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ON CONFORMALLY FLAT SPACES WITH COMMUTING 
CURVATURE AND RICCI TRANSFORMATIONS 

R. L. BISHOP AND S. I. GOLDBERG 

Let (M, g) be a C°° Riemannian manifold and A be the field of symmetr ic 
endomorphisms corresponding to the Ricci tensor S; t h a t is, 

S(X, Y) = g(AX, Y). 

We consider a condition weaker than the requirement t ha t A be parallel 
( V A = 0) , namely, t ha t the "second exterior covariant der ivat ive" vanish 
( V j VYA — VY VXA — V[X,Y)A = 0) , which by the classical interchange 
formula reduces to the property 

(P) R(X, Y)oA = A oR(X, F ) , 

where R(X, Y) is the curvature transformation determined by the vector 
fields X and Y. 

T h e proper ty (P) is equivalent to 

(Q) R{AX,X) = 0 . 

T o see this we observe first t ha t a skew symmetric and a symmetric endo-
morphism commute if and only if their product is skew symmetric. T h u s we 
have 

(P) <^>P(Z, W)A is skew symmetric 

<=*g(R(Z, W)AX,X) = 0 

^g(R(AX,X)Z, W) = 0 

Let M be a connected conformally flat manifold of dimension n, n ^ 3. 
Then the Ricci endomorphisms determine the curvature according to the 
formula 

(1) R(X, Y)=^(AXAY + XAAY)- j—Y)^^2)X A F ' 

where r = trace A and X A Y denotes the endomorphism 

Z->g(Y,Z)X-g(X,Z)Y. 

In this paper the connected conformally spaces satisfying (P) are classified. 

L E M M A 1. Let M be an n-dimensional conformally flat space satisfying ( P ) . 
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Then 

(2) A ' - ^ A ^ p I , 

where p is a C°° function on M and I is the identity field. 

Proof. Setting Y = AX in (1) and then applying (Q) gives 

(3) BX A X = 0, 

where 

B = A2 r—A. 
n — 1 

Since (3) may be interpreted as an exterior product, we conclude that every X 
is an eigenvector of B, so B — pi for some scalar field p. 

LEMMA 2. Under the conditions in Lemma 1, A has at most the two eigenvalues 

r =fc [r2 + 4(w - l)p]* 
2 0 - 1) 

Le£ Af' be the open subset of M on which r2 + 4(w — 1) p ^ 0. 77*ew /Ae eigen-
spaces of A form smooth complementary orthogonal distributions on each con
nected component of M'. 

The eigenvalues are the roots of 

2 r n. 
w — 1 

the rest is also routine. 

Let us fix notation as follows: The eigenvalues of A are m and /x2. They are 
defined and continuous on all of M and distinct on M'. The eigenspaces on Mf 

are D\ and D2, of dimensions & and n — k. We shall use adapted orthonormal 
frames and coframes {Xaj Xa] and {coa, co«}, a, b = 1, . . . , k and a, ft = 
& + 1, . . . , n; moreover, i,j= 1, . . . , w. The corresponding connection and 
curvature forms are coa&, etc. and Oa&, etc. 

LEMMA 3. LeJ K = (/zi — M2VO ~~ 2). 0# Di £/&e sectional curvature is K, 
on D2 it is —K, and on mixed sections it vanishes; that is, 

12a& = Kœa A to&, 

Œa/3 = —Ka>a A co/3, 

aa/3 = 0. 

Proof. Noting that r/(n — 1) = m + /x2, formula (1) becomes 

22(X, F) = ~ 4 " - { ^ X A Y + X AAY- (Mi + M2)X A F}. 

The rest follows by taking orthonormal eigenvectors for X and Y. 
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Note that M' is just the set on which K ^ 0. 

THEOREM. Let M be an n-dimensional connected conformally flat space 
satisfying (P), n ^ 3. Then M is one of four types: 

(a) M is flat (AT empty). 
In the remaining cases M = M'; that is, M is either flat everywhere or has no 

flat points; moreover, k is constant. 
(b) M has constant curvature {k = 0 or n). 
(c) M is locally the Riemannian product of a k-dimensional space of constant 

curvature K and an (n — k)-dimensional space of constant curvature 
-K{1 ^ k S n - 1). 

(d) There is an open C°° map t : M —> R+ {positive reals) such that K = K0/t
2 

for some constant Ko. The map t is a Riemannian submersion having 
fibres which are totally umbilical hyper surfaces of constant {intrinsic) 
curvature (1 + K0)/t

2 {k = lorn — l). 

Proof. Define the vector valued 1-form F = F1 ®Xt by 

F =Ai" -W^)"' 
where A i

j are the components of A. (The summation convention is employed 
here and in the sequel.) The Xt and œ* are any local vector field basis and the 
dual basis of 1-forms, respectively. If w^ are the connection forms for this 
basis we define the exterior covariant derivative DF of F as the vector-valued 
2-form {DFY ®XU where 

{DFY = dFl + «*, A F>. 

It is easily checked that DF is independent of the choice of basis. Using the 
first structural equation viz., doo* = — co*;- A ooj, and the coefficients r ^ of 
w S( w i i = F^co*), we obtain 

{DFY = [XtA's + A\Th
kj + A\Ylh - l_ B*#*)<>* A « ' 

where ô^ is the Kronecker delta. As a tensor, this has the components 

{n - 2)Cjk = V.A'j - VjA1, - \_ {d'j Vkr - b\ V / ) , 

where C1^ is Weyl's 3-index tensor. For a conformally flat space it is known 
that C1^ = 0. We use this by calculating DF in terms of an orthonormal basis 
adapted to the distributions D{. In particular we can lower all superscripts. 
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Thus , 

Z{n — I) 

= idiœa — | ( M I + M2)coa 

= Lœai 

where L = in - 2)K/2, and 

Z{n — i) 

= M2COa — §0*1 + M2)̂ « 

= — Lœa, 

from which 

(4) dFa = dL A coa + Ldcoa + coa6 A Lco6 — wap A Lco^ 

= J L A cofl - Lcoai A co* + L(coa6 A w6 — a>a/3 A cô ) 

= dL A coa — 2Lwap A co/3 

= 0, 

(5) d/^* = — dL A w« + 2Lcoab A co6 

= 0. 

When k = n, K is constant and Af' = AT follows immediately from Schur 's 
theorem (or (4)) . 

Otherwise, by Car tan ' s lemma, (4) says t h a t for each a, dL and the uap are 
dependent a t most on coa and the o)a and (5) says t h a t the same forms are 
dependent a t most on ooa and the oob. T h u s if 2 ^ k ^ n — 2 we can make 
two choices of a for each a and vice-versa, showing t h a t dL = 0 and œap = 0. 
Consequently, L and X = 2L/(n — 2) are constant and D\ and Z)2 are 
parallel (in part icular , completely integrable) . 

When k = 1 we still have by (5) t h a t dL and coai are dependent a t most on 
coa and coi. Making two choices of a, we get dL = Hœi for some C°° function H. 
Then , (4) reduces to ooip A cô  = 0, so the co^ cannot depend on coi. Hence 
coia = Cacoa (a not summed) for some scalar field C«. But then by (5) again 

— Hœi A ua + 2L(—Cacoa) A coi = 0; 

t h a t is, C = Ca = H/2L is the same for all a. T h e geometrical in terpreta t ion 
of the relation coia = Ccca is t h a t D2 (the distr ibution annihi lated by coi) is 
completely integrable and has total ly umbilical leaves. In fact, dœi = 
— œia A coa = 0, so locally coi has a primitive u; t h a t is, dz/ = coi. 
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A differential equation for C may be obtained from the fact t ha t the curva
ture of the section Xi A Xa vanishes: 

tila = duia + CO 10 A CO0a 

= dC A coa + Cdœa + coi0 A co#a 

= dC A ua — Cotai A coj + Cco0 A 

= /dç _ c2\ w 

Ufa 

Therefore, 

A coa. 

du 

Solving this, we obtain either C = 0 or 

C = -
1 

^ o £ ' 

where u0 is a constant and hence / is another primitive for coi. T h e signs of C 
and coi can be changed, if necessary, so as to make / > 0. 

If C = 0, then it mus t be so on connected sets. Hence H = dL/du = 
2LC = 0 and L, and hence K, are constant . Moreover, C = 0 says D\ and D2 

are parallel so we are back in case (c). 
If C T^ 0, then we solve H = 2LC for L, obtaining L = L 0 / / 2 , and hence 

X = K0/t
2 for constants L 0 and K0. Thus , t = (KQ/K)* is a primitive for 

coi in each component of M'. We don ' t know yet whether there is only one 
component , so K0 might have several values. As a map t : M' —> R + , t is 
clearly a Riemannian submersion whose fibres are the leaves of D2. As such 
it is distance-non-increasing. Now suppose t ha t M' ^ M. Let 7 be a curve 
entirely in M' except for the last point 7(1) £ M — M'. T h e length of ty is 
a t most t h a t of 7 and is therefore bounded. Hence ty(l) = lims_^i-ty(s) exists 
and is not 00. I t cannot be 0 either, for then there would be a sequence of 
plane sections converging to a section a t 7(1) and having curvatures diverging 
to lim^o-Ko/^2. A similar difficulty is presented a t any other finite limit for 
£7(1), since we would then have curvatures converging to nonzero values 
contradict ing the fact t ha t M — M' is flat. Hence, M = M'. 

T o complete the proof we calculate the intrinsic curvature of the leaves of 
D2. T h e connection forms coâ , restricted to a leaf, become the connection forms 
of the leaf. Thus , denoting the curvature forms of a leaf by $ap, the second 
s t ructural equation for a leaf is 

dwap = —œay A co7/3 + $a/3 

= —Uai A CÛ0 + Qa/5 

= — coa7 A co7/3 + (C2 + K)ua A co#. 
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Evidently the curvature forms of the leaf are 

$«/3 = (C2 + K)wa A «0, 

so the curvature of the leaves of D2 is (1 + KQ)/t2. 

Remark. If M is complete, then the case (d) cannot occur, since the base 
of a complete Riemannian submersion must be complete. 
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