | ° ip. .

a G-Shapley value on Q . Finally there are at l e a s t dim H (G, FA) many

different G-Shapley values. For i t suffices to put for every element u

of the bas is of H°(G, FA) over R ,

(3-7) <Pu(w) = v(X) ^ j y .

PROPOSITION 3 . 1 . If fl°(G, FA) = {o} and ff°(G, Q) * {0} then

there is no G-Shapley value on Q .

Proof. Suppose there i s a G-Shapley value <p on Q . Then there is

v € H°(G, Q) , v{X) * 0 , so t h a t , for every g € G ,

g<p(v) - <p(gv) = cp(y) . Hence (p(u) € H (G, F/4) , tha t i s , cp(u) = 0 which

is a contradict ion with <p(v){X) = v(X) # 0 .

THEOREM 3.2. There exists a unique G-Shapley value on the space Q

if and only if for each v € Q the space H [G, FA) is one-dimensional.

REMARK. I f V € QG t h e n G = G a n d H [G , FA) = H ( G , FA) .

Proof. Necessity. Suppose dim H (G, FA) > 1 . Let

| j j > 1 , be an algebraic base of the l inea r space H (G, FA) . Without

loss of general i ty we can assume that u.{X) - 1 for every i € I . Put

cp.(u) = v{x)u. for every i € I and u € <2 • Obviously <p. ^ <p. for

i t 3 •> i ' 3 € -T •

By v i r tue of Lemma 3-3 we may extend each cp ( i € J) t o d i s t i nc t
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Shapley values .

S imi la r ly , suppose tha t dim H [G, FA] > 1 for some v € Q -Q

Then the re are u ^ U2 € H°[Gv, FA+) such tha t v^X) = y 2 U) = v(X) and

\\ t \\- . We have already proved in Theorem 3-1 tha t there exis ts the

G-Shapley value (pQ over Q i f H (G, FA) i s non t r iv i a l .

Denote by cp , cp two d is t inc t extensions of ip over Q , where

ip.(u) = v(X)\i. for i = 1 , 2 . They exis t by Lemma 3.2.

Sufficiency. Let H \G , FA) be one-dimensional vector space for

every V € Q . Let tp and ij> be two C-Shapley values on Q . We claim

t h a t (p = i> . Indeed, l e t v € Q be a rb i t r a ry . I t follows immediately

from the def in i t ion .of the G-Shapley value, tha t

<p(u), M u ) € H°(G
V> FA+) • S ince dim H°[GV, FA] = 1 , we have

(p(v) = a \i , ty(v) = c y , for some a , a £ IR . Here M i s a base of

the space H°[GV, FA) . But c^X) = <p(v)(X) = y(X) = ip(v)(X) =

Hence c = e and <p(u) = ^(f) . Since V was arb i t ra ry then cp = <|> .
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