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Abstract

Kottwitz’s conjecture describes the contribution of a supercuspidal representation to the cohomology of a local
Shimura variety in terms of the local Langlands correspondence. A natural extension of this conjecture concerns
Scholze’s more general spaces of local shtukas. Using a new Lefschetz—Verdier trace formula for v-stacks, we prove
the extended conjecture, disregarding the action of the Weil group, and modulo a virtual representation whose
character vanishes on the locus of elliptic elements. As an application, we show that, for an irreducible smooth
representation of an inner form of GL,,, the L-parameter constructed by Fargues—Scholze agrees with the usual
semisimplified parameter arising from local Langlands.
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1. Introduction

Let F be a finite extension of the field Q, of p-adic numbers, and let G be a connected reductive
group defined over F. Scholze [SW20, §23] introduced a tower of moduli spaces of mixed-characteristic
shtukas

ShtG,p,u = lim ShtG b .,k
K

depending on a o-conjugacy class of b € G(F) (where F is the completion of the maximal unramified
extension of F) and on a conjugacy class of cocharacters u: G, — G defined over F. Here, K ranges
over open compact subgroups of G (F). Each Shtg p ., k is alocally spatial diamond defined over Spd E,
where E is the field of definition of the conjugacy class of u.

When u is minuscule, Shtg p,,,, k is the diamond associated to a rigid-analytic variety Mg p .,k
[SW20, §24]. The latter is a local Shimura variety, whose general existence was conjectured in [RV 14].
The theory of Rapoport—Zink spaces [RZ96] provides instances of Mg p ., x admitting a moduli
interpretation, as the generic fiber of a deformation space of p-divisible groups.

The Kottwitz conjecture [Rap95, Conjecture 5.1], [RV 14, Conjecture 7.3] relates the cohomology
of Mg p,uk to the local Langlands correspondence in the case that b lies in the unique basic class in
B(G, ). There is a natural generalization of this conjecture for Shtg 5 .,k , as we now explain.

Let G, the inner form of G associated to b. The tower Shtg ; ,, x admits commuting actions of
G, (F) and G(F). The action of G, (F) preserves each Shtg ;. .k, Whereas the action of g € G(F)
sends Shtg p .k t0 Shtg p, , ok o-1- There is furthermore a (not necessarily effective) Weil descent
datum on this tower from £ down to E.

Let £ be a prime distinct from p. The geometric Satake equivalence produces an object S, in the
derived category of étale Z,-sheaves on Shtg 4 k; this is compatible with the actions of G(F) and
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G (F) on the tower. Let C be the completion of an algebraic closure of E. For a smooth representation
p of G, (F) with coefficients in Q,, we define:

RF(G’ b’ ”) [p] = ll—H)l R HOmGh (F) (RFC(ShtG,b,[,l,K,Cs Sy)’ p)
K

Then RT'(G, b, u)[p] lies in the derived category of smooth representations of G(F) X Wg with
coefficients in Q,, where W is the Weil group. Informally, this is the p-isotypic component of the
cohomology of the tower Shtg 5, ..

A recent result of Fargues—Scholze [FS21, Corollary 1.7.3] states that, if p is finite length and
admissible, then RT'(G, b, u)[p] is a complex of finite length admissible representations of G(F)
admitting a continuous action of Wg.

Let Groth(Gj (F)) be the Grothendieck group of the category of finite length admissible represen-
tations of G(F) with 6{7 coefficients. Also, let Groth(G(F) x Wg) be the Grothendieck group of the
category of finite length admissible representations of G (F) with Q, coefficients, which come equipped
with a continuous action of Wg commuting with the G (F)-action. Following [Shil 1], we define a map

Manty, ,,: Groth(G(F)) — Groth(G(F) x Wg)

(for ‘Mantovan’, referencing [Man04]) sending p to the Euler characteristic of RT'(G, b, u)[p]-

The Kottwitz conjecture (appropriately generalized) describes Mant, ,,(p) in terms of the local
Langlands correspondence when p lies in a supercuspidal L-packet. The complex dual groups of G and
G, are canonically identified, and we write G for either. Let LG = G =< Wy be the L- -group. The basic
form of the local Langlands conjecture predicts that the set of isomorphism classes of essentially square-
integrable representations of G (F) (resp., Gy (F)) is partitioned into L-packets I14(G) (resp., I14(Gp))
and that each such packet is indexed by a discrete Langlands parameter ¢ : Wr X SL,(C) — £G. When
¢ is discrete and trivial on SL, (C), we say ¢ is supercuspidal; in this case, it is expected that the packets
I14(G) and I14(Gp) consist entirely of supercuspidal representations.

Our generalized Kottwitz conjecture is conditional on the refined local Langlands correspondence
for supercuspidal L-parameters in the formulation of [Kall6a, Conjecture G]. In particular, it relies
crucially on the endoscopic character identities satisfied by L-packets. These are reviewed in Appendix
A. Note that we do not assume any compatibility between the validity of [Kall6a, Conjecture G] and
the construction of [FS21], i.e., we do not require that the construction of [FS21] satisfy any portion of
[Kall6a, Conjecture G].

We take this opportunity to give a brief summary of the status of [Kall6a, Conjecture G]. In short,
the full conjecture is known for regular supercuspidal parameters [Kall9a, Definition 5.2.3] provided G
splits over a tame extension of F, F has characteristic zero and p is sufficiently large (at least (e + 2)n,
where e is the ramification index of F//Q,, and n is the smallest size of a faithful algebraic representation
of G). The proof is contained in [Kall9a, §5.3] and [FKS19, §4.4]. However, various parts of that
conjecture are known under less restrictive assumptions. To describe this, we remind the reader that
[Kall6a, Conjecture G] consists of the following assertions:

1. The existence of a finite set Il of representations of rigid inner forms of G for each tempered
L-parameter ¢.

2. The existence and uniqueness of a generic constituent of I1, for a fixed Whittaker datum.

3. Abijection between I and the set Irr(ﬂo(S )) of irreducible representations of the refined central-
izer component group associated to ¢.

4. The character identities of ordinary endoscopy, as recalled in Appendix A.

At the moment, a set I1 has been constructed in [Kal19b, §§4.1,4.2] for every supercuspidal parameter
¢ provided G splits over a tame extension of F" and p does not divide the order of the Weyl group of G
(this assumption on p implies that any supercuspidal parameter maps wild inertia into a torus of G; under
weaker assumptions on p, this is not automatically true, but for parameters ¢ that do have this property,
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the construction of [Kall9b] works under weaker assumptions on p). A bijection between Il and
Irr(no(S;)) has been constructed in [Kal19b, §§4.3-4.5] for any supercuspidal parameter ¢. Assuming
F has characteristic zero and p > (e + 2)n, the existence and uniqueness of a generic constituent in
I14(G), as well as the character identities of ordinary endoscopy, are proved in [FKS19, §4.4] for all
regular supercuspidal parameters ¢. They are also proved for nonregular supercuspidal parameters ¢
but only for certain endoscopic elements. R

Returning to the subject of this paper, let Sy = Cent(¢, G). For any 7 € I14(G) and p € I14(Gp),
the refined form of the local Langlands conjecture implies the existence of an algebraic representation
Ox,p Of S, which can be thought of as measuring the relative position of 7 and p. (The representation
Ox,p also depends on b, but we suppress this from the notation.) The conjugacy class of u determines
by duality a conjugacy class of weights of G; we denote by r, the irreducible representation of G of
highest weight u. There is a natural extension of r,, to LG, the L-group of the base change of G to E
[Kot84a, Lemma 2.1.2]. Write r;, o ¢ for the representation of S4 X W, given by

ru o GE(s,w) =ru(s - $(w)).

Conjecture 1.0.1. Let ¢ : Wg — LG be a supercuspidal Langlands parameter. Given p € Iy (Gyp),
we have the following equality in Groth(G (F) X Wg):

Manty, ,(p) = Z 7 & Homs, (§x.p, 7y © PE). (1.0.1)
nelly (G)

This conjecture is more general than the formulation of Kottwitz’s conjecture in [Rap95] and
[RV14], in that two conditions are removed. The first is that we are allowing the cocharacter y to
be nonminuscule—this is what requires passage from the local Shimura varieties Mg, ,, to the local
shtuka spaces Shtg ;. The second is that we do not require G to be a B-inner form of its quasi-split
inner form G*. This condition, reviewed in §2.2, has the effect of making the definition of ¢ ,, straight-
forward. To remove it, we use the formulation of the refined local Langlands correspondence [Kall6a,
Conjecture G] based on the cohomology sets H 1 (u = W,Z — G) of [Kall6b]. The definition of 6,
in this setting is a bit more involved and is given in §2.3; see Definition 2.3.2.

We now present our main theorem.

Theorem 1.0.2. Assume the refined local Langlands correspondence [Kall6a, Conjecture GJ. Let
¢: Wi x SLy — LG be a discrete Langlands parameter with coefficients in Q;, and let p € 114(G}p)
be a member of its L-packet. After ignoring the action of Wi, we have an equality in Groth(G (F)):

Manty, , (p) = Z [dimHomS¢ (0x.p5 rﬂ)] 7+ err,
7r€H¢(G)

where err € Groth(G (F)) is a virtual representation whose character vanishes on the locus of elliptic
elements of G(F).

If the packet T14(G) consists entirely of supercuspidal representations and the semisimple L-
parameter @, associated with p as in [FS21, §1.9.6] is supercuspidal, then in fact err = 0.

Of course we expect that ¢, = ¢* so that, if ¢ is supercuspidal, the error term should vanish. In that
case, we obtain Conjecture 1.0.1 modulo ignoring the action of Wg.. For a discrete but nonsupercuspidal
parameter ¢, the error term in Theorem 1.0.2 is often provably nonzero; cf. [Ima] for some examples.
However, for applications to the local Langlands correspondence, it is crucial to have Theorem 1.0.2 in
this extra generality.

The shtukas appearing in our work have only one ‘leg’. Scholze defines moduli spaces of mixed-
characteristic shtukas Shtg p, (,,} With arbitrarily many legs, fibered over a product []}_, Spd E;. Ttis
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straightforward to extend Conjecture 1.0.1 and Theorem 1.0.2 to this setting as well. In fact, Theorem
1.0.2 in this extended level of generality follows immediately from the results already proved in this
paper, by allowing the legs to coalesce and using the fact that cohomology of shtuka spaces forms a
local system over (Div')!. We leave the details to the interested reader.

Theorem 1.0.2 has an application to the local Langlands correspondence.

Theorem 1.0.3. Let G be any inner form of GL,,/F, and let  be an irreducible smooth representation
of G(F). Then the L-parameter ¢, associated with ©t by the construction of Fargues—Scholze [FS21,
§1.9] agrees with the usual semisimplified L-parameter attached to n.

1.1. Remarks on the proof and relation with prior work

Ultimately, Theorem 1.0.2 is proved by an application of a Lefschetz—Verdier trace formula. Let us
illustrate the idea in the Lubin-Tate case: Say F' = Q,, G = GL,,, u = (1,0, ...,0), and b is basic of
slope 1/n. Let Hy be the p-divisible group over Fp with isocrystal b so that Hy has dimension 1 and
height n. In this case, G, (F) = Aut® Hy = D*, where D/Q,, is the division algebra of invariant 1/n.
The spaces Mg = Mg p, . x are known as the Lubin—Tate tower; we consider these as rigid-analytic
spaces over C, where C/Q), is a complete algebraically closed field.

Atop the tower sits the infinite-level Lubin—Tate space M = l(iLnK Mk as described in [SW13]. This
is a perfectoid space admitting an action of G(Q) X G5 (Q),). The C-points of M classify equivalence
classes of triples (H, a, ), where H/Oc is a p-divisible group, a: QZ — VH is a trivialization of the
rational Tate module and ¢: Hy ®F, Oc/p — H®o. Oc/p is an isomorphism in the isogeny category.
(Equivalence between two such triples is a quasi-isogeny between p-divisible groups which makes both
diagrams commute.) Then M admits an action of G(Qp) X G;,(Q),) via composition with a and ¢,
respectively.

The Hodge-Tate period map exhibits M as a pro-étale D*-torsor over Drinfeld’s upper half-space
Q"1 (the complement in P"~! of all Q,,-rational hyperplanes). This map M — Q"~! is equivariant for
the action of G(Q,).

Now suppose g € G(Q),,) is a regular elliptic element (that is, an element with irreducible character-
istic polynomial). Then g has exactly n fixed points on Q"~!. For each such fixed point x € (Q"*~1)%, the
element g acts on the fiber M. Because M — Q"1 is a G, (F)-torsor, there must exist g’ € G, (Q,,)
such that (g, g’) fixes a point in the fiber M.

Key observation. The elements g € G(Q),) and g’ € G»(Q),) are related, meaning they become
conjugate over Gp.

We sketch the proof of this claim. Suppose y corresponds to the triple (H, @, ¢). This means there
exists an automorphism vy of H (in the isogeny category) which corresponds to g on the Tate module
and g’ on the special fiber, respectively. We verify now that g and g’ are related. Let Bris = Beris(C) be
the crystalline period ring. There are isomorphisms

Bn

cris

—VH ®Q[) BCFiSHM(HO) ® Beyis,

where the first map is induced from «, and the second map comes from the comparison isomorphism
between étale and crystalline cohomology of H (using ¢ to identify the latter with M (Hp)). The composite
map carries the action of g onto that of g’, which is to say that g and g’ become conjugate over Bys.
This implies that g and g’ are related. B

Suppose that p is an admissible representation of D* with coefficients in Q. There is a corresponding
Q,-local system L, on Q’é‘elt

Let g € G(F) be elliptic. A naive form of the Lefschetz trace formula would predict that:

tr(g|RFc(Qn_1,£p))= Z tr(gLp.x)-
xe(Qn-1)g
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For each fixed point x, the key observation above gives tr(g|L, x) = tr p(g"), where g and g’ are related.
By the Jacquet-Langlands correspondence, there exists a discrete series representation 7 of G(Q,)
satisfying tr 7(g) = (=1)"""tr p(g’) (here trm(g) is interpreted as a Harish—-Chandra character). Thus,
the Euler characteristic of RT.(Q"!, L,) equals (=1)"'nzm up to a virtual representation with trace
zero on the elliptic locus.

In this situation, S, = Z,[n — 1] (up to a Tate twist), and we find that RT'(G, b, u)[p] is the shift by
n — 1 of the dual of RT.(Q""!, L,v). Therefore, in Groth(GL,,(Q,)), we have

Manty, , (p) = nr +err,

where the character of err vanishes on the locus of elliptic elements. This is in accord with Theorem
1.0.2.

This argument goes back at least to the 1990s, as discussed in [Har15, Chap. 9] and as far as we know
first appears in [Fal94]. The present article is our attempt to push this argument as far as it will go. If a
suitable Lefschetz formula is valid, then the equality in Theorem 1.0.2 can be reduced to an endoscopic
character identity relating representations of G (F) and G (F) (Theorem 3.2.9), which we prove in §3.

Therefore, the difficulty in Theorem 1.0.2 lies in proving the validity of the Lefschetz formula. Prior
work of Strauch and Mieda proved Theorem 1.0.2 in the case of the Lubin—Tate tower [Str05], [StrO8],
[Miel2], [Miel4a] and also in the case of a basic Rapoport—Zink space for GSp(4) [Mie].

In applying a Lefschetz formula to a nonproper rigid space, care must be taken to treat the boundary.
For instance, if X is the affinoid unit disc {|T| < 1} in the adic space A', then the automorphism
T — T + 1 has Euler characteristic 1 on X, despite having no fixed points. The culprit is that this
automorphism fixes the single boundary point in X\ X. Mieda [Mie14b] proves a Lefschetz formula for
an operator on a rigid space under an assumption that the operator has no topological fixed points on
a compactification. Now, in all of the above cases, Mg 1, .. x admits a cellular decomposition. This
means (approximately) that Mg 5, ., k contains a compact open subset, whose translates by Hecke
operators cover all of Mg p, ., k. This is enough to establish the ‘topological fixed point’ hypothesis
necessary to apply Mieda’s Lefschetz formula. Shen [She14] constructs a cellular decomposition for a
basic Rapoport—Zink space attached to the group U(1,n — 1), which paves the way for a similar proof
of Theorem 1.0.2 in this case as well. For general (G, b, 1), however, the Mg p .k do not admit a
cellular decomposition, and so there is probably no hope of applying the methods of [Mie14b].

We had no idea how to proceed until we learned of the shift of perspective offered by Fargues’ program
on the geometrization of local Langlands [Far], followed by the work [FS21]. At the center of that
program is the stack Bung of G-bundles on the Fargues—Fontaine curve. This is a geometrization of the
Kottwitz set B(G): There is a bijection b — E” between B(G) and points of the underlying topological
space of Bung. For basic b, there is an open substack Bunl(’; C Bung classifing G-bundles which
are everywhere isomorphic to &P in this situation, Aut £’ = G (F), and so we have an isomorphism
Bun? = [+/G,(F)].

Let p be a cocharacter of G. As in geometric Langlands, there is a stack Heckeg <, lying over the
product Bung X Bung, which parametrizes u-bounded modifications of G-bundles at one point of the
curve. For each u, one uses Heckeg, <, to define a Hecke operator 7, on a suitable derived category
D(Bung, Z;) of étale Z,-sheaves on Bung. If b € B(G, y), then the moduli space of local shtukas
Shtg 5., appears as the fiber of Heckeg, <, over the point (&P, &Y of Bung x Bung. Consequently,
there is an expression for RI'(G, b, u)[p] in terms of the Hecke operators 7,; see Proposition 6.4.5.

Heavy use is made in [FS21] of the notion of universal local acyclity (ULA) as a property of objects
A € D(X,Zy) for Artin v-stacks X. When X = [«/G,(F)], a ULA object is an admissible complex of
representations of G, (F). It is proved in [FS21] that the Hecke operators 7}, preserve ULA objects; the
admissibility of RT'(G, b, u)[p] is deduced from this.

We learned from [[.Z22] that the ULA condition is precisely the right hypothesis necessary to prove
a Lefschetz—Verdier trace formula applicable to the cohomology of A. This explains the counterexample
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above: j,Z, fails to be ULA, where j is the inclusion of the affinoid disc X into its compactification X. In
fact, [LZ22] is written in the context of schemes, but their formalism applies equally well in the context
of rigid-analytic spaces and diamonds. Indeed, some interesting new phenomena occur in the diamond
context. For instance, if H is a locally profinite group acting continuously on a proper diamond X and
A € D(X,Z,) is a ULA object which is H-equivariant, then RI'(X, A) is an admissible H-module. One
gets a formula for the trace distribution of H acting on RI'(X, A) in terms of local terms living on the
fixed-point locus in H X X. We explain the Lefschetz—Verdier trace formula for diamonds in §4.

In §5, we study the Lefschetz—Verdier trace formula as it pertains to the mixed-characteristic affine
Grassmannian Grg, <,. The object S, is ULA on Grg <, and G (F)-equivariant, so it makes sense to
ask for its local term locg (x, A) at a fixed point x of a regular element g € G (F). (Such fixed points are
all isolated.) We found quickly that that result we needed for Theorem 1.0.2 would follow if we knew
that locg (x, A) agreed with the naive local term tr(g|A ). We asked Varshavsky, who devised a method
for proving this agreement in the scheme setting. We show how to deduce the required statement for
Grg, <y, using the Witt vector affine Grassmannian as a bridge between diamonds and schemes. (We
thank the referee for pointing out that an earlier argument we had here was incorrect.)

Finally, in §6, we prove Theorem 1.0.2 by applying our trace formula to the Hecke stack Heckeg p, <,
An important step is to show that fixed points of elliptic elements ¢ € G(F) acting on Grg, <, are
admissible, as we observed above in the Lubin-Tate case.

2. Review of the objects appearing in Kottwitz’s conjecture
2.1. Basic notions

Let F be the completion of the maximal unramified extension of F, and let o € Aut F' be the Frobenius
automorphism. Let G be a connected reductive group defined over F. Fix a quasi-split group G* and a
G*(F)-conjugacy class ¥ of inner twists G* — G thus, elements € W are isomorphisms G*f - Gy
such that for each 7 € T' the automorphism ¢~ o 7(¢) of G*F is inner. Given an element b € G(F),
there is an associated inner form G, of a Levi subgroup of G* as described in [Kot97, §3.3,§3.4]. Its
group of F-points is given by

Gy(F) = {g € G(F)

Ad(b)o(g) = g} -

Up to isomorphism, the group G depends only on the o-conjugacy class [b]. It will be convenient
to choose b to be decent [RZ96, Definition 1.8]. Then there exists a finite unramified extension F’/F
such that b € G(F”). This allows us to replace F' by F’ in the above formula. The slope morphism
v : D — Gp of b [Kot85, §4] is also defined over F’. The centralizer G-, of v in Gp- is a Levi
subgroup of G+. The G (F’)-conjugacy class of v is defined over F and then so is the G (F”)-conjugacy
class of Gf- . There is a Levi subgroup M* of G* defined over F' and ¢ € ¥ that restricts to an inner
twist ¥ : M* — Gyp; see [Kot97, §4.3].

From now on, assume that b is basic. This is equivalent to M* = G* so that G, is in fact an inner form
of G* and of G. Furthermore, ¥ is an equivalence class of inner twists G* — G as well as G* — Gyp,.
This identifies the dual groups of G*, G and G, and we write G for either of them.

Let ¢ : Wr x SLy(C) — LG be a discrete Langlands parameter, and let S ¢ = Cent(¢, 5) For
A € X*(Z(G)D), write Rep(S4,A) for the set of isomorphism classes of algebraic representations of
the algebraic group S4 whose restriction to Z((A})F is A-isotypic, and write Irr(S4, A) for the subset of
irreducible such representations. The class of b corresponds to a character 4 : Z (5)F — C* via the
isomorphism B(G )pas — X*(Z(G)") of [Kot85, Proposition 5.6]. Assuming the validity of the refined
local Langlands conjecture [Kall6a, Conjecture G], we will construct in the following two subsections
forany m € I14(G) and p € I14(Gp) anelement 6 , € Rep(S4, Ap) that measures the relative position
of m and p.
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2.2. Construction of 65, in a special case

The statements of the Kottwitz conjecture given in [Rap95, Conjecture 5.1] and [RV 14, Conjecture
7.3] make the assumption that G is a B-inner form of G*. In that case, the construction of 0, is
straightforward, and we shall now recall it.

The assumption on G means that some ¢ € W can be equipped with a decent basic b* € G*(F™)
such that i is an isomorphism G*.,, — G pn satisfying ¢ ~'o-(¢) = Ad(b*). In other words, i becomes
an isomorphism over F' from the group G;. to G. Under this assumption and after choosing a Whittaker
datum w for G*, the isocrystal formulation of the refined local Langlands correspondence [Kall6a,
Conjecture F], which is implied by the rigid formulation [Kal16a, Conjecture G] according to [Kall8],
predicts the existence of bijections

I4(G) = Irr(S g, Aps)
H¢(Gb) = Irr(S¢,/lb* +/lb),

where we have used the isomorphisms B(G)p,s = X*(Z (G)F) = B(G")pas Of [Kot85, Proposition 5.6]
to obtain from [5] € B(G)uas and [b*] € B(G*)pas characters Ap, and Ap- of Z(G)T.

These bijections are uniquely characterized by the endoscopic character identities which are part of
[Kall6a, Conjecture F]. Write 7 +— Tp* w x, p = Tp* w,p for these bijections, and define

67r,p = fb*,m,ﬂ ® Tb*,w,p- (221)

While these bijections depend on the choice of Whittaker datum w and the choice of b*, we will argue
in Subsection 2.3 that for any pair 7 and p the representation ¢ ,, is independent of these choices. Of
course, it does depend on b, but this we take as part of the given data.

2.3. Construction of 0y, in the general case

We now drop the assumption that G is a B-inner form of G*. Because of this, we no longer have
the isocrystal formulation of the refined local Langlands correspondence. However, we do have the
formulation based on rigid inner twists [Kall6a, Conjecture G]. What this means with regards to the
Kottwitz conjecture is that neither 7 nor p correspond to representations of S . Rather, they correspond
to representations 7, and 7, of a different group no(S;). Nonetheless, it will turn out that ¥, ® 7,
provides in a natural way a representation 0 , of S.

In order to make this precise, we will need the material of [Kall6b] and [Kall8], some of which
is summarized in [Kall6a]. First, we will need the cohomology set H 1(u — W,Z — G¥) defined in
[Kall6b, §3] for any finite central subgroup Z ¢ G* defined over F. As in [Kall8, §3.2], it will be
convenient to package these sets for varying Z into the single set

H'(u - W,Z(G*) - G*) := li_r)nHl(u - W,Z - G").

The transition maps on the right are injective, so the colimit can be seen as an increasing union.

Next, we will need the reinterpretation, given in [Kot], of B(G) as the set of cohomology classes of
algebraic 1-cocycles of a certain Galois gerbe 1 — D(F) — £ — I' — 1. This reinterpretation is also
reviewed in [Kall8, §3.1]. For this, we recall that inflation along Wr — Z induces an isomorphism
between B(G) = H' ({(c), G(L)) and H'(Wg, G(L)), where we have written L = F to ease typesetting.
In [Kot97, App B], Kottwitz constructs a continuous homomorphism Wr — & whose composition
with the natural projection & — I is the natural map Wr — I'. He proves in [Kot97, §8 and App B]
that pulling back along this homomorphism and pushing along the inclusion G(F) — G(L) gives an
isomorphism Hzldg(& G(F)) — B(G) and, in particular, Htl)as(é', G(F)) — Bpas(G). While the section
Wr — & is not completely canonical, the induced isomorphism on cohomology is independent of the
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choice of section. Strictly speaking, Kottwitz gives the proof only in the case of tori, but the general
case is immediate from that.

Finally, we will need the comparison map

bas(é‘ G(F)) = H'(u - W,Z(G) = G)
of [Kall8, §3.3].

After this short review, we turn to the construction of 6, € Rep(S é> Ap). For this, it is not enough
to work with the cohomology class of b, because ¢, , is an invariant of the equivalence class of the
triple (b, &, p), and changing b within its cohomology class must be accompanied with a corresponding
change in p. Therefore, we must work with cocycles.

To that end, fix the section Wr — E£.If z5, € Z (5 G(F)) denotes a representative of the element of

bag(é’ G(F)) corresponding to the class of b, there exists g € G(L), unique up to right multiplication
by elements of G, (F) such that

g zeww(g)=b-o(b)---c™Fl(b)  VYweWp - € (2.3.1)

where |w| is the image of w under Wr — Z. Note that the image of g in Gq(L) lies in G,4(F) and that
Ad(g) induces an F-isomorphism G, — Gy,. Therefore, p o Ad(g) is an irreducible representation of
G, (F) whose isomorphism class does not depend on the choice of g.

Choose any inner twist y € ¥ and let 7, = ¢y~ lo(¥) € GZd(f). Then 7 € Z!(F, G, and
the surjectivity of the natural map H'(u — W,Z(G*) — G*) — H'(F, G,) asserted in [Kall6b,
Corollary 3.8] allows us to choose z € Z!(u — W, Z(G*) — G*) lifting 7. Then (,z) : G* — G isa
rigid inner twist, and (¥, ¥~ (2) - zp) : G* — G, is also a rigid inner twist.

The L-packets I14(G) and I14(G ., ) are now parameterized by representations of a certain cover S};
of Ss. While [Kall6a, Conjecture G] is formulated in terms of a finite cover depending on an auxiliary
choice of a finite central subgroup Z ¢ G*, we will adopt here the point of view of [Kall8] and work
with a canonical infinite cover, namely the preimage of Sy in the universal cover of G. Following
[Kall8, §3.3], we can present this universal cover as follows. Let Z,, c Z(G) be the subgroup of
those elements whose image in Z(G)/Z(Gger) is n-torsion, and let G,, = G/Z,. Then G, has adjoint
derived subgroup and connected center. More precisely, G,, = Goq X Cy, where C,, = C;/C;[n] and

= Z(G)/Z(Gger)- It is convenient to identify C,, = C) as algebraic tori and take the m /n-power map
C1 — C_as the transition map C, — C, for n|m. The isogeny G — G, dualizes to G, — G, and
we have G = ch X C1 Note that C 1 =Z (G) The transition map G — Gn is then the 1dent1ty

on GSC, and the m/n-power map on C1 Set G = hmG = GSC X Coo, where C = th Then G is

the universal cover of G. Elements of G can be written as (a, (b,),), where a € GSC and (b,), is a
sequence of elements b,, € C; satisfying b, = (b,,)n for n|m. In this presentation, the natural map

(E — ajends (a, (by)) to ager - b1, Where ager € Gder is the image of a € 650 under the natural map
Gy — Gyer-

Definition 2.3.1. Let 2(5)+ c S; c G be the preimages of Z(G) ¢ S¢ C G under G — G.

Given a character A : my(Z (5)+) — C* (which we will always assume trivial on the kernel of

z (5)+ — G, for some n), let Rep(no(S;;), A) denote the set of isomorphism classes of representations

of no(S;)) whose pullback to my(Z (5)*) is A-isotypic, and let Irr(no(S’qg), A) be the (finite) subset of
irreducible representations. Let A, be the character corresponding to the class of z under the Tate—
Nakayama isomorphism

H'(u —» W,Z(G*) - G*) - ﬂ0(2(5)+)*
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of [Kall6b, Corollary 5.4], and let A, be the character corresponding to the class of z; in H 1 (u —
W,Z(G) — G). Then according to [Kall6a, Conjecture G], upon fixing a Whittaker datum w for G*,
there are bijections

[y (G) = Irr(mo(Sy), Az)
My(Gy,) = Irr(mo(S%), Az + Az,)

again uniquely determined by the endoscopic character identities. We write 7 = T, w 7, 0 > Tz w0
for these bijections and 7 +— m; w7, T H pzw,r for their inverses. We form the representation
T 0,7 ® Towp € Rep(ﬂ'o(S;), Ag,), where we are identifying p with the representation p o Ad(g) of
G, (F).

Recall the map [Kall8, (4.7)]

Ager - b1

St — Sy, a, (b)) —» —=
¢ ¢ (@, (bx)) Ng/r(biE:F))

(23.2)

Here, ag4er € éder is the image of a € 650 under the natural map ésc — 5der and E/F is a sufficiently
large finite Galois extension. This map is independent of the choice of E/F. According to [Kall8,
Lemma 4.1], pulling back along this map defines a natural bijection Irr(no(S;),/lzh) = Irr(Sg, Ap).

Note that since ¢ is discrete the group § 3, defined in loc. cit. is equal to S 4. The lemma remains valid,
with the same proof, if we remove the requirement of the representations being irreducible, and we
obtain the bijection Rep(ﬂo(S}')), Az,) = Rep(Sg, Ap).

Definition 2.3.2. Let 6, , be the image of 7; v » ® 77w, under the bijection Rep(no(S;),/lzb) —
Rep(S4, Ap).

In the situation when G is a B-inner form of G*, this definition of 6, , agrees with the one of
Subsection 2.2, because then we can obtain z from b* just like we obtained z; from b, and then 7
and 7p+ w, ~ are related via equation (2.3.2) and so are 7, i , and T+ w p; see [Kall8, §4.2].

Lemma 2.3.3. Assume [Kall6a, Conjecture G|. The representation 0 x ,, is independent of the choices
of Whittaker datum w and of a rigidifying 1-cocycle z € Z'(u — W, Z(G*) — G*).

Proof. Both of these statements follow from [Kal16a, Conjecture G]. For the independence of Whittaker
datum, one can prove that the validity of this conjecture implies that if w is replaced by another choice
w’, then there is an explicitly constructed character (w, w”) of 7¢(S4/Z (G)") whose inflation to 7 (S}'))
satisfies 7, w, o = Tz, 0,0 ® (W, W’) forany o € I14(G) UIl,(Gp). See §4 and in particular Theorem 4.3
of [Kall3], the proof of which is valid for a general G that satisfies [Kall6a, Conjecture G], bearing in
mind that the transfer factor we use here is related to the one used there by s — s~!. The independence
of z follows from the same type of argument but now using [Kall8, Lemma 6.2]. O

2.4. Spaces of local shtukas and their cohomology

We recall here some material from [SW20] and [Far] regarding the Fargues—Fontaine curve and moduli
spaces of local shtukas.

Let & be the residue field of F. For a perfectoid space S over k, we have the Fargues—Fontaine curve
X [FF18], an adic space over F. For S = Spa(R, R*) affinoid with pseudouniformiser @, the adic space
X is defined as follows:

Ys = (SpaWo, (R))\ {p[=] = 0}
Xs = Yg/FrobZ .

Here, Frob is the gth power Frobenius on S.
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For an affinoid perfectoid space S lying over the residue field of F, the following sets are in bijection:

1. S-points of Spd F,
2. Untilts S* of S over F ,
3. Cartier divisors of Ys of degree 1.

Given an untilt Sﬁ, we let D gy C Yg be the corresponding divisor. If st = Spa(Rﬁ, R’“) is affinoid, then
the completion of Ys along D g4 is Spf Bd’rR(Rﬁ), where B;R(Rﬁ) is the de Rham period ring attached to
the perfectoid algebra R¥. The untilt S¥ determines a Cartier divisor on Xg, which we still refer to as D Sh-

There is a functor b — £” from the category of isocrystals with G-structure to the category of G-
bundles on Xg (for any S). When § is a geometric point this functor induces a bijection between the sets
of isomorphism classes [Far20].

We now recall Scholze’s definition of the local shtuka space. It is a set-valued functor on the pro-étale
site of perfectoid spaces over F, and is equipped with a morphism to Spd C. Thus, it can be described
equivalently as a set-valued functor on the pro-étale site of perfectoid spaces over C.

Definition 2.4.1. The local shtuka space Shtg 5, ,, inputs a perfectoid C-algebra (R, R*) and outputs the
set of isomorphisms

y: & X o \Dr = c‘fblxkb\DR
of G-torsors that are meromorphic along Dg and bounded by y pointwise on Spa R.

Let us briefly recall the condition of being pointwise bounded by u. If Spa(C,O¢) — SpaR is a
geometric point, we obtain via pullback vy : &l |ch\{xc} N | X\ {xc ) where we have written x¢ in
place of D¢ to emphasize that this a point on X,. The completed local ring of X at x¢ is Fointaine’s
ring B}, (C). A trivialization of both bundles &' and £ on a formal neighborhood of x¢, together with
v, leads to an element of G(B4r(C)), well-defined up to left and right multiplication by elements of
G(Biz(C)). The corresponding element of the double coset space G (B (C))\G(Bar(C))/G (B (C))
is indexed by a conjugacy class of cocharacters of G/C according to the Cartan decomposition, and we
demand that this conjugacy class is dominated by u in the usual order (given by the simple roots of the
universal Borel pair).

The space Shtg p , is a locally spatial diamond [SW20, §23]. Since the automorphism groups of
&' and &’ are the constant group diamonds G(Qp) and G»(Qp), respectively, the space Shtg p , is

equipped with commuting actions of G(Q,) and G;(Q),), acting by pre- and postcomposition on .

Remark 2.4.2. According to [SW20, Corollary 23.2.2], the above definition recovers the moduli space
of local shtukas with one leg and infinite level structure. We have dropped the subscript co used in
[SW20] to denote the infinite level structure.

We will use the cohomology theory developed in [Sch17]. For any compact open subgroup K € G(F),
the quotient Shtg p .k = Shtgp /K is again a locally spatial diamond [SW20, §23]. For each

n=12,...,letV,,¢€ Rep(@, Z./"Z) be the Weyl module associated to y. By the geometric Satake
equivalence (Theorem 5.1.1), there is a corresponding object S, , of De(Grg,p,<;, Z/C"L[~/q]).
Define

RFC(ShtG,b,/J/K’ S/t) = h_r)nRFc(U, Sﬂ)’
U

where U C Shtg /K runs over quasicompact open subsets and where we have put

RTe(U, 8y) = lim RTe (U, Sy ).

n
Then R (Shtg 1, . /K, S,) is a complex of Z,[/g]-modules carrying an action of G, (F) X Wg.
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Definition 2.4.3. Let p be a finite-length admissible representation of G, (F) with coefficients in Q.
Then we define

RI(G,b,w)[pl = lim RHomg, (r)(RTc(ShtG b.u/K.Su) ® Qe. p),
KcG(F)

where K runs over the set of open compact subgroups of G (F).

By Proposition 6.4.5 below, this defines a finite-length Wg-equivariant object in the derived category
of smooth representations of G (F') with coefficients in Q,, and we write Mant,, , (o) for the image of
RI(G, b, u)[p] in Groth(G(F) x Wg).

Remark 2.4.4. We now discuss the relationship between our definition of Mant,, ,,(p) and the virtual
representation H* (G, b, u)[p] defined in [RV 14].

When u is minuscule, Shtg p , k is the diamond /\/lz; b,k associated to the local Shimura variety
MG b,k [SW20, §24.1]. The latter is a rigid-analytic variety of dimension d = (i, 2pg), where 2pg
is the sum of the positive roots. Moreover, in that case, S, = Z,[+/q][d] (%) is a shift and twist of the
constant sheaf. In [RV14], H*(G, b, ) [p] is defined as the alternating sum

Z (=)™ H"(G, b, ) [p](-d),
i,jel

where

H™(G, b, w)[p] = i EXtG;, ) (HL(MG bk Ze) @ Qe p)
K

Note that H/ (G, b, 1) [p] vanishes for all but finitely many (i, j), and each H/(G, b, u)[p] is an
admissible representation of G, (F) by the analysis in [FS21]. On the other hand, unwinding definitions,
we see that there is a spectral sequence H/~4(G, b, u)[p](-%) = H™ (RT(G,b, u)[p]).

Putting these observations together, we get the equality

Manty, ,,(p) = (=1)H* (G, b, ) [p] (%)

Note that in our formulation, the Tate twist appearing in [RV 14, Conjecture 7.3] has been absorbed into
the normalization of Manty, .

3. Transfer of conjugation-invariant functions from G (F) to G, (F)

Throughout, //Q,, is a finite extension, and G/ F is a connected reductive group.

3.1. The space of strongly regular conjugacy classes in G (F)
The following definitions are important for our work.

e G, C G is the open subvariety of regular semisimple elements, meaning those whose connected
centralizer is a maximal torus.

e G C G is the open subvariety of strongly regular semisimple elements, meaning those regular
semisimple elements whose centralizer is connected, i.e., a maximal torus.

o G(F)a C G(F) is the open subset of strongly regular elliptic elements, meaning those strongly
regular semisimple elements in G (F) whose centralizer is an elliptic maximal torus.

We put G(F)s; = Gg(F) and G(F)s = G5(F). Note that G(F)ey € G(F)ss € G(F)5. The inclusion
G(F)s € G(F),s is dense.
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If g is regular semisimple, then it is necessarily contained in a unique maximal torus 7, namely the
neutral component Cent(g, G)°, but this is not necessarily all of Cent(g, G). If G4, is simply connected,
then Cent(g, G) is connected; thus, in such a group, regular semisimple and strongly regular semisimple
mean the same thing.

Observe that if g is regular semisimple, then @(g) # 1 for all roots « relative to the action of T. Indeed,
if a(g) = 1, then the root subgroup of @ would commute with g, and then it would have dimension
strictly greater than dim7'.

All of the sets G (F)s, G (F)ys, G(F)ep are conjugacy-invariant, so we may for instance consider the
quotient G (F)g // G(F), considered as a topological space.

Lemma 3.1.1. G(F)s / G(F) is locally profinite, in fact equal to the disjoint union of the locally
profinite sets T(F)/N(T, G)(F), where T runs over the set of G(F)-conjugacy classes of F-rational
maximal tori in G, and N(T, G) is the normalizer of T in G. The same is true with ‘rs’ replaced by ‘sr’.

Proof. LetT C G be a F-rational maximal torus. The set H' (F, N(T, G)) classifies conjugacy classes
of F-rational tori, as follows: Given a F-rational torus 7”7, we must have 7’ = xTx~! for some x € G(F).
Then for all o € Gal(F/F), x"'x” normalizes T. We associate to T’ the class of o — x~'x in
H'(F,N(T,G)), and it is a simple matter to see that this defines a bijection as claimed. (In fact
H'(F,N(T,G)) is finite.)

There is a map G(F) /) G(F) — H'(F,N(T,G)), sending the conjugacy class of g € G(F)y to
the conjugacy class of the unique F-rational torus containing it, namely Cent(g, G)°. We claim that this
map is locally constant.

To prove the claim, we consider

¢ : G(F) XTs(F) = Gi(F), (g.1) > gtg™",

a morphism of p-adic analytic varieties. We would like to show that ¢ is open. To do this, we will
compute its differential at the point (g, ) by means of a change of variable. Consider the map

_ -l
¥ = Lgtg

1090 (Lg x Ly).
Explicitly, for (z, w) € G(F) x T(F), we have ¢(z, w) = gt 'ztwz g™\
Let g = Lie G, t = LieT. The derivative dy/(1,1) : g Xt — g is given by the formula

dy(1,1)(Z, W) = Ad(g)[(Ad(t™") —id)Z + W].

We would like to check that dys(1, 1) is surjective. We may decompose g = t @ t+, where t+ is the
descent to F of the direct sum of all root subspaces of gz for the action of 7.

The element ¢ is regular, hence a(¢) # 1 for all roots of g for the action of T. Therefore, Ad(¢~") —id :
g/t — t* is an isomorphism. It follows that dy is surjective. The derivative of ¢ at (g, ) is

de(g.1) = dLge1(gtg™") 0 dy(1,1) o (dLg(1) x dL,(1)).

All terms dL are isomorphisms, so dg(g, ) is also surjective. Thus, ¢ is a submersion in the sense
of Bourbaki VAR §5.9.1; hence, it is open by loc. cit. §5.9.4.

Therefore, if g € T(F) and g’ is sufficiently close to g in G(F), then g’ is conjugate in G(F)
to an element of T(F), which proves the claim about the local constancy of G(F)s / G(F) —

H'(F,N(T.G)).
The fiber of this map over T’ is T’(F),s modulo the action of the finite group N(7’,G)(F)/T’(F).
Since T’ (F)s is locally profinite so is its quotient by the action of a finite group. m}
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3.2. Hecke transfer maps

Suppose that b € G (F) is basic. The goal of this section is to define a family of explicit maps, which input
a conjugation-invariant function on G (F)g; and output a conjugation-invariant function on G, (F)s.. We
shall call them Hecke transfer maps as a way of foreshadowing their relation to the Hecke operators
defined on the stack Bung.

Given a sufficiently strong version of the local Langlands conjectures, we will show that the Hecke
transfer maps act predictably on the trace characters attached to irreducible admissible representations.

We begin by recalling the concept of related elements and the definition of their invariant in the
isocrystal setting from [Kal14].

Lemma 3.2.1. Suppose g € G(F) and g’ € G, (F) are strongly regular elements which are conjugate
over an algebraic closure of F. Then they are conjugate over F.

Proof. Let K be an algebraic closure of F. Say g’ = zgz~! with z € G(K). Let T = Cent(g, G); then for
all 7 in the inertia group Gal(F/F™), z~7z commutes with g and therefore lies in 7(K). Then 7 + 777z
is a cocycle in H 1 (F“ ,T). Since T is a connected algebraic group, H 1 (F ,T) = 0 [Ste65, Theorem 1.9].
If x € T(K) splits the cocycle, then y = zx~' € G(F), and g’ = ygy~! so that g and g’ are related. O

It is customary to call elements g, g’ as in the above lemma stably conjugate, or related. Suppose we
have strongly regular elements g € G(F)s and g’ € G (F)s which are related. Let 7 = Cent(g, G), and
suppose y € G(F) with g’ = ygy~!. The rationality of g means that g” = g, whereas the rationality of
g’ in G}, means that (g) = b~!g’b. Combining these statements shows that by := y~'by? commutes
with g and therefore lies in T'(F).

Definition 3.2.2. For strongly regular related elements g € G(F)y; and g’ € Gp(F)y, the invariant
inv[b] (g, g’) is the class of y~'by? in B(T), where y € G(F) satisfies g’ = ygy™

Fact 3.2.3. The invariant inv[b](g, g’) € B(T) only depends on b, g and g’ and not on the element y
which conjugates g into g’. It depends on the rational conjugacy classes of g and g’ as follows:

e For z € G(F), we have inv[b]((adz)(g),g’) = (ad z)(inv[b](g, g’)), a class in B((ad z)(T)).
e For z € G, (F), we have inv[b](g, (adz)(g’)) =inv[b](g,g’).

The image of inv[b](g, g’) under the composition of B(T) — B(G) and x: B(G) — n;(G)r equals
k(b).

Definition 3.2.4. We define a diagram of topological spaces

Rel,, (3.2.1)

T

G(F)sr//G(F) Gb(F)sr//Gb(F)-

as follows. The space Rel,, is the set of conjugacy classes of triples (g, g’, 1), where g € G(F)s;and g’ €
G (F)y are related, and A € X,.(T), where T = Cent(g, G). It is required that x(inv[b](g, g’)) agrees
with the image of A in X, (T)r. We consider (g, g’, 1) conjugate to ((adz)(g), (adz")(g’), (ad z) (1))
whenever z € G(F) and 7’ € Gp(F). We give Rel, C (G(F) X Gp(F) X X.(G))/(G(F) X Gp(F)) the
subspace topology, where X, (G) is taken to be discrete.

Remark 3.2.5. Given g € G(F), and A a cocharacter of its torus, there is at most one conjugacy class of
g’ € Gp(F) with (g,g’, 1) € Relp. In other words, g and inv[b](g, g’) determine the conjugacy class of
g’. Indeed, suppose (g, g’, 1) and (g, g”, ) are both in Rel;,. Then g’ = ygy ™! and g”" = zgz~! for some
v,z € G(F™), and y~'by? and z'hz” are o-conjugate in T (F). This means there exists t € T'(F)
such that y~'by? = (zt)"'b(zt)7. We see that x = zty~' € G;,(F), and that x conjugates g’ onto g”’.
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Lemma 3.2.6. The map Rel, — G(F)y /| G(F) is a homeomorphism locally on the source. Its image
consists of those classes that transfer to Gp. In particular, the image is open and closed.
The analogous statement is true for Rel, — Gp(F)s /| Gp(F).

Proof. The proof of Lemma 3.1.1 shows that G (F)s / G (F) is the disjoint union of spaces T (F)s./Wr,
as T C G runs through the finitely many conjugacy classes of F-rational maximal tori, and Wr =
N(T,G)(F)/T(F) is a finite group. By the above remark, Rel, injects into the disjoint union of the
spaces T (F)s:/Wr X X..(T), with the map to G (F)s;//G (F) corresponding to the projection T (F)s/Wr X
X.(T) — T(F)s:/Wr. Since X..(T) is discrete, this map is a homeomorphism locally on the source. The
other statements are evident from the definitions. O

The definition of Rel, already suggests a means for transferring functions from G (F)g J/ G(F) to
Gp(F)s J/ Gp(F), namely, by pulling back from G(F) / G(F) to Relp, multiplying by a compactly
supported kernel function and then pushing forward to G, (F)s: /G (F). We will define one such kernel
function for each geometric conjugacy class of cocharacters u: Gy, — Gr.

Let @ be the Langlands dual group. It comes equipped with a splitting, in particular with a torus and
Borel T cBcG. Given a conjugacy class of cocharacters p for G as above, we obtain a character
o T — Gy, which is B-dominant. Let r, be the Weyl module of the dual group G whose highest
weight with respect to (T, B) is 1.

A cocharacter A € X, (T) corresponds to a character leX *(f). Let r,[4] be the z—weight space of
ru. The quantity dim r, [A] will give us our kernel function. While we will not need it here, we note that
there is an explicit formula for dimr,, [1] coming from the Weyl character formula.

We now fix a commutative ring A in which p is invertible. For a topological space X, we let C(X, A)
be the space of continuous A-valued functions on X, where A is given the discrete topology.

Definition 3.2.7. Let d = (u,2pg), where 2p¢ is the sum of the positive roots of G. We define the
Hecke transfer map

TS C(G(F) | G(F), A) = C(Gp(F)st | G (F), A)

by

(17790 F1e) = (=D > fe)dimr,[a].

(8.8’,4) €Relp,

Analogously, we define
T,0 7% C(Gy(F)y | Gp(F), A) = C(G(F)yt [ G(F), A)
by

(1279 F 1) = (=D Y. f(g)dimrylal.

(g,8’,4) €Relp,

Since r/, is finite-dimensional, the sum is finite. If f” has compact support, then so does its image.

GGb

Lemma 3.2.8. The Hecke transfer map T, is zero unless [ b] is the unique basic class in B(G, ).

Proof. Suppose there exists an F-rational maximal torus 7' € G and a cocharacter 4 € X.(T) such that

ru[A] # 0. Then i and A must agree when restricted to the center Z (G) which is to say that 7 and A have
the same image in X*(Z (G)) Equivalently, if we conjugate u so as to assume it is a cocharacter of T,
then u and A have the same image under X, (T) = 7 (T) — n;(G). By Fact 3.2.3 and the functoriality
of « the image of A in 71 (G)r equals x(b). We conclude that «([b]) equals the image of u in 7;(G)r.
This means that [b] is the unique basic class in B(G, u). O
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Assume therefore that [b] is the unique basic class in B(G, u). We may define a ‘truncation’
Rel, ;, € Rely, consisting of conjugacy classes of triples (g, g’, 1) for which 2 < u. Then the kernel
function (g, g’, 4) + dimr,[1] is supported on Rely, ;. In the diagram

Relp (3.2.2)

T

G(F)sr//G(F) Gb(F)sr//Gb(F)a

both maps are finite étale over their respective images.
The following theorem is proved in §3.3. It relates the Hecke transfer map TbG ;’Gb to the local
Jacquet-Langlands correspondence for G.

Theorem 3.2.9. Assume that b € B(G, ) is basic and that A is an algebraically closed field of
characteristic 0 abstractly isomorphic to C. Let ¢: Wr X SLy — LG be a discrete L-parameter with
coefficients in A, and let p € I15(Gp). Let ®, € C(Gp(F)s | Gp(F),A) be its Harish—-Chandra
character. Then for any g € G(F)s that transfers to G (F), we have

[ng—)G®Pj| (g) = Z dlm Homs(/, (671',;)9 Vp)®7r(g), (323)
7elly(G)

assuming the validity of the refined local Langlands conjecture, i.e., [Kall6a, Conjecture G].

Example 3.2.10. Let G = GL,, and let u: Gy, — G the cocharacter sending x to the diagonal matrix
with entries (x,1). We have 7;(G) = Z as a trivial I'-module. Let b € B(G, u) be the basic class.
Then b corresponds to the isocrystal of slope 1/2, and G, (F) is the multiplicative group of the nonsplit
quaternion algebra over F. Let ¢ be a discrete Langlands parameter. The L-packets I14(G) = {n} and
M4 (Gp) = {p} are singletons. We have Sy = Z(@) = C%, and ¢, is the identity character of S.
The representation r,, is the standard representation of G = GL,(C), and dimHomg,, (6 x,p,7) = 2.
Therefore, the right-hand side of equation (3.2.3) equals 20 ,(g).

Let wu be the cocharacter sending x to the diagonal matrix with entries (1, x). The map A + r,[A]
sends ¢ and wy to 1 and all other cocharacters to 0. For any strongly regular g’ € G, (F), there is a
unique G (F)-conjugacy class of strongly regular g € G(F) related to g’. Let S C G be the centralizer
of one such g. Then X, (S) = Z[I'g,r] for a quadratic extension E/F, and the map 71 (S)r — 71(G)r
is an isomorphism. There are exactly two elements A, wAd € X, (S) that map to inv[b](g, g’). Finally,
d = 1. Therefore, TGHG”f(g’) = -2f(g). Setting f = O,, we find that Theorem 3.2.9 reduces to the
Jacquet-Langlands (fﬁaracter identity

0,(8") = -0x(g).

3.3. Proof of Theorem 3.2.9

We now give the proof of Theorem 3.2.9. We will use the notation and results of §A.1.

We are given a discrete L-parameter ¢, a representation p € Il4(Gp) in its L-packet, and an element
g € G(F)s. We assume that g is related to an element of G, (F). This means there exists a triple in
Rel,, of the form (g, g’, 4). For the moment, we fix such a triple (g, g’, 1).

Lets € Sy be a semisimple element, and let § € S% be a lift of it. Then we have the refined endoscopic
datum é = (H, H, $,n) defined in equation (A.1.1); we choose as in that section a z-pair 3 = (H{,n1).
Then
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e(Gy) Y. 0Ty (5)0y(g)
p'€lly (Gp)

Y2 A, 8)SO (h)

I’l]GH[(F)/St

> Al (invIbl(g.8). ) ) SOps (1)
hi€eH| (F)/st

= D ALl )SOs ().
hieH | (F)/st

(A.1.4)

We now multiply this expression by the kernel function dimr,[A] and then sum over all G (F)-
conjugacy classes of elements g’ € G, (F) and all 1 € X.(T,) such that (g,g’, 1) lies in Rel,. We
obtain

eGp) Y D tTwp(5)0,(g") dimr,[A]
(g".1) p'€lly(Gp)
= D A(h,9)8Ogs () Y Alsh ) dimr,[A]

hieH | (F)/st (g,

A(hl»g)s®¢s(hl)trrl-l(si,g)
hieH, (F)/st
Counsh Y AhLg)SO4 ()
hieH | (F)/st
(A1

.2) .
=Pty (s)e(G) Y. T (5)Ox(g).
nelly (G)

(;)

b
h,

T—>Gis conjugate to sf in G and tr 1y is conjugation-invariant. Recall here that sh e Sy is the image
of § under equation (2.3.2).

We justify (x): 1 € X,.(T) determines the G, (F)-conjugacy class of g’ since inv[b](g, g’) € B(T)
determines it. Therefore, the sum over (g’, A) is in reality a sum only over A. There exists g’ € G (F)
with x(inv[b](g, g")) being the image of A in X, (T)r if and only if the image of A under X,.(T) —
X.(T)r — 71(G)r equals «(b). Since the image of u in 71 (G)r also equals «(b), the sum over (g’, 1)
is in fact the sum over A € X, (T) having the same image as u in 71(G)r. In terms of the dual torus T,
this is the sum over 1 € X *(f) whose restriction to Z(G)" equals that of u. Since, for A not satisfying
this condition the number dimr,, [1] is zero, we may extend the sum to be over all A € X.(T) = X* (YA“)

We now continue with the equation. Multiply both sides of the above equation by tr 7, y ,(5). As

We justify («x): Let T C G be the centralizer of g. The image of s < under any admissible embedding

functions of § € S:rp, both sides then become invariant under Z(G)* and thus become functions of

the finite quotient Sy = S:;)/Z(é)+ = §4/Z(G)". Now apply |5’¢|_1 Yses, to both sides to obtain an
equality between

a -1 v . . T
So] " e(Go) DT DT DT o () T () (87) dim [ 4] (3.3.1)
5e8, (8,4 p'€lly (Gp)

and

Sl " e(G) D trru(sh) D trEem () 7o (5)Or(g), (33.2)
€5, n€lly (G)

https://doi.org/10.1017/fmp.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.7

18 David Hansen et al.

where in both formulas § is an arbitrary lift of 5 and s% € S # is the image of § under equation (2.3.2).
Executing the sum over 5§ in equation (3.3.1) gives

e(Gp) Y, Op(g)) dimry[A] = e(Gp)[T4 0,1 (g).
(8",

To treat equation (3.3.2) note that ¥; . , ® Tz.w.(§) = 8., (s%). Furthermore, the composition
of the map (2.3.2) with the natural projection S4 — S4/Z (G)' is equal to the natural projection
St — S4/Z(G)* = S4/Z(G)" = § 4. Thus, s% is simply a lift of 5 to S,,. We find that equation (3.3.2)
equals

- _1 v .
e(G) |Sy| Z trr,(s7) 085 (s%) = €(G) dim Homs, (5., 7).
§€§¢

We have now reduced Theorem 3.2.9 to the identity
e(G)e(Gp) = (=1) o, (33.3)

where pg is the sum of the positive roots. Recall that G* is a quasi-split inner form of G. Let u1, u, €
X*(Z(Gy)") be the elements corresponding to the inner twists G* — G and G* — G, by Kottwitz’s
homomorphism [Kot86, Theorem 1.2]. By Lemma A.2.1, we have e(Gp)e(G) = (=1)@P-H2=11) But
since G is obtained from G by twisting by b, the difference u — u; is equal to the image of «(b) €
X*(Z(G)F) under the map X*(Z(G)F) — X*(Z(ch)r) dual to the natural map Z(ch) - Z(G)
Since b € B(G, u), we see that up — u; = p, and equation (3.3.3) follows. The proof of Theorem 3.2.9
is complete.

3.4. An adjointness property

In this section, we will discuss an adjointness property of the Hecke transfer maps Tbcf;’Gb. This will be
used in §6.3.

Let A be an algebraically closed field of characteristic zero. For a topological space X, we let
C.(X,A) be the space of compactly supported locally constant A-valued functions. The space of
distributions Dist(G (F), A) is the A-linear dual of C.(G (F), A). The subspace of invariant distributions
Dist(G(F), A)9F) is the linear dual of the space of coinvariants C.(G (F), NG (F)-

Given a A-valued Haar measure dx on G (F), integration against a function f € C(G(F) J/G(F), A)
is a G (F)-invariant distribution on G (F). Due to the functions in C.(G (F), A) being locally constant
and having compact support, the ‘integral’ is in reality a finite sum. For our purposes, we will work with
functions f € C(G(F)y//G(F),A) and integrate them against test functions in C,. (G (F)g).

The Weyl integration formula can be used to compute this distribution in terms of orbital integrals.
In fact, we will need a ‘stable’ variant of this formula. Before we can explain this, we need to discuss
choices of measures.

Choose a A-valued Haar measure on F. Then a choice of an element n € /\dim(G) (Lie(G)(F)*) =
A (Lie(G)*)(F) leads to a A-valued Haar measure dx,; on G(F); note that multiplying 7 by an
element of 0% doesn’t affect the measure dx,,. More generally, any element of AIE) (Lie(G)*)(F)
leads to a A-valued Haar measure dx,, on G(F) by choosing a € (’)IXE with the property that an €

NG (Lie(G)*)(F) and defining dx,, := dx,;,, noting that this does not depend on the choice of a.
In fact, this procedure allows us to even attach a measure to an element 7 € /\dim(G) (Lie(G)*)(F) by
taking a € F~ such that an € N\Em(G) (Lie(G)*)(F) and letting dx,, := Ialxldxan. But for this we need
to make sense of |a|x, which requires choosing a compatible system of roots of p in A. For us, elements
of A9 (Lie(G)*)(F) will suffice, so we will not make such a choice.
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This procedure allows us to choose Haar measures compatibly in the following two situations. First,
consider the inner forms G and G,. They are canonically identified over I, which gives an identification
AIE) (Lie(G)*) (F) = AY™O) (Lie(Gp)*)(F). Haar measures on G(F) and G, (F) corresponding
to the same n will be called compatible. Second, consider two maximal F-rational tori 77 and 7>, each
either in G or G;,. They are called related if there exists g € G(F) or, equivalently (cf. Lemma 3.2.1)
g € G(F) such that gT;g~' = T and the isomorphism Ad(g) : T} — T is F-rational; we are using
here the identification G = (Gp);. We obtain an isomorphism Ad(g) : NSO (Lie(T))*)(F) =
NG (Lie(T»)*) (F), which leads again to the notion of compatible measures on 77 (F) and 75 (F).
The choice of g € G(F) is unique up to multiplication by N (7}, G)(F), and since this group acts on
/\dim(G) (Lie(T})*)(F) viaa leﬁ -valued character of the Weyl group, the notion of compatible measures
does not depend on the choice of g.

From now on, we assume that the Haar measures on G (F) and G, (F) have been chosen compatibly,
and the Haar measures on all tori of G and G, that are related to each other have been chosen compatibly.

We now return to the discussion of distributions. For ¢ € C.(G(F)s, A), let ¢ € Co(G(F)g [/
G (F), A) be the orbital integral function,

66(y) = / $(ryx) dr.
x€G(F)/G(F),

As remarked by the referee, the map ¢ — ¢ induces an isomorphism

Ce(G(F)st, NG (F)y = Co(G(F)st ) G(F), A), (3.4.1)
cf. Lemma 3.1.1. The stable Weyl integration formula states
[ 5esw de=s.s0). (3.42)
G(F)

We explain now the notation (f, ¢ ). For a function & € C.(G(F)g / G(F), A), we define

(-l =Y WT.G)(F)|™ / DY f(t0)h(t0)dr,
T

teT (F)y fo~t

where

e T runs over a set of representatives for the stable classes of maximal tori,
e W(T,G) = N(T,G)/T is the absolute Weyl group,

e D(t) =det (Ad(t) -1 ‘ Lie G/Lie T) is the usual Weyl discriminant and

e 1t runs over the G (F)-conjugacy classes inside of the stable class of r.

Note that the integral does not depend on the chosen representative since any two are isomorphic over F
by definition of stable conjugacy, and the isomorphism is canonical up to the action of the Weyl group

W(T, G)(F), which is irrelevant given the sum #y ~ ¢.

The following lemma shows that the Hecke transfer maps TGM G and TG" -G

are adjoint with
respect to the pairing (-, -); and its analogue (, )¢, , defined similarly.

Lemma 3.4.1. Given f' € C(Gp(F)s ) Gp(F),A) and f € C(G(F)s | G(F),\), one of which has
compact support, we have

T P =T % e,

https://doi.org/10.1017/fmp.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.7

20 David Hansen et al.
Proof. By definition (ThG . ~G £ ) equals

(D> W(T,G)(F)[™! / IDOIY. D ruaf (1) f(to)ar. (3.4.3)
T teT (F)y

10~ (19,1,4)

The first sum runs over a set of representatives for the stable classes of maximal tori in G. The second
sum runs over the set 79 of G(F)-conjugacy classes of elements that are stably conjugate to ¢. Let T,
denote the centralizer of #o. The third sum runs over triples (o, #{, 1), where #; is a G}, (F)-conjugacy
class that is stably conjugate to 79, and 4 € X, (T},) maps to inv(zo,?;) € X.(T;,)r. Note that if 7 does
not transfer to G, then it does not contribute to the sum because the sum over (g, t(’), A) is empty. Let
X'be a set of representatives for those stable classes of maximal tori in G that transfer to G,. The above
expression becomes

(=04 > W (T, G)(P)[! / DO D ruaf (1) f (w0)dt,

Tex €T (Fls (t0,14,)

where now the second sum runs over triples (¢, ¢, 1) with to a G(F)-conjugacy class and ¢ a G (F)-
conjugacy class, both stably conjugate to ¢, and A € X.(7;,) mapping to inv(zo, #)) € X.(Ty)r.

Let X’ be a set of representatives for those stable classes of maximal tori of G, that transfer to G.
We have a bijection X < A”. Fix arbitrarily an admissible isomorphism T — T’ for any 7 € X and
T’ € X’ that correspond under this bijection. It induces an isomorphism W(T,G) — W(T’,Gp) of
finite algebraic groups, as well as an isomorphism 7 (F) — T’(F) of toplogical groups that preserves
the chosen measures (since we have arranged the measures to be compatible). Given ¢ € T(F)g,, let
t’ € T'(F)s be its image under the admissible isomorphism. Then |D ()| = |D(¢’)|, and equation (3.4.3)
becomes

(=D T W, Gp)(F)|! / D Y raf (1) f (o), (3.4.4)

T’ex Ta(F (t0,14,)

where now the second sum runs over triples (%o, ¢, 1), where to is a G (F)-conjugacy class, 7 isa G (F)-
conjugacy class, both are stably conjugate to 7" and A € X.(T;,) maps to inv(zo, 7)) € X.(T;,)r. Reversing

the arguments from the beginning of this proof, we see that this expression equals {f”, Tlf :Gl’ fa,. O

In §6.3, we will define by geometric means an operator

ff:Gb : Co(G(Fet, N7y = Ce(Gp(Fen, NG (F)

TG—>G17
M

and show (Proposition 6.3.3) that 7, TG Cp

corresponds to under equation (3.4.1).

4. The Lefschetz—Verdier trace formula for v-stacks

The goal of this section is to build up some machinery related to the Lefschetz—Verdier trace formula.
We briefly review the setup in the context of a separated finite-type morphism of schemes p: X —
Spec k, where k is an algebraically closed field. Let £ be a prime unequal to the characteristic of k, and
let A be an object of D (X, Q;), the derived category of étale Q,-sheaves on X. Suppose f: X — X is
a k-linear endomorphism. If we are given the additional datum of a morphism' RfiA — A, we obtain
an operator Rp)A = Rp\RfiA — Rp,A on the compactly supported cohomology Rp)A = RI". (X, A).

1Equivalently, a morphism A — Rf'A. A special case occurs when f is an automorphism, A is an honest sheaf on X¢ and

A — f*Ais amorphism, such as the identity morphism on the constant sheaf A = Q,. More generally, we may replace f w1th
an algebraic correspondence ¢ = (cy, ¢2): C — X Xg X. In that setting, the required extra datum is a morphism ¢} F — c¢; f
This is the notion of a cohomological correspondence lying over c.
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In the special case that X is proper over k so that RT. (X, A) = RT'(X, A), the Lefschetz—Verdier trace
formula [SGA77], [Var07] expresses tr( f|RT'(X, A)) in terms of data living on the fixed point locus
Fix(f) of f. In particular, at isolated fixed points x € Fix(f), there are local terms loc,(f, A) € Q, and
if all fixed points are isolated, then tr( f|RI"'(X, A)) is the sum of the loc, (f, A).

In order to apply the Lefschetz—Verdier trace formula, we need to assume that A satisfies a suitable
finiteness hypothesis (constructible of bounded amplitude). Under this hypothesis, one establishes an
isomorphism [SGA77, Exposé 111, (3.1.1)]

DA ®}' A = RHom(pr} A, prj A) (4.0.1)

in D((X xx X)&, Q;), where pry, pry: X Xx X — X are the projection maps, and D is Verdier duality
relative to k. Once equation (4.0.1) is established, the definition of local terms and the validity of the
Lefschetz—Verdier trace formula can be derived by applying Grothendieck’s six functor formalism. The
special case where X = Spec k is instructive; the finiteness condition on A is that it be a perfect complex
of Q,-vector spaces, and then equation (4.0.1) reduces to the fact that A @ A — RHom(A, A) is an
isomorphism. This allows us to express the trace of an endomorphism f € End A as the image of f
under the evaluation map A @ A — Q.

In this section, we extend the formalism of the Lefschetz—Verdier trace formula to the setting of
perfectoid spaces, diamonds and v-stacks. The main result is Theorem 4.3.8 and its Corollary 4.3.9.
We very closely follow the approach of [LZ22], putting a suitable symmetric monoidal 2-category
of cohomological correspondences at center stage. In both the schematic and perfectoid settings, the
finiteness condition required of the object A can be stated in terms of the property of universal local
acyclicity (ULA); as noted in [FS21, Theorem IV.2.23], this is precisely the hypothesis necessary to
obtain the isomorphism in equation (4.0.1).

The statement of Lefschetz—Verdier is formally identical in the schematic and perfectoid settings.
However, in the perfectoid setting, there arises the possibility that the fixed point locus Fix(f) has the
structure of a locally profinite set, in which case the local terms appearing in Lefschetz—Verdier are not
a function on Fix( f), but rather a distribution on Fix( f). This observation is critical to our applications.

For our applications, we have included two additional theorems concerning local terms in the per-
fectoid setting, which could also have been stated in the schematic setting and may be of independent
interest. Theorem 4.5.3 is a sort of Kiinneth isomorphism for local terms on a fiber product of stacks.
Theorem 4.6.1 states that, in the situation of a smooth group G acting on a diamond X, the local terms cor-
responding to individual elements g € G agree with local terms computed on the quotient stack [X/G].

4.1. Decent v-stacks and the six-functor formalism

We recall here some material from [Sch17] and [GHW22] on the main classes of geometric ob-
jects we deal with—perfectoid spaces, diamonds and v-stacks—and their associated étale cohomology
formalism.

Let Perf be the category of perfectoid spaces in characteristic p. There are four topologies we consider
on Perf, which we list from coarsest to finest: the analytic topology, the étale topology, the pro-étale
topology and the v-topology. The v-topology is a rough analogue of the fpqc topology on schemes. All
representable presheaves on Perf are sheaves for the v-topology [Sch17, Theorem 1.2].

A diamond is a pro-étale sheaf on Perf of the form X /R, where X is a perfectoid space and R € X X X
is a pro-étale equivalence relation. Diamonds are automatically v-sheaves [Sch17, Proposition 11.9]. A
particularly well-behaved class of diamonds is locally spatial diamonds [Sch17, Definition 1.4]. There
is a natural functor X — X° from analytic adic spaces over Z,, to locally spatial diamonds.

A v-sheaf Y on Perf is small if there exists a surjective map X — Y from a perfectoid space X. A
v-stack is a stack over Perf with its v-topology. A small v-stack [Sch17, Definition 12.4] is a v-stack Y
on Perf such that there exists a surjective map X — Y from a perfectoid space X such that X Xy X isa
small v-sheaf.
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As with any category of stacks, v-stacks form a strict (2, 1)-category. The objects of this category
are v-stacks X, which are themselves categories fibered in groupoids over Perf. The morphisms between
v-stacks X — Y are functors between fibered categories. Given two morphisms fi, 2: X — Y, a
2-morphism e : f; = f> is an invertible natural transformation between functors.

Example 4.1.1. Let S be a diamond, and let G — S be a group diamond. The stack BG = [S/G]
classifying G-torsors is a small v-stack, as S X[s/G] S = G is already a diamond. Let H — S be another
group diamond. The morphisms [S/G] — [S/H] correspond to S-homomorphisms G — H. Suppose
we are given two homomorphisms fi, f>: G — H, inducing morphisms ¢1, ¢>: [S/G] — [S/H]. The
set of 2-morphisms ¢; = ¢, may be identified with the set of & € H(S) satisfying f; = (ad h) o f5.

We use the notation * to indicate ‘horizontal’ composition between 2-morphisms. Thus, if X,Y,Z
are v-stacks, f1, f»: X — Y and g1, 82: Y — Z are morphisms, and a: fi = f> and 8: g = g, are
2-morphisms, then 8 % @: g o fi = g o f> is another 2-morphism.

Let A be a ring which is n-torsion for some n prime to p. For every small v-stack X, there is
a triangulated category D¢ (X, A) [Schl7, Definition 1.7]. If X is a locally spatial diamond, then
D« (X, A) is equivalent to the left-completion of the derived category of sheaves of A-modules on the
étale topology of X [Sch17, Proposition 14.15].

The familiar six functors of Grothendieck have analogues in the world of small v-stacks [Sch17,
Definition 1.7]. There is a derived tensor product ®/]; and a derived internal hom RHom, . For any
morphism f: Y — X of small v-stacks, there is a pair of adjoint functors f* and R f.

Remark 4.1.2. The adjointness between f* and R f, is compatible with 2-morphisms, in the following
sense. Suppose @ : f = g is a 2-morphism between f, g: ¥ — X. Then there are natural isomorphisms
a.: fi = g«and a*: f* — g* such that the following diagrams commute:

. it % % it .
idpgx,0) = fof [ fe ——idp, v ).
\ \L ot aad l /
unit counit
8:8" 8"8+

We propose for convenience the following definition.

Definition 4.1.3. A morphism f:Y — X is representable in nice diamonds or simply nice if is
compactifiable [Sch17, Definition 22.2], representable in locally spatial diamonds [Sch17, Definition
13.3] and locally of finite geometric transcendence degree [Sch17, Definition 21.7].

If f: Y — X is representable in nice diamonds, then there is an adjoint pair of functors R f, and R f*
[Sch17, Sections 22 and 23].

Theorem 4.1.4 ([Sch17, Theorem 1.8]). The six operations ®\, RHom,, f*, Rf., Rfi and Rf' obey
the rules:

(PL) f*A®L f*B = f"(Ac\B),

(P2.) Rf.RHom, (f*A, B) = RHom, (A, Rf.B),

P3.) Rfi(A ®]/; f*B) = RfiA ®/]; B (the projection formula),

(P4.) RHom, (RfiA, B) = Rf.RHom, (A, Rf'B) (local Verdier duality),
(P5.) Rf'RHom, (A, B) = RHom, (f*A,Rf'B).

We also need the following base change results.
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Theorem 4.1.5 ([Sch17, Theorem 1.9]). Let

v 2oy @.1.1)

1

X —X
g

be a Cartesian diagram of small v-stacks.

(BCL1.) Iffis representable in nice diamonds, then g*Rf; = Rf/g".
(BC2.) If g is representable in nice diamonds, then Rg'Rf. = Rf!Rg".

There is a notion of cohomological smoothness [Sch17, Definition 23.8] for morphisms between
small v-stacks which are representable in nice diamonds. Let A be an n-torsion ring for some n not
divisible by p. For a morphism f: Y — X of small v-stacks which is representable in nice diamonds,
there is a natural map of functors

Rf'Ax ®% f* — Rf', (4.1.2)
adjoint to

(P3) |
Rf(Rf'Ax ®f f7A) > RARf'Ax & A 5" A,

If f is cohomologically smooth, then equation (4.1.2) is an equivalence [Sch17, Theorem 1.10]. Fur-
thermore, the object R f 'Ax is invertible in the monoidal category D¢ (Y, A). (For X a small v-stack, an
object A of D¢ (X, A) is invertible if and only if étale locally on X there is an isomorphism A = L[n]
for some invertible A-module L.)

There is also the following base change theorem for cohomologically smooth morphisms.

Theorem 4.1.6 ([Sch17, Theorem 1.10]). In the Cartesian diagram (4.1.1), assume that f is cohomo-
logically smooth. Then g*Rf' = R(f")'g* and (f')*Rg' = Rg' f*.

In our applications, we will crucially need to deal with stacky morphisms f: ¥ — X between v-
stacks. These morphisms are never representable in nice diamonds, and the hoped-for functors R f; and
R f* were not constructed in [Sch17]. In the companion paper [GHW22], we have extended the !-functor
formalism to certain stacky maps between certain small v-stacks, using the co-categorical machinery of
[LZ]. Here, we briefly recall the main results from [GHW?22], referring the reader to that paper for a
more detailed discussion.

Definition 4.1.7 ((GHW?22, Definition 1.1]). A decent v-stack is a small v-stack X such that the diagonal
Ax: X — XXX isrepresentable in locally separated locally spatial diamonds [GHW?22, Definition 4.3]
and such that there is a locally separated locally spatial diamond U with a morphism U — X which is
strictly surjective [GHW22, Definition 4.1], representable in locally spatial diamonds and which locally
on U is compactifiable of finite dim.trg and cohomologically smooth. Any such morphism U — X is
called a chart for X.

A morphism f : X — Y between decent v-stacks is fine if there exists a commutative diagram

Wi>

\%
|
X*f>Y

5

where the vertical maps are charts and g is locally on W compactifiable of finite dim.trg.
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Note that these definitions rely on the notion of cohomological smoothness for morphisms repre-
sentable in nice diamonds.

In our applications, we will often need to deal with decent v-stacks equipped with a structure map to
a fixed v-stack S. We refer to such objects as decent S-v-stacks.

In [GHW?22], we showed that decent v-stacks and fine morphisms between them are very reasonable
notions:

o Any locally separated locally spatial diamond is a decent v-stack. In particular, if X is any analytic
adic space over Spa Z,, the associated diamond X° is a decent v-stack.

e Decent v-stacks are Artin v-stacks in the sense of [FS21].

e Any absolute product or fiber product of decent v-stacks is decent.

o Fine morphisms are stable under composition and (decent) base change.

e Any morphism of decent v-stacks which is representable in nice diamonds is fine.

The key motivation for singling out fine morphisms of decent v-stacks is the following result.

Theorem 4.1.8 ((GHW?22, Theorem 1.4]). If f: Y — X is any fine map of decent v-stacks, there exist
functors R f and R f* satisfying the properties listed in Theorems 4.1.4 and 4.1.5 and agreeing with the
constructions in [Schl7] when fis representable in nice diamonds. Moreover, the associations f ~» R fi
and f ~> Rf"' naturally have the structure of pseudo-functors, and on the class of proper morphisms,
there is a pseudo-natural isomorphism R fi — R f..

Finally, there is a notion of cohomological smoothness for fine maps between decent v-stacks, which
can be defined extrinsically in terms of charts or intrinsically in terms of the -functors [GHW?22,
Proposition 4.17], agreeing with the notion discussed above for morphisms representable in nice
diamonds and with the same formal properties as in the representable case. In particular, the map
(4.1.2) is an isomorphism for cohomologically smooth morphisms, and the evident analogue of Theorem
4.1.6 holds.

Again, we refer the reader to [GHW?22] for a complete discussion.
Finally, we need the notion of the relative dualising complex for v-stacks.

Definition 4.1.9 (The dualising complex). Let f: X — S be a fine morphism of decent v-stacks. We
define Kx/s = Rf'A, an object in D¢ (X, A).
Suppose that S is connected, and that f is proper. Then Rf. = Rf), and so there is a morphism

couni

Rf.Kx/s = RfiRf iy A, which induces a morphism on the level of global sections?
H°(X,Kx/s) = H'(S,Rf.Kx,s) — H°(S,A) = A,

which we notate as w — /X w.
We record the following lemmas for convenience.

Lemma 4.1.10. Let f: Y — X be a fine morphism of decent v-stacks, and let A,1 € D¢ (X, A) be
any objects with I invertible. The natural map Rf'A ®}\‘ fI — Rf'(A ®}( I) of equation (4.1.2) is an

isomorphism.
Proof. Let w4 1 be this morphism. We also get a map Waghr 1 Rf'(A ®/I; I) ®}‘\ fI"' — Rf'A,
which induces Rf'(A ®) I) — Rf'A ®} f*1. This is the inverse to wa ;. O

Lemma 4.1.11. Let f: Y — X be a fine morphism of decent v-stacks which is cohomologically smooth.
Then there is a canonical isomorphism

RAy xAvxyy ®f Rf'Ax = Ay (4.1.3)
so that Ky jyxyy = K;}X is invertible.

2Here and elsewhere, we write H? (X, A) as shorthand for Hom(Ax, A) whenever A € Dg (X, A).
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Proof. Let pry,pry: Y Xx Y — Y be the projection morphisms; each is cohomologically smooth. We
have

Ay = Ridy Ay = RA},  Rprj Ay = RA}, v Ayxyy ®f A} Rpr Ay,

where in the last isomorphism we used Lemma 4.1.10 combined with the cohomological smoothness
of pr;. Now use Theorem 4.1.6 to obtain an isomorphism A;/XR pl‘!l [Ax = A*Y/X pr; Rf'Ax =
Rf!/\x. O

For the remainder of the section, we fix A, an n-torsion ring for some n not divisible by p. We will
now start writing f) for R f; and ® for ®k, etc.

4.2. Examples

We wish to illustrate the behavior of the functors f; and f' through a long list of examples. In the
following, assume S = Spd C for an algebraically closed perfectoid field C or else S = Spd k for
an algebraically closed discrete field of characteristic p. In both cases, we freely identify D (S, A)
with the derived category of A-modules. Observe that, in both cases, S is decent: This is trivial for
S = Spd C, while for S = Spd k the condition on the diagonal is easy to check, and one can show that
U=SxSpdF,((+'/P7)) — S is a chart.

Example 4.2.1. Let T be a locally profinite set, and let Ts = T X S be the associated constant diamond
over S. Then f: Ts — S is representable in nice diamonds. Let C(7, A) be the ring of continuous
functions T — A, for the discrete topology on A. We may naturally identify D¢ (Ts, A) with the
derived category of the abelian category of smooth C(7, A)-modules in the sense of §B.2. Indeed,
D (Ts,A) = D(Ts ¢, A) since Ts locally has cohomological dimension zero, and then the site T ¢
agrees with the site associated with the topological space T. Finally, Lemma B.2.5 identifies Sh(T', A)
with the category of smooth C (7, A)-modules. This identification matches the constant sheaf A with
the smooth C(T, A)-module C. (T, A). Under this identification, we have concrete descriptions of the
four operations associated with f: Ts — S. Here, we freely use some language and notation from §B.2.

e f*sends a A-module M to the smooth C(T, A)-module C.(T,A) ®\ M.

e f. sends a smooth C(7T, A)-module M to M€ regarded as a A-module.

e f; sends a smooth C(T, A)-module M to its underlying A-module.

e f'sends a A-module M to RHomy (C.(T, A), M)*. In particular, H(Ts, f'As) = Dist(T, A), the
module of A-valued distributions on 7.

Example 4.2.2. Suppose G is a locally pro-p group. Let [S/Gs] be the classifying v-stack of Gg-
torsors. Assume that there is a separated locally spatial diamond X together with a strictly surjective
cohomologically smooth map X — § and admitting a free Gg-action.®> Then [S/Gg] is a decent v-
stack. Indeed, the condition on the diagonal is easy to check, and one can also check that the natural
map X/Gs — [S/Ggs] is a chart.

Letg: S — [S/Gs] be the quotient map. Then ¢ is representable in nice diamonds. The functor ¢* is
an equivalence of monoidal categories between D¢ ([S/Gs], A) and the derived category of A-modules
with a smooth G-action [FS21, Theorem V.1.1]. (Strictly speaking, if M is an object of D¢ ([S/Gs], A),
then ¢g*M is a bare A-module, but then for each g € G there is a 2-morphism a,: ¢ = ¢ as in
Example 4.1.1, inducing an automorphism of g*M.)

With respect to this equivalence of categories, the functors ¢*, ¢' (resp., ¢., ¢1) take the following
values on a A-module M (resp., a A-module M with smooth G-action).

3In particular, these hypotheses are satisfied when G is a closed subgroup of GL,, (E) for E a finite extension of Q,, or F, (1)),
which will cover all the cases we need. In this situation, we may simply take X = GL?1 g XS with its evident Gg-action, where
GL,,, g is regarded as a rigid analytic group over E. See [FS21, Example IV.1.9.iv] for some additional discussion.
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q*M = M with its G-action forgotten.

q.M = C(G, M)®*™, the module of continuous M-valued functions on G which are smooth with
respect to the action of G by right translation.

gM=C.(G,M)=C.(G,A\)® M.

g¢'M = Homg (C.(G, A), M). In particular, ¢' A = Haar(G, A) is the module of left-invariant Haar
measures on G.

We give justifications for these expressions in the next example, which is more general.

Example 4.2.3. This example generalizes the previous one. Let G be a locally pro-p group as in Example

q: [S/Hs] — [S/Gs]

be the quotient map, so g is representable in nice diamonds. The functors g*, g' (resp., ¢., q:) take the
following values on a A-module M with smooth G-action (resp., smooth H-action):

e ¢*M is the restriction of M from G to H.

® g.M= IndgM is the smooth induction of M from H to G.

o M = cIndf,M is the compact induction of M from H to G.

e ¢'M seems difficult to describe explicitly in general, but there are two special cases:
1. If H c G is open, then ¢'M = g*M is the restriction of M from G to H.
2. If H is a direct factor of G so that G = H X H’, then

g'M = Hompy (C.(H',A), M)H ™,

For the claims regarding ¢* and g.: Let g : S — [S/Hs] be the quotient map for H and similarly for
gG: S — [S/Gs]. Then the underlying module of ¢*M is q3,q"M = g, M, which we have identified
with M itself. For h € H, we have a 2-morphism 8,: gy = qpg, which induces an action of 7 € H on
q;M, as well as the 2-morphism @, : g6 = ¢ inducing the action of & € G on g; M as discussed
in Example 4.2.2; these actions agree because ay, = id, *8,. Since g* is restriction, g. must be its right
adjoint, which is smooth induction.

For the claim about g, consider the Cartesian diagram:

(G/H)s 2%~ [5/H]

S—qG>[S/Gs]~

The underlying module of g/ M is g;,q:M. By base change property (BC1~), we have g1 M = q\qgM,
which by Example 4.2.1 is identified with the underlying A-module of g; M. The latter is the descent
of M along the H-torsor in topological spaces G — G/H. In our dictionary between sheaves on G/H
and smooth C(G/H, A)-modules, g;M is the module of smooth H-equivariant functions G — M
which are compactly supported modulo H. This is none other than the compact induction of M from H
to G. (To show that the action of G is by right translation on such functions, one has to appeal to the
compatibility of base change with the 2-isomorphisms a,: g6 = ¢¢g.)

We now turn to the claims for ¢'. In the case that H C G is open, g is étale, and so ¢' = ¢*. In the case
that G = H X H’, suppose M is a smooth H-module; we have an isomorphism of smooth G-modules

@M =cIndSM = M= C.(H',A),
from which it is easy to see that the right adjoint to ¢, M is as claimed.
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Example 4.2.4. Suppose G is a locally pro-p-group as in Example 4.2.2. Let f: [S/Gs] — S be the
structure morphism. Then f is fine and, in fact, is cohomologically smooth. The functors associated
with f have the following descriptions:

o f*M = M with trivial G-action.

e f.M = MO is the (derived) G-invariants of M, that is, the group cohomology.

e fiM = (M ® Haar(G, A))g is the group homology of M twisted by the module of Haar measures.

e f'M =Haar(G,A)* ® M is M (with trivial G-action) twisted by the dual of the module of Haar
measures. In particular, K[s,61/s = Haar(G, A)".

The claim about f* is clear from the definitions, and £, is the right adjoint to £*. Next, we consider f".
Since f is cohomologically smooth, we have f'M = f*M ® f'A.Letg: S — [S/Gs] be as in Example
4.2.2 sothat f o g = idg. We have M = ¢' f'M = Haar(G,A) ® f'M so that f'M = Haar(G,A)* @ M
as claimed. From here, it is easy to compute f; as the left adjoint of f".

Example 4.2.5. This example combines Examples 4.2.1 with 4.2.4. Let G be a locally pro-p group as
in Example 4.2.2. Let T be a locally profinite set equipped with a continuous action of G, and let Ts be
the constant diamond over S. Then the stacky quotient [T5/Gg] is a decent v-stack, and the structure
map [Ts/Gs] — Sis fine. Indeed, we have already seen that [S/Gg] is a decent v-stack fine over S, and
the evident morphism [Ts/Gs] — [S/Ggs] is representable in nice diamonds, so the claim immediately
follows from [GHW?22, Proposition 4.11]. The stack [Ts/Gs] is not in general cohomologically smooth
over S. The category D¢ ([Ts/Gs], A) may be identified with the derived category of G-equivariant
smooth C(T, A)-modules. Using this identification, we get a natural isomorphism

H'([Ts/Gs], Kizy/Gs)/s) = Homg (C. (T, A) ® Haar(G, A), A) 4.2.1)

which we can think of as the space of G-invariant distributions on T with values in Haar(G, A)*. If G is
unimodular and if we choose a Haar measure on G, then H*([Ts/Gs], K [Ts/Gs]/s) becomes isomorphic
to Dist(7, A)©, the module of G-invariant distributions on 7.

4.3. The category of cohomological correspondences

The Lefschetz—Verdier trace formula was expressed elegantly by Lu and Zheng [[.Z22] in the language
of symmetric monoidal 2-categories. In brief, [LZ22] constructs such a category of cohomological
correspondences, where the objects are pairs (X, A), where X is a scheme over a fixed base scheme S and
A is an object of D (Xg, A), and a morphism (X, A) — (X’, A’) is a correspondence ¢ = (¢, ¢3): C —
X Xs X’ together with a morphism ¢jA — C!ZA/. An endomorphism of a dualizable object (X, A) has
a categorical trace, which lives over the fixed point locus of ¢. In the special case that X = X' =C = §
and A is a perfect complex of A-modules, the categorical trace is just the Euler characteristic of an
endomorphism of A. The trace formula is interpreted as the statement that the categorical trace is
compatible with proper pushforwards.

We adapt here [L.Z22] to the setting of v-stacks, but the same language could be used in the world of
stacks in the scheme setting. The main point of departure from [[LZ22] is that stacks form a 2-category,
and so one must keep track of the 2-morphisms witnessing commutativity of diagrams of stacks. This
means that the definition of cohomological correspondences we give (Definition 4.3.4) is a little more
delicate than its analogue in [LZ22].

First, we recall some definitions and constructions concerning the categorical trace.

Definition 4.3.1 ([LZ22, Definition 1.1, Construction 1.6]). An object X of a symmetric monoidal 2-
category (C, ®, 1¢) is dualizable if there exists an object XV together with morphismsevy : XV®X — 1¢
and coevy : 1¢ — X ® X"V such that the compositions

idx ®evx

XXX ———=X

coevx ®idx
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and

idyv ®coevy evy ®idx

XV XeX®X' XY

are isomorphic to the identities on X and XV, respectively. Consequently, the functor Y — X ®Y hasright

adjoint Y — XV ® Y. If X is dualizable, then XV ® Y serves as an internal mapping object Hom(X, Y).
Let QC = End(1¢) be the (1-)category of endomorphisms of the unit object of C. Let f € End X be

an endomorphism of a dualizable object X. Define the categorical trace tr( f) as the composite:

f ®idyv evx

o Xox' — =1

1c XeXV

so that tr(f) is an object of QC.

Example 4.3.2. Let A be an arbitrary ring, and let D(A) be the derived category of A-modules. An
object A of D(A) is dualizable if and only if it is a perfect complex, in which case DA = RHom(A, A[0])
is a dual object. (See Lemma B.1.2 in the Appendix for a proof of this claim and related conditions.)
If f is an endomorphism of the perfect complex of A, then the categorical trace tr(f) agrees with the
Euler characteristic tr( f|A) of f.

Next, we define the symmetric monoidal 2-category Corrs of correspondences of v-stacks and its
cohomological enhancement CoCorrs — Corrg. In the following discussion, we fix a decent v-stack S.

Definition 4.3.3 (The category of correspondences). We define a symmetric monoidal 2-category Corrg
as follows:

e The objects of Corrg are decent S-v-stacks X whose structure map X — S is fine.
e Given objects X and X’, the category Homcrrg (X, X”) has for its objects the correspondences:

C
PN
X X/,

where each ¢; a morphism of decent v-stacks, and c; is assumed to be fine.* The composition of
(c1,¢2): C = X xXg X’ with (d1,d2): D — X’ Xg X” is the correspondence (¢ d/, dzcé) defined

(4.3.1)

by the diagram:
Cxx' D (4.3.2)
d; K
C D
NG
X Xl XI/

“By [GHW?22, Proposition 4.10], it is then automatic that the composition C — X’ — S is fine and then also that ¢ : C — X
is fine.
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e Ifc=(c1,¢2): C > X Xs X' and d = (d1,dp): D — X Xg X' represent two objects in
Homcorrg (X, X’), a 2-morphism ¢ = d is an equivalence class of 2-commutative diagrams

c 4.3.3)

where p is proper and @; : ¢; = d; o p (fori = 1,2) is a 2-isomorphism witnessing the
2-commutativity of the appropriate triangle. We write (p, @1, @;) as shorthand for the datum of such
a diagram or just p if the 2-isomorphisms are clear from context.
We declare two such diagrams (p, a1, a;) and (g, B81, B2) equivalent if there is a 2-isomorphism
v: p = gsuchthat 8; = (idg, *y) ca; fori =1,2.
e The monoidal structure is defined by X ® ¥ = X Xg Y, with unit object S. Given
c=(c1,¢2): C > X Xs X' and d = (d1,dp): D — Y Xg Y’ representing objects in
Homcorrg (X, X’) and Homceoreg (Y, Y”), respectively, we define the object ¢ ® d of
Homcorrg (X Xs Y, X’ X5 Y’) as the correspondence:

CxsD (4.3.4)
=
X XsY X’ Xs Y.

The next thing to do is to construct a symmetric monoidal 2-category CoCorrs of cohomological
correspondences, which lies over Corrg.

Definition 4.3.4 (The category of cohomological correspondences). We define a symmetric monoidal
2-category CoCorrg, which comes equipped with a functor to Corrs.

e An object of CoCorrg is a pair X = (X, A), where X is a decent S-v-stack whose structure map
X — Sis fine, and A € Dg (X, A) is arbitrary.

o Given objects X = (X, A) and X’ = (X', A”) of CoCorrg, the category Homcocorrg (¥, X”) consists
of pairs ¢ = (¢, u), where ¢ = (cy, ¢7) is a correspondence as in equation (4.3.1), and
u: cjA — c’zA’ is a morphism in D¢ (C, A). The composition of ¢ = (¢, u): (X,A) — (X', A")
withd = (d,v): (X',A") > (X”,A”)isboc = (e,w), wheree: C Xx» D — X Xg X" is the
correspondence in equation (4.3.2), and w is the composition

(d})'e}A = (d))"chA” S (ch) djA" = () 'djA”,

where the map labeled a is adjoint to the base change isomorphism (c})1(d])* = dj(c2).

e LetX=(X,A)and X’ = (X', A’) be two objects of CoCorrg. Let ¢ = (¢, u) and d = (d, v) be two
objects in Homcocorrg (X, X”), where ¢ = (c1,¢2): C = X Xs X and d = (d1,dy): D — X Xs X’
are correspondences, and u: cjA — c’zA’ andv: djA — diA’ are morphisms. A 2-morphism
p: ¢ = Ddis an equivalence class of triples (p, @, @2) as in the diagram (4.3.3) such that the
composition
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&A S pprdiA
(!
— pxciA
N p*c!zA’
@ 1 1
— pp'dyA” = pip'd, A’

counit
— dyA’

agrees with v: djA — d!zA’. Here, a} and 01!2 are the natural isomorphisms ¢} — p*dj and

c!2 — p!d!z, respectively.

We need to check that the condition on the aforementioned composition depends only on the
equivalence class of the triple (p, a1, a2). To check this, let (¢, 81, 82) be another triple which is
equivalent to (p, a1, @) by a 2-isomorphism y: p = ¢ in the sense of Definition 4.3.3, so assume
that B8; = (idg, *y) o a; fori = 1, 2. Consider the diagram in D¢ (D, A):

dA ———>d}A

unit unit

*

p:p d{A ——>q.q"d}A
Y=Y
(ap)™! B!
p«CiA — q:«ciA
u u
|A,

LAz !
p!czA T’ q:¢,

@ B,

ppdy A —> qiq'dy A’

"y

counit counit

1A A7
dzA ﬁdzA

The first and fifth squares commute by the compatibility described in Remark 4.1.2, the second and
fourth squares commute because of the condition 8; = (idg, *y) o «;, taking into account the
pseudo-functor structures on the four nonbinary operations and the third square commutes because
of the equalities p. = p1, g« = q1, and v, = ). The commutativity of the outside rectangle says that
if the composition along the left vertical arrow is v, then so is the composition along the right
vertical arrow. This shows that our notion of 2-morphsm in CoCorrg is well-defined.

e The symmetric monoidal structure on CoCorrg is given by (X, A) ® (X', A") = (X Xs X', Arg A’).
The unit object is 1cocorrs = (S, As). Finally, given (c,u): (X1, A1) — (X{,A}) and
(d,v): (X2, A2) — (X, A)), the tensor product (¢, u) ® (d,v) is (¢ ® d,w), where ¢ ® d is the
correspondence in equation (4.3.4), and w is the composition

(C1 Xs dl) (Al XKy Ag) = ClAl X d1A2 —S> C!zAi Xg d;Aé i) (Cz Xs dz)!(Ag X Aé),

where « is adjoint to the Kiinneth isomorphism (¢ X db)(B Rs B2) = (c2)1B1 Rs (d2)1B5.

The category CoCorrg has internal mapping objects: if X; = (X,A;) and X, = (X3, A3), then
Hom(X;, X;) = (X; Xs Xo, RHom(pr} A, pr!2 Aj)), where pr;: X Xs X» — X; is the projection.
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We have the following characterization of dualizable objects in CoCorrs.

Proposition 4.3.5. Let X be a decent S-v-stack whose structure map n: X — S is fine, and let A €
D« (X, A) be any object. The following are equivalent.

1. The object (X, A) is dualizable in CoCorrs.
2. The natural map m: Dx;sA ®s A — RHom(pr A, pr!2 A) (see proof for construction) is an isomor-
phism.

In this situation, the dual of (X, A) is (X,Dx/sA).

Proof. Let X = (X, A), and let X’ = (X, Dx/sA). There is a morphisme: X’ ® ¥ — lcocorr, defined
as the pair (c, u), where ¢ = (Ax/s, 7) and u is the composition

Ay,;s(Dx/sABs A) — DxsA® A — Kx/s = n'Ag.

Then e induces a morphism X’ ® 9 — Hom(X, %)) for any object Y of CoCorrs. For Y = X, the map u
becomes the map m in (2).

Suppose X is dualizable, with witnesses XV, evg, and coevg. Then X¥ ® 9 — Hom(X,9) is an
isomorphism for all objects 9. Setting 9 = 1cocorry, We find an isomorphism XV = X’ which identifies
evy with e. Setting 9 = X, we find that m is an isomorphism.

Conversely, if m is an isomorphism, let coevx = (d, w), where d = (7, Ax/s) and w is the composition

(P5)
n*As = Ax - RHom, (4, A) — A} ;RHom, (pr} A, pr} A)
followed by m ™! : AX/SRHomA(pr A, pr A) - AX/S(AIZSDX/SA).Here, eisadjointtoids: A — A.
A diagram chase now shows that coevy and evy witness the dualizability of X. m]

In the scheme setting, a pair (X, A) is dualizable if and only if A is locally acyclic over S [LZ22,
Theorem 2.16], under some mild assumptions. Similarly, if f : X — S is a morphism of v-stacks
which is representable in nice diamonds, then (X, A) is dualizable in CoCorrg if and only if A is f-
universally locally acyclic [FS21, Theorem IV.2.24]. This result extends immediately to the situation
of fine morphisms between decent v-stacks, using that universal local acyclicity is cohomologically
smooth-local on the source.

If X is a dualizable object of CoCorrs, and f: X — X is an endomorphism, we may define the
categorical trace tr(f), an object of Q CoCorrs = End 1cocorrg. Let us make this explicit. The category
Q CoCorrg has objects (X, w), where X is a decent S-v-stack with fine structure map X — S, and
we H(X, Kx/s) is arbitrary. A morphism (X, w) — (X', w’) is a diagram

with p proper such that w’ = p.w. Here,
pu: HY(X. Kxys) — H (X', Kxs)

is induced from 7, Kx /s = m.p.p’ 'Ky s ELpIp 'Ky 'S CO—ugltﬂ Kxs.

Now let X = (X, A) be a dualizable object in CoCorrg, and let f = (c,u): X — X be an endomor-
phism, withc = (c1,¢2): C = XXsXandu: cjA — c!zA.By definition, tr(f) = evg o( f®idxv)ocoevy.
The object tr(f) is represented by a pair (tr(c), tr(u)). Here, tr(c) € Qlcong is the correspondence
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Fix(c) — S xs S = S, where Fix(c) is the fixed-point locus of the correspondence c, as in the Cartesian
diagram:

Fix(¢) < x

A’X/Si lAX/S

C4C>XXSX.

For its part, the element tr(u) is an element of HO(Fix(c),KFix(c)/S). 5Tt is the image of u €
Hom(c} A, C!ZA) under

(P5)
H(C, RHom(c} A, c!ZA)) — H(C, c!RHom(pr’i‘ A, pr’2 A))
(4.0.1)
— H(C,c'(Dx;sARs A))
S H(C,c'(Ax/s)-(Dx/sA ® A))

eva

= H(C,c'(Ax;s):Kx/s)
(BC2)

— HO(C, (A} 9)«(c)'Kx/s)
=~ HO(Fix(c),KFix(c)/S)-

Here, the map labeled « is adjoint to (Ax;s)*(Dx/sA Bg A) = Dx/;sA® A.

Definition 4.3.6 (Inertia stack, characteristic class). In the special case that f = idx = (Ax/s,id4), the
object tr(Ax/s) = X Xxxsx X is the inertia stack of X, which we notate as Ing (X). Its objects are pairs
(x,g), where x € X and g € Autx. Then tr(id4) is an element of H°(Ing(X), King (x)), which we call
the characteristic class of A. We notate this element as ccx /s (A).

‘We record one lemma here for later reference.

Lemma 4.3.7. Let i: U — X be an open immersion of decent S-v-stacks fine over S. Then
Ing(i): Ing(U) — Ing(X) is also an open immersion. If A € Dg(X,A) is ULA over S, then so is
i*A, and then

ceyys(i*A) =Ing(i)* cex /s (A).
Proof. All constructions are local on X. O

Theorem 4.3.8 (Relative Lefschetz—Verdier trace formula). Let X = (X, A) be a dualizable object in
CoCorrs, and let f € End X lie over the correspondence ¢: C — X Xg X. Suppose we are given a
diagram

X<~——C——X
o
X ~——0C ——=X
with p, q proper. Then X' = (X', q.A) is also dualizable. Let q: X — X’ be the evident 1-morphism

lying over q. There is a unique morphism ' € End X’ lying over C’ — X’ Xg X’ such that p defines a
2-morphism p filling in the square

5We will sometime notate this element as tr.. (z, A) if we wish to emphasize the roles of ¢ and A.
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f

X——X

X —X.

f/

Finally, there exists a (necessarily unique) 2-morphism tr(p): tr(f) =  tr(f') lying over
tr(p): tr(c) = tr(c’).

Proof. This is formally the same as the proof of (a special case of) [LZ22, Theorem 2.21], so we

give a brief sketch. (In [LZ22] one gets a statement about the more general Lefschetz—Verdier pairing,

which we also could have established.) The existence and uniqueness of f* € End X’ follows from the

definition of 2-morphisms in CoCorrs. The dualizability of X’ is [.Z22, Proposition 2.23]. The dual of

X'is (¥)" = (X', q.Dx/sA); there is another natural map q": XV — (X’)" defined similarly to q.
Consider the diagram:

coev fQidygv
1C0C0rrs s XoxV : XexV

v v evx
coevys a®q a®q

X' ® (X’)V m X' ® (%l)v W 1CoCorrS~

The two outer triangles can be filled in with a 2-morphism, as can the inner square (via p ® idqv). See
[LZ22, Construction 1.7] for details. Composing, we find the required 2-morphism tr(p): tr(f) =
tr(§'). O

Corollary 4.3.9. Let (X, A) be a dualizable object, and let p: X — X’ be proper. Then (X', p1A) is
dualizable. The morphism Ing(p): Ing(X) — Ing(X’) is proper, and

Ing(p) ccx/s(A) = ccxrys(prA).

Example 4.3.10. We can immediately deduce a familiar-looking trace formula from Theorem 4.3.8 in
the case of proper diamonds. Suppose S = Spd C for an algebraically closed perfectoid field C, and
suppose g: X — S is a nice diamond. Let A € Dg(X,A) be ULA over S. Then X = (X, A) is a
dualizable object of CoCorrg. Let f = (¢, u) be an endomorphism of X lying over a correspondence
c:Y — X Xs X. The categorical trace tr(f) is an endomorphism of 1cocorrg consisting of the pair
(Fix(c), w), where Fix(c) =Y X¢ xxsx,ax,s X is the fixed point locus of the correspondence, and w is
a global section of KFix(c)/s-

Now suppose that X is proper over S. In the setting of Theorem 4.3.8, we put X’ = (S, ¢.A) and
C’ = S. The dualizability of X’ means that g.A = RI'(X, A) is a perfect complex. The morphism
f/: X’ — X’ supplied by Theorem 4.3.8 is the endomorphism ¢.(f) : g.A — ¢.A. Finally, the existence
of tr(p): tr(f) = tr(f') lying over tr(p): tr(¢c) = tr(idg) implies that

tr (q*(f) ’ RT(X, A)) = /F o 4.3.5)

Definition 4.3.11. Let x € Fix(c) be an isolated point such that x — S an isomorphism. The local term
loc, (f) is the restriction of w to x, considered as an element of A.

If { arises from an automorphism g: X — X along with a morphism u: g*A — A, we write the
local term as loc, (g, A) (the dependence on u being implicit).
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In the latter situation, if it so happens that Fix(g) consists of finitely many isolated S-points x1, . . ., Xy,
then equation (4.3.5) reduces to

tr (q*(g) ' RT(X, A)) = D locu(g. A).

i=1

4.4. The trace distribution as a characteristic class

Let S be a geometric point, and let G be a locally pro-p group as in Example 4.2.2 so that [S/Gs] is a
decent v-stack and f: [S/Gs] — S is fine and cohomologically smooth. As in that example, we freely
identify D¢ ([S/Gs], A) with the derived category of A-modules with a smooth G-action. For an object
M € Dg([S/Gs],A), we let MY = RHom(M, A); by [FS21, Corollary V.1.4], this is just the usual
(derived) smooth dual.

For a compact open subgroup K C G, we let MX be the complex of derived K-invariants. If K is
pro-p, the map of complexes MX — M admits a section, namely, averaging over K with respect to a
normalized Haar measure. Thus, MX is naturally a summand of M.

Proposition 4.4.1. Let M be an object of D& ([S/Gs], A). The following are equivalent:

1. The object ([S/Gs],M) of CoCorrs is dualizable, with dual ([S/Gs],DM), where DM =
Haar(G,A)* @ M".

2. The object M is ULA over S.

3. For all compact open pro-p subgroups K C G, the (derived) K-invariants M¥ are a perfect complex
of A-modules.

Proof. The equivalence between (1) dualizability in CoCorrg and (2) the ULA property is [FS21,
Theorem IV.2.23]. For the equivalence between (2) and (3), see [FS21, V.7.1]. (There, the authors work
in the more general context of Bung, but the method of proof can be used in our situation of [S/Gs].)
The Verdier dual of M is RHom(M, f'A), and f'A = Haar(G, A)* by Example 4.2.4.

We note that is possible to give a direct proof of the implication (3) = (1). Let X = ([S/Gs], M)
and XV = ([S/Gs],DM). The evaluation map XV ® X — lcocors lies over the correspondence
Arxf:[S/Gs] — [S/Gs]?>xS; on the level of sheaves, it is a twist of the evaluation map MV @M — A.
The coevaluation map 1cocorrg — X¥®X" lies over the correspondence fxXA ¢ : [S/Gs] — SX[S/G s]?.
Note that the diagonal map presents G as a direct factor of G? so that Example 4.2.3 applies to give
an explicit description of A}. The result is that the A-module of cohomological correspondences lying
over f X Ay:

fiA — A} (M R DM)
may be identified with the A-module
Homgxg (Ce (G, A) ® Haar(G,A), M ® M").

In the latter expression, G XG acts on C. (G, A) by left and right translation. We describe the coevaluation
map as a G X G-equivariant function

I: C.(G,A) ®Haar(G,A) — H'(M @ MY).

Let h € C.(G,A) and u € Haar(G, A); then integration against 4 du describes an endomorphism
1, hou € End M:

Iy (v) =/ Gh(g)gv du(g).
ge
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The function £ is left and right K-invariant for some sufficiently small pro-p open subgroup K C G,
in which case I, ,, factors through a map M K — MX. Since MX is perfect by hypothesis, we have
described an element of

Hom(MX, M) = HO (RHom(MX, M¥)) = HO(MK o (M¥)Y).
Then I(h ® u) is the image of I, , in H*(M ® M"). o

Definition 4.4.2. The object M of D¢ ([S/Gs], A) is admissible if it satisfies the equivalent conditions
of Proposition 4.4.1.

Suppose M is an admissible object of Dg([S/Gs], A). The trace distribution of M is a canonical
element

tr. dist(M) € Homg (C. (G, A) ® Haar(G, A), A), “4.4.1)

where G is meant to act on C.(G, A) by conjugation and on Haar(G, A) by the modular character.
Namely, tr. dist(M) sends & ® u (where h € C.(G,A) and p € Haar(G, A) to the Euler characteristic
of the operator I, ;, described in the proof of Proposition 4.4.1.

On the other hand, we have the inertia stack Ing ([.S/Gs]) and the characteristic class cc(s/G1/s (M)
as in Definition 4.3.6. We have

Ins([S/Gs]) = [Gs / Gs],

the stack of conjugacy classes of G. (Reasoning: For a perfectoid space Y — S, a Y-pointof Ing ([S/Gs])
isa Gg-torsorY — Y together with a G g-equivariant automorphism i: Y — Y. Such an automorphism
arises as i(y) = f(y).y, where f: ¥ — Ggis a morphism satisfying f(gy) = gf(y)g~'. The pair
(Y, f) then constitutes a Y-point of [Gs // Gs].) For its part, the characteristic class cc(s/g¢1/s (M) lies
in H'(Ing([S/Gs]). King([5/Gs])/s) and by Example 4.2.5 we have an isomorphism

H(Ins([S/Gs]), King ([5/Gs1)/s) = Homg (C. (G, A) ® Haar(G, A), A)

onto the same module appearing in equation (4.4.1).

Proposition 4.4.3. Let G be a locally pro-p group satisfying the hypotheses of Example 4.2.2. Let M be
an admissible object of D& ([S/Gs], A). Then

cers/Gs1/s (M) = tr.dist(M).
Proof. The characteristic class of M is the categorical trace of the identity on the object X =

([S/Gs], M), which is evg o coevg. This equals the image of the identity map through the left side
of the following commutative diagram:

H°(RHom (M, M)) = Endg M

coevy l \L COeVpr

HO(A} (DM & M)) ————— Homgxg (Ce (G, A) ® Haar(G,A), MY & M)

evy \L LCVM

H° (K (1s/Gs1/s) = Homg (C. (G, A) ® Haar(G, A), A),
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whereas on the right side of the diagram, the map labeled coev,, carries the identity to the integration
map I described in the proof of Proposition 4.4.1, and then evy, carries I onto tr. dist(M) by definition
of the latter. m]

4.5. A Kiinneth theorem for characteristic classes

The goal of this section is to prove the compatibility of the categorical trace with fiber products to get
an analogue of the relation tr(A ® B) = tr(A) tr(B) for square matrices. Again, throughout this section
we fix a decent base v-stack S.

As an example of what we will do, suppose X;, X, — § are two fine morphisms of decent v-stacks,
and suppose A; € Dg(X;,A) is ULA over S for i = 1,2. Then A| ®Rg A, is ULA over S, so we may
define the characteristic class ccx,xx,/s(A1 Bs Az) in H(Ing (X1 X5 X»), King (x,xsX,))- We have an
isomorphism Ing(X; Xs X») = Ing(X;) Xs Ing(X>) and therefore a Kiinneth map

ks King(x1)/5 ® King(x2)/5 = King (X1x5%2) /5>

which we notate as p; ® o = uj Rg uo for global sections p; of King(x;)/s. Then it is straightforward
to show (and a corollary of Theorem 4.5.3 below) that

cey, /s (A1) Bs cCx,/s(A2) = cCx xsX,/s (A1 Bs A3).

For our applications, we need a more general result involving fiber products over bases other than S.
First, we need a modification of the above Kiinneth map in a general setting.

Definition 4.5.1 (Modified Kiinneth map). Let U — T be a cohomologically smooth morphism of
decent S-v-stacks. Suppose we are given a 2-commutative diagram of decent S-v-stacks

fi
—_—

8i

N<— X

Q<—

|

fori = 1,2 such that fi and f, are fine. Let f: Y] Xy Y2 — X1 X7 Xz and g: Y] Xy Yo — U be the
induced product maps. Let A; be an object of D¢ (X;, A) for i = 1,2. We define a map

Ky [iAI By fA2 — (A1 R A2) ® g Kyt

as follows. There is a Cartesian diagram

’

ujT
Y] XU Y2 4>Y1 Xt Y2

gl lglegz

U———=Uxr U.
Ayt

The map «y 7 is defined as the composition
fiA1 By frA
=(Ay )" (flA Br fo42)
= (Ay )" (fi Xr ) (A &y Ay)

Ay ) (fixr ) (A1 &y A2) ® " (Aujr)'Ar ® ¢"Kuyjr
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= (Ay ) (fi X7 £) (A ‘r Ay) ® (A;]/T)!AYIXTYZ ® g Kur
*(Ab/r)!(fl xr ) (A1 ®r Ay) ® g* Ky 1
=f (A1 ®r A2) ® g*Ky)r .

In particular, the case X; = X, =T = S yields a map

kujs: Ky,/s By Ky,js = Kyxyv/s ® 8 Kuys. 4.5.1)

We can now introduce the setup of the main theorem of this section. We consider bases T — S
satisfying two hypotheses: (1) T — S is cohomologically smooth, and (2) Ar;s: T — T Xg T is
cohomologically smooth. These are satisfied for instance when T = [S/G], where G is a cohomologically
smooth locally spatial group diamond over S. Considering the diagram

Ing(T) ——T

l lm

T———TXsT——T

AT/S i

T——S§

in which both squares are Cartesian, we see that Ing(7") — S is also cohomologically smooth. Further-
more, we can trivialize the dualizing complex Ky (r)/s-

Lemma 4.5.2. Let T be a decent S-v-stack such that the structure map n: T — S and diagonal
Ar/s: T — T Xs T are both cohomologically smooth. Then the object T = (T, Ar) € CoCorrg is
dualizable, and its characteristic class ccr ;s (Ar), considered as a morphism Ang(ry — King(r)/s, IS
an isomorphism.

In the case T = [S/G], where G is a cohomologically smooth locally spatial group diamond over S,
the inertia stack is Ing(T') = [G / G], the stack of conjugacy classes of G. This is a cohomologically
smooth stack of dimension 0, so perhaps it is unsurprising that it has trivial dualizing complex; the
lemma states that the trivialization is in fact canonical.

Proof. Letpr;,pry: T xs T — T be the projection morphisms. The morphism in D¢ (T, A) associated
with the cohomological correspondence coevg : (S, As) — (T Xs T, pr; Krs) is an isomorphism:

* * a * %
m*As = Ay g pri s = Ay o pry 7 As = Ap g pry Kr)s.
Here, we the use cohomological smoothness of 7 to get the isomorphism «, as in Theorem 4.1.6.

The morphism A;/s pr; Krys — n'As associated with evy : (T xs T, pr; Krs) — (S, As) is also an
isomorphism (this is true without any hypotheses on 7 or A7 /s). Referring to the diagram

Ing(T)

N

T T

L TN
S TxsT S,
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we may describe the characteristic class ccr/s(Ar) as the composition
h'n*Ag = h*A!T/S prs K7 /s
B * *
= h!AT/S prz KT/S = h!KT/S = KInS(T)/S’

which is an isomorphism. Here, we once again applied Theorem 4.1.6, using the cohomological smooth-
ness of Ar/s. ]

Now suppose p;: X; — T (i = 1,2) is a fine morphism of decent S-v-stacks, with fiber product
p: X1 X7 X, — T. Then there is an isomorphism

Ing (X1 X7 X3) = Ing(X1) X1g (1) Ins (X2),
and therefore by the discussion above we have a modified Kiinneth map

King (1)/S * King(X1)/5 Bing (1) King (x2)/5 = King (X,%7 X2)/5 ® In(p) King (1) /5-

Using the trivialization Ayg(7)/s = Kmg(r)/s from Lemma 4.5.2, we obtain a map

King (x1)/5 Bing (1) King(x2)/s = King (X1 %1 X2)/5> (4.5.2)

which on global sections we notate as p| ® py — 1 Ryng (1) M2-
Finally, we can state the main theorem of the section.

Theorem 4.5.3. Let T be a decent S-v-stack such that the structure map n: T — S and the diagonal
Ars: T — T Xg T are both cohomologically smooth. Let X1, Xo — T be two fine morphisms of decent
v-stacks (so also the induced morphisms Xy, X, — S are fine), and let A; € Dg(X;, A) be a sheaf which
is ULA over S. Then A Ry A, is ULA over S, and

ccx, /s (A1) Bing (1) €Cx,/5(A2) = €Cx,xpX,/5 (A1 BT A3).

In order to prove Theorem 4.5.3, we need to enhance the category CoCorrs to include data coming
from a smooth base v-stack, which we allow to vary. At a first pass, one might think that such a category
would have objects (X — T, A), where T — S is cohomologically smooth, X — T is a morphism of
v-stacks and A € D¢ (X, A). The morphisms (X — T, A) — (X’ — T’, A’) would be pairs (¢%, @),
where ¢% = (p, g, p’) is a morphism of correspondences as in a 2-commutative diagram:

¢ oy 4.5.3)
q

X X
| ip'
T ’

u u
-~ U ——T'

and @: c*A — (c¢’)'A’ is a morphism. We assume that u’ is cohomologically smooth. Given pairs
X=X, »T,A) and X, = (X, — T, Ay) with common base 7, we could then define X; ®r X; =
(Xl X7 Xp — T,A] X7 Az).

However, it turns out that this definition is not functorial in X, and X,. That is, given a morphism
e: T — T’ in Corrg and morphisms f;: X; — X! lying over e, one cannot in general define a map
f1®. f2: X1 By Xy — X| By X). Essentially, this is due to the appearance of the invertible sheaf Ky /s
appearing in the modified Kiinneth map (4.5.1).

To obtain a functorial definition of ¥; ®y X,, we need to define an enhancement of the category
which keeps track of an invertible sheaf living on the base.
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Definition 4.5.4 (The category of based cohomological correspondences). We define a symmetric
monoidal 2-category BCoCorrs. The objects of BCoCorrg are triples (X — T, A, B), where X — T
is a (fine) morphism of decent S-v-stacks whose structure maps to S are fine, where A is an object of
D¢ (X, A) and where B is an invertible object of D¢ (T, A). We assume that the structure map 7' — S
is cohomologically smooth.

Given objects X = (X — T,A,B) and ¥’ = (X’ — T’,A’,B’), an object of the category
Hompcocorg (¥, X’) is atriple (g%, @, B). The first element in the triple is a morphism ¢% = (p, g, p’) be-
tween correspondences as in equation (4.5.3), where u” is cohomologically smooth. The second element
isamorphisma: ¢*A — (c’)'A’, and the third is an isomorphism 8: u*B — (u’)'B’. Compositions of
morphisms are defined similarly as in Definition 4.3.4. (Note that the cohomological smoothness of u” is
preserved under composition of correspondences.) Given objects (X — T, A, B) and (X’ —» T’, A’, B’),
and morphisms between them represented by C — X Xy X’ (lyingover U — TXgT')and D — XXy X’
(lying over V. — T x5 T’), a 2-morphism is an equivalence class of 2-commutative diagrams as in equa-
tion (4.3.3), together with a similar one involving morphisms U — V.

The monoidal structure on BCoCorrg is defined by

(X >T,AB)® (X ->T,A,B)=(XxsX > TxsT',Arg A’, BRs B).

The unit object is (S - S, Ag, As).
Finally, we introduce the obvious monoidal functors 5, S: BCoCorrs — CoCorrg, with B(X —
T,A,B) = (T, B) (the base) and S(X — T, A, B) = (X, A) (the source).

So far, the objects A and B in Definition 4.5.4 have nothing to do with each other. They only begin to
interact when we talk about fiber products of objects of BCoCorrs over common bases. Given objects

X = (X; EidS T, A;, B) for i = 1,2 with common base ¥ = (T, B), we define
X 0e X = (X xr X2 D T, (A1 B A2) @ p*B™', B).
We claim that Rg defines a monoidal functor

BCoCorrg X3,cocorrg BCoCorrs — BCoCorrg . “4.54)

A morphism in the category BCoCorrs Xg,cocorrs BCoCorrs is a morphism e: T — T’ in CoCorrg
together with a pair of morphisms f;: X; — X/ (i = 1,2) lying over e. We may represent this state of
affairs with a diagram

¢!

o (4.5.5)

X;
T
Ry

4 U—=T

fori = 1,2, with u’ cohomologically smooth, together with morphisms «a;: ¢;A; — (clf)!Alf fori=1,2

and an isomorphism 8: u*B = (u")' B’. Taking fiber products over the base correspondence, we obtain
a morphism of correspondences ¢% = (p, ¢, p’) fitting into a diagram

X1 X1 Xo <C; C] XU C2 #- Xll X/ le (456)
| |
T - U —T.
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The required morphism
¢ ((Armr A @ p B! ) = () (4] B 45 & ()" (B)') 457)
is defined as the composition

c* ((Ay&r A2) ® p*B7Y) = (c1A1 Ry ¢5A2) ® g*u*B™!
(B () A my (c)) Ay @ ¢ (W) B))!
K ’
= () (Ajmp A) ® ¢*(Kyr @ ((u')'B)™)
= (Al B A ®@q () (B)
= () (Al mr A ® (p) (BN,

where in the last step we used Lemma 4.1.10.
To completely justify that equation (4.5.4) is a functor, one must also produce a 2-isomorphism

(7 Ber 13) © (11 Be T2) = (f] © 1) Beroe (T 0 T2) (4.5.8)

whenever all compositions are defined. Furthermore, one must also show that equation (4.5.4) is a
monoidal functor; that is, we have an isomorphism

(X1 8 %) © (X] 8y X)) = (X, 8 X)) Brov (£, 0 X)). (4.5.9)

The details are straightforward but tedious.

We can now prove Theorem 4.5.3. Let X, X, — T be two morphisms satisfying the assumptions of
that theorem, and let A; € D¢ (X;, A) be two sheaves which are ULA over S. Assume that the structure
map 7: T — § and the diagonal A7 s are both cohomologically smooth.

LetX; = (X; > T,A;, A7) € BCoCorrg fori = 1,2 so that B(X;) = B(X;) = I = (T, Ar). Then X;
is dualizable, with dual %lv = (X; — T,Dx,;sA;, K7 /s), as witnessed by coevy, : 1scocorrs — ¥i ® le
and evy, : %lv ®X; — lBcocorrs - Note that B(coevy,) = coevy and S(coevy,) = coevs(x,), and similarly
for ev. Then the categorical trace of 1y, is tr(1x,) = evy, ocoevy, so that S(tr(1g,)) = tr(ls,)) =
cex, /s (Aq).

Now consider X = ¥ Ry ¥ = (X; Ry Xo — T, A ®r Ay, Ar). Define an object X" = X} mgv XJ,
and define morphisms coevy and evy via the diagrams

Coevx, Beoevy COCVX,

1BCoCorrs (%1 ® X)) Rygzv (X2 ® X))
\ i;(4_5.9)
XoXxY
and
XeXxY
(4.5.9):J{ o

(X} ® X)) Brezv (X; ® X2) T — 1BCoCorrs -

Then XV, coevy and evy witness the dualizability of X. It follows that S(X) = (X| X7 X3, A| By A)
is dualizable so that A| Ry A, is ULA over S. Now consider tr(1x) = evy ocoevy, an endomor-
phism of Ipcocorrs- On the one hand, S(tr(1x)) = tr(1s®)) € End lcocong is the datum of the
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inertia stack Ing(X; X7 X») together with the characteristic class ccx,x,x,/s(A) € H(Ing(X; X7
X5), King (x,x7 X,)/5)- On the other hand, equation (4.5.8) gives a 2-isomorphism

tr(lx) = (evy, Reyy €Vx,) © (COEVY, Beoevy COEVE,) = tr(lxy) By(1q) tr(lx,).

The source of this morphism is the correspondence Ing(X|) X (1) Ins(X2) — S x5 S = S together
with a global section of Ky, (x,x;X,)/s- Reviewing the definition of ® for morphisms in BCoCorrg as
in equation (4.5.7), we see that this section is the image of ccy, /s (A1) ® ccx,/s(A2) under

King (T)/S "
King(x1)/s Bing (1) King(x2)/s = King(X,x7 %,)/s ® In(p)* King (1)

= King (X %1 X2)/S»

where the last isomorphism is induced from the inverse to ccr ;s (Ar) : Amg (1) — King (7);s- The result
is exactly ccy, /s (A1) Bing (1) CCx,/s(A2) as defined in Theorem 4.5.3.

4.6. The case of [ X /G] for G smooth

Let X be a nice diamond over S which is equipped with an action of a cohomologically smooth S-group
diamond G. Leta: X XsG — X be the action map (x, g) — g(x).LetY = [X/G] be the stack quotient;
this is a decent S-v-stack whose structure map to S is fine. The point of this section is to compare two
contexts for the Lefschetz—Verdier trace formula: one for the identity correspondence on [X/G] and the
other for the morphism g: X — X for an individual g € G(S).

Let A € Dg(Y, A) be ULA over S. Then the pair (Y, A) is dualizable in CoCorrg, and we obtain a
characteristic class

ceys(A) € H(Ing(Y), King (v)/s)-

On the other hand, the pullback Ax of A along X — Y is also ULA over S (because G — S is
cohomologically smooth). For each element g € G(S), we have an isomorphism u,: Ax — g"Ax
lying over g: X — X. The pair (g, u,) constitutes an endomorphism of the dualizable object (X, Ax)
in CoCorrg, so we may define the categorical trace tr(g, u,) € HO(Fix(g), KFix(g)/s)- Here, Fix(g) =
X Xg,XxsX,Ax/s X is the fixed-point locus of g on X. The object is to show how the tr(g, ug) can be
derived from ccy/s(A).

First, we give a concrete presentation of Ing(Y). Define a correspondence ¢ on X by

C=pI‘X><Sa’ZXXSG—>XXSX
(x,8) = (x,g(x)).

Then the fixed-point locus Fix(c) € X Xg G is G-stable for the G-action on X Xg G given by hA(x, g) =
(h(x), hgh™"), and then Ing(Y) = [Fix(c)/G]. With respect to this isomorphism, the canonical map
p: Ing(Y) » Ing([S/G]) = [G J G] is the quotient by G of the projection map Fix(c) — G.

The G-equivariance of A|x may be expressed an isomorphism u: A|xxg — a*Al|x. This is not a
cohomological correspondence in general (as a* # a'). To obtain a cohomological correspondence on
nonstacky objects, we work over the base G. Let Xg = X Xg G, and consider the correspondence ¢
defined by the diagram of diamonds over G:

X

idy Kr,g)'ﬁ(g(mg)

XG XG.

https://doi.org/10.1017/fmp.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.7

42 David Hansen et al.

By design, the fiber of this correspondence over g € G(S) is automorphism g: X — X. Moreover,
there is a natural isomorphism Fix(c) = Fix(c), and the fiber of Fix(c) over any g € G(S) is exactly
Fix(g). The G-equivariance of A|x is encoded by an isomorphism u: A|x, — @*Alx,. Since @ is
an isomorphism, we have @* = @', and therefore, the pair (¢, %) constitutes an endomorphism of the
dualizable object (X, A|x,; ) of CoCorrg. The categorical trace of (c, ) is an element

tr(¢, ) € H(Fix(2), Krix (0)/G)-

This is the ‘universal local term’ for the action of G on X, in the sense that, for any g € G(S), the
restriction map

H°(Fix(©), Krix(o)/6) — H°(Fix(g), Krix(g)/s)

carries tr(c, u) onto tr(g, ug).
We want to compare the characteristic class ccy;s(A) with the universal local term tr(c, u). To do
this, we first observe that from the Cartesian square

Fix(c) G

|

Ing(Y) — [G / G]
we obtain a canonical map q*King(v)/[G/G] — Krix(@)/G» and thus a canonical pullback map

q": H(Ins(Y), King (v /16 y61) — H (Fix(€), Krix(2)/G)- (4.6.1)

I3

Next, Lemma 4.5.2 applied to T = [S/G] shows that ccr;s(Ar) is an isomorphism Ajg/G) —
K|[Gycy/s- This induces an isomorphism

Kins(v)/1G/G) = P!A[G//G] = p!K[G//G]/S = Kmng(v)/s- (4.6.2)
Combining equations (4.6.1) and (4.6.2), we obtain a canonical map
v: HO(Ins (Y), King (vys) — H(Fix(©), Krix(@)/G)- (4.6.3)
The main result of this section is the following theorem.

Theorem 4.6.1. Notation and assumptions as above, we have an equality

t(ceyys(A)) = trz (i, Alxg ).

Proof. We restate the theorem in the language of based cohomological correspondences. The main
players are

o T = ([S/G],A[s/G]), a dualizable object of CoCorrs.

o 9= — [S/G], A, Ars/c1), a dualizable object of BCoCorrs with base 7.
e X; = (Xg. Ax), a dualizable object of CoCorrg with base 1cocorr,; -

e « € End X, the endomorphism described by the pair (¢, u).

We would like to relate tr(idg) to tr(e). The idea is to promote @ to an endomorphism of based
cohomological correspondences which lies over idy. To this end, we introduce some more objects in
BCoCorrg:

o &= (G — S,Ag, As) with base 1cocorrs »
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o & =(G — [S/G] x5 [S/G], AG,Ars;c1 Bs K[s/G)s), with base T ® TV, where the morphism
G — [S/G] x5 [S/G] is defined as the trivial G X5 G-torsor Ggxsg = G Xs G X5 G.

We also define morphisms in BCoCorrs:

e coevg: ® — ®’, which has base coevr and source 1(G ay)»

e evg: ® — ®, which has base evy and source 1(G ag)-

e An automorphism ¢ € Aut ®’ lying over the identity on both base and source, coming from a
2-isomorphism of G — [§/G]? corresponding to the automorphism of the trivial torsor
Goxc — Ggxg defined by (x, g, h) — (x, gx, h).

Now observe that trg := evg oag o coevg is an endomorphism of ® with base tr(idz ) and source id (),
whose underlying based correspondence is shown in the diagram:

idg id
G G G
S<—|[G // G] ——= S,

where the central horizontal arrow sends g to its own conjugacy class. (If we had omitted @ from the
definition of trg, the central horizontal arrow would send everything to the identity of G.)

Recall that S: BCoCorrs — CoCorrg takes a based cohomological corresponce onto its source. Let
F: CoCorrg — CoCorrg be the functor which forgets the base G. We have a diagram in CoCorryg:

S(IBCoCorrs IZI1(;0cms (5) f(ICOCorrG)
S(coevy Beoevy: COEVG) ]:(coevxc)
S(9 YY) Brer 6') — F(Xg ® X))
S(idggyv Bidy. o7y @0) F(a)
S(V®YY) ®rery 6') — F(Xg ® X))
S(evy Bevy €VG) ]-'(ev;G)
S(IBCOCOI‘FS EICOCO"S (5) f(1C0C0rrG),

where all squares are filled in with 2-isomorpisms. The functoriality property of ® from equation (4.5.8)
now gives a 2-isomorphism

S (CCy 15(A) Beers 015 (s trG(ag)) =, Fu(a)). 4.6.4)

The isomorphism of v-stacks implicit in equation (4.6.4) is expressed by the fact that we have a Cartesian
diagram:

Fix(e) ——= G

.

Ing(Y) — [G J G].

On the level of cohomology classes, equation (4.6.4) tells us that tr(a), considered as an element of
HO(Fix(?), KFix(5)/s)> can be derived from ccy/s(A) in the manner described by the theorem. O

https://doi.org/10.1017/fmp.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.7

44 David Hansen et al.

We conclude the section with a remark about isolated fixed points. Assume there exists a conjugacy-
invariant open subset U ¢ G whose elements act on X with only isolated fixed points. (This is the
case for the action of the positive loop group on the affine Grassmannian. We study that scenario in
the next section.) Write Ing([X/G])y for the pullback of [U / G] under Ing([X/G]) — [G J G].
Then Ins([X/G])y — [U /) G] is étale over [U // G]; as such, we have a canonical trivialization
King (1x/G1)0 /s = Amg(1x/G)y - Therefore, the restriction over U of the characteristic class of A is an
element

cerxyGs(Au € H(Ing([X/Gl)u, A);

that is, it is a continuous function on the space of pairs (x, g) € X Xg U with g(x) = x. Theorem 4.6.1
implies that this function is (x, g) + locy (g, A).

5. Local terms on the Bgr-affine Grassmannian

The goal of this chapter is to explicitly compute certain local terms on the Bgr-affine Grassmannian in
terms of the geometric Satake equivalence.

5.1. The main result

To explain the main result, let us fix some notation. Let F/Q,, be a finite extension with residue field
F,. Let C be the completion of an algebraic closure of F. Let G/F be a connected reductive group, and
let Grg = LG/L*G be the associated Bgr-affine Grassmannian over Spd C. We explain the notation:
For a perfectoid C-algebra R, we have the loop group LG(R) = Bgr(R) and its positive subgroup
L*G(R) = B} (R). Then Grg is an ind-spatial diamond admitting an action of L*G and in particular
its subgroup G (F'). For a cocharacter y of G, we let Grg, <;, be the corresponding closed Schubert
cell; this is a proper diamond. Finally, define the local Hecke stack by

Heckels® = [L*G\ Grg] = [L*G\LG/L*G].

We remark that there are versions of these objects living over Spd F, but we will not need these for our
results.
Fix a coefficient ring A € {Z/("Z[+/q], Z¢[/q}. The Satake category

SatG(A) C De(Hecke o, A)

is the subcategory of objects which are perverse, A-flat and ULA over Spd C [FS21, Definition 1.6.2].
It is a symmetric monoidal category under the convolution product.

Theorem 5.1.1 ([FS21, Theorem 1.6.3]). There is an equivalence of symmetric monoidal categories:

Repg (A) — Satg (A)
V = Sy,

where G is the Langlands dual group (considered over A), and Repg (A) is the category of representa-
tions of G on finite projective A-modules.
We continue to write Sy for the pullback of this object along the quotient Grg — [L*G\ Grg].
Our next order of business is to determine, for g € G (F)y;, the fixed point locus Grg. The answer is

the same regardless of which sort of affine Grassmannian we consider (classical, Witt vector, Bgr), as
the following proposition shows.
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Proposition 5.1.2. Let K* be a discrete valuation ring with algebraically closed residue field k and
fraction field K. Let G be a reductive group over K*. Let g € G(K™) be an element whose image in
G (k) is strongly regular, and let T = Cent(g, G). The inclusion T C G induces a bijection

T(K)/T(K") = (G(K)/G(K"))*,

so that the fixed point locus of g may be identified with X,.(T).
Consequently, if Grg is any incarnation of the affine Grassmannian, then Gr‘é, < is finite over its
base with underlying set X.(T)<.

Proof. Let B be the (reduced) Bruhat-Tits building of the split reductive group G over the discretely
valued field K. Thus, B is a locally finite simplicial complex admitting an action of LG = G(K). We
will identify the LG-set Grg with a piece of this building.

By [BT84, 5.1.40], there exists a hyperspecial point 6 € B corresponding to L*G = G(K™*). The
point o can be characterized by [BT84, 4.6.29] as the unique fixed point of L*G. Let B be the extended
Bruhat-Tits building of G g . Recall that B*' = B x X, (Ag)r, where Ag is the connected center of G.
The group LG acts on X, (Ag)R via the isomorphism X, (Ag)r — X.(Ag)Rr, where A is the maximal
abelian quotient of G. Let 0 = (4, z) be any point in B lying over 6. Then L*G can be characterized
as the full stabilizer of 0 in G(K): It is clear that L*G stabilizes o, and the reverse inclusion follows
from the Cartan decomposition LG = L*G - X,.(T) - L*G (which relies on o being hyperspecial) and
the fact that X, (T) acts on the apartment of T in B by translations. It follows that the action of LG on
B! provides an LG-equivariant bijection from Grg to the orbit of LG through o.

Now suppose x € Grg is fixed by a strongly regular element g € L*Ty;. Then its image in B is a
g-fixed point belonging to the orbit of 0, and we can write x = ho for some h € LG. For every root
a: T — Gy, the element @(g) does not lie in the kernel of L*Gy,, — Gp,. According to [Tit79, 3.6.1],
the image of x in 3 belongs to the apartment A of 7. At the same time, g € L*G also fixes 0, so for the
same reason, 0 € A. Thus, 6 belongs to both apartments A and #~' A. Since L*G acts transitively on
the apartments containing 6 [BT84, 4.6.28], we can multiply % on the right by an element of L*G to
ensure that h~' A = A. By [BT72, 7.4.10], we then have h € L*N(T, G). Since 4 is hyperspecial, every
Weyl reflection is realized in L*G, and hence, we may again modify % on the right to achieve h € LT.
We see now that x = ho is fixed by all of LT and that furthermore the coset x = hL*G is the image of
the coset hL*T. |

Proposition 5.1.2 shows that, if we fix a split maximal torus T c G, there is a natural finite-to-one map

Gré, — X;(T)

X Vi

Note that v, simply records which open Schubert cell of Grg contains the point x.
Now, for any V € Rep(G) and any x € Gr‘é, there is an associated local term locy (g, Sy ) € A. The
main result of this chapter is the following theorem, giving an explicit computation of these local terms.

Theorem 5.1.3. Let V € Rep(a) be an object of the Satake category, and let g € G (F)g be a strongly
regular semisimple element. Then for any x € Gré, there is an equality in A:

locy(g,Sy) = (—1)<2p””‘>rankAV[vx] .

Note that, since V is (by hypothesis) a finite projective A-module and tori are reductive in the strongest
sense, the weight space V[v,] is a finite projective A-module, so the right-hand side of this equality is
well-defined.
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Due to the highly inexplicit nature of local terms, the proof of Theorem 5.1.3 is rather indirect.
Indeed, we would be able to give a simple proof of Theorem 5.1.3 if we knew the equality between
‘true’ and ‘naive’ local terms on Grg. Unfortunately, this equality seems to be a very difficult problem.
Even for schemes, the problem of comparing true and naive local terms was only settled very recently
by Varshavsky. Instead, our strategy reduces the computation of the local terms in Theorem 5.1.3 to an
analogous computation on the Witt vector affine Grassmannian, where a global-to-local argument can
be pushed through. The key theme in the proof is the idea that local terms are constant in families.

For our applications, the following restatement of the main results of this section in terms of
characteristic classes on the quotient [Grg, <, /L;,G] will be useful.

Theorem 5.1.4. Let V be such that Sy is supported on some Schubert cell Grg, <. Choose some large
m such that the L*G-action on this cell factors through the quotient L}, G, and set X = [Grg, <, /L},G].
Then the set of connected components of Ing(X)s may be identified with X} (T)<,/W, and the
dualizing complex of Ins (X)s has a canonical trivialization. With respect to those identifications, the
restriction of ccx s(Sv) to Ing(X)g; is the function sending A € X.(T) to (-1) 2pG-) rank, V[A].

Proof. The first claim is proved in §5.4 below. Since L}, G is a cohomologically smooth group diamond,
Theorem 4.6.1 applies to the quotient X = [Grg,<u/L},G]. The remark following the proof of that
theorem applies to the locus L;, G so that we may relate ccx;s(Sy) to the local terms locy (g, Sv).
The latter have been computed by Theorem 5.1.3. O

5.2. Strategy of proof

In this section, we reduce Theorem 5.1.3 to four auxiliary propositions stated below. The proofs of these
propositions will occupy the remainder of this chapter.

As a preliminary observation, note that all of the objects appearing in Theorem 5.1.3 depend on
G only through its base change to F, so we may enlarge F whenever convenient in the argument. In
particular, we can and do assume that G admits a split reductive model G/OF, and that G(Op ) contains
elements of finite prime-to-p order with strongly regular semisimple image in G(F).

Now we begin the argument. First, we show that the local terms appearing in Theorem 5.1.3 are
essentially independent of g.

Proposition 5.2.1. In the notation and setup of Theorem 5.1.3, locy(g, Sy ) depends on g and x only
through the cocharacter vy. More precisely, if g,8' € G(F)s are two strongly regular semisimple
elements and x € Gr‘é, resp., x' € Gr‘é are fixed points such that vy = vy, then

locx(g,Sv) =locy (g’,Sy).

Next, we are going to degenerate from characteristic zero into characteristic p. For this, fix a split
reductive model G/OF of G, and let Grg be the associated Beilinson—Drinfeld affine Grassmannian over
S = Spd O¢. Recall that this is a small v-sheaf which interpolates between the Bgg-affine Grassmannian
Grg and the Witt vector affine Grassmannian GrgW , in the sense that we have a commutative diagram

(Grév ) Grg ! Grg

|

s =SpdF, ——= 8§ <—— 5 = SpdC

with Cartesian squares. We will crucially use the fact that all of these Grassmannians satisfy compatible
forms of geometric Satake, in the sense that there are natural monoidal functors
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Dét(GrG» A)
.l
Rep(G) —— D (Grg, A)

Ny

Dea((Gr¥)®, A)

such that the vertical arrows are equivalences of categories on the essential images of Rep(é).

Proposition 5.2.2. Let g € G(OF) be an element such that g € G(F) is strongly regular semisimple.
Then T= Cent(g, G) is a maximal torus, and there is a natural isomorphism

Gr‘f7 = Grr = X.(7)s.

In particular, if 8 ~ S C Grg is any connected component, then 3,, and S are isolated fixed points
for the g-action in the generic and special fiber, respectively.
Proposition 5.2.3. Let g € G(OF) be an element such that g € G(Fy) is strongly regular semisimple.
Then for any V € Rep(G) and any connected component 8 C Gré, we have the equality

IOC,B,, (g, ]*SV) = lOC'BS (g, i*Sv)

of local terms.

Finally, we compute the local terms on the Witt vector affine Grassmannian by a direct argument.
Proposition 5.2.4. Let g € G(OF) be an element with finite prime-to-p order such that g € G(F,) is
strongly regular semisimple. Then for any x € Grév’g and any V € Rep(G),

locy (g, Sy) = (=1) ") rankaV [v,],

where vy € Xjf(f) is as before.

5.3. Local terms and base change

In this section, we prove two key technical results, namely that formation of local terms commutes with
any base change and with passage from perfect schemes to v-sheaves.

In order to fix notation, we briefly recall the key definitions concerning local terms; we apologize for
the overlap with Chapter 4. Let S be a small v-sheaf, which will be our base object. Let f : X — Sbea
map of v-sheaves representable in nice diamonds. Consider a correspondence ¢ = (¢1,¢2): C = XXsX
given by a map of v-sheaves representable in nice diamonds. This gives rise to a Cartesian diagram

Fix(c) & Lc

C/J/ lc—(cwz)

X4A>XXSX

of small v-sheaves. We will sometimes assume that ¢ is proper and that Fix(c) is a disjoint union of
open-closed subspaces which are proper over S. These conditions will hold, e.g., if f and ¢ are proper.
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Let F € Dg(X, A) be an f-ULA object. Recall that a cohomological correspondence over ¢ is a map
u: ReyclF — Fie., an element u € Hom(c}F, Rc’z}'). If ¢ is proper, then applying R f; induces an
endomorphism

Rfiu: RfiF = RfiRci.c]F = RfiRcic|F
= ngRngCT]:1> RAF

of R fiF. On the other hand, there is a natural map
Hom(¢} F, ReyF) — H(Fix(c), Kix(c)/s)»

cf. the discussion immediately before Definition 4.3.5, and we write tr. (u, F) € H°(Fix(c), KFix(c)/s)
for the image of u under this map.

If B ¢ Fix(c) is a closed-open subspace with proper structure map g : 8 — S, then H’(S3, Kgs) =
HO(B, Rg'A) is canonically a direct summand of H°(Fix(c), KFix(c)/s), and we can further consider the
image of tr. (u, F) under the map

H°(Fix(c), Krix(c)/s) — H(B, Rg'A) = H'(S, Rg.Rg'A)
=~ H(S,Rg/Rg'A) — H'(S, A).

By definition, this is the local term locg(u, F). In most situations we care about, S is connected, so
HO(S,A) = A, and we simply regard locg(u, F) as an element of A. Note that local terms are additive
in the sense that if 8 = 81 [[ B2, then locg (u, F) = locg, (u, F) +locg, (u, F). If § is a geometric point, f
and c are proper, and 7 (Fix(c)) is a discrete (and therefore finite) set, the usual Lefschetz trace formula
holds, and says that

tr(u|RT . (X, F)) = Z locg (u, F).

Bem(Fix(c))

We need to understand how local terms interact with base change on S. More precisely, assume we
are given a morphism a : T — S. Then all objects and morphisms above naturally base change to
objects over T. Note that Fix(c)r = Fix(cr). We write ax : X7 — X, ac : Cr — C, etc. for the base
changes of a. We naturally get a cohomological correspondence ur on Fr = a J over cr by taking
the image of u under the map

Hom(c} F, Rc’z}‘) — Hom(agc F, a*CRc!z}‘) = Hom(c} yayF, a*cRc!z}")
— Hom(c] paxF, Rc!2 raxF).

The final arrow here is induced by the canonical map a*CRclz]-' - Rc!2 7 axF- This map is a special

case of the natural transformation S , : ]7* Rg' — R3' f* which exists for any Cartesian diagram

with g representable in nice diamonds. The transformation in question is adjoint to the map R'g'gf*Rg! =
f*RgiRg' — f* (itis also adjoint to the map Rg' — Rg'Rf.f* = Rf.Rg' f*).

In this setup, the next proposition says that formation of local terms commutes with base change
along T — S.
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Proposition 5.3.1. For any given B C Fix(c) as above, the natural map
H(S,A) = HY(T, A)

sends locg(u, F) to locg, (ur,Fr). In particular, if S and T are connected, then locg(u,F) =
locg, (ur, Fr) as elements of A.

Proof. By a straightforward argument, this reduces to showing that there is a natural map
HO(Fix(c), Keix(c)/s) = H (Fix()r, Keix () /1)

compatible with the map H°(S, A) — H(T, A) and sending tr.(u, F) to tr., (ur, Fr). To obtain the
map itself, apply H°(Fix(c), —) to the composition

Krix(e)/s = R(f © ¢')'A = Raix(e) sy (o R(f 0 ¢')'A

ﬂn.foc’ %
5" Ragix(e)sR(fr o ¢f)'a*A = Ragix(c)« Krix(c)r 7 -

The claim about the relation between tr. and tr.., now follows from the fact that the base change functor
CoCorrg — CoCorrr is symmetric monoidal and therefore preserves dualizable objects and traces of
endomorphisms thereof. O

We will also need to compare local terms associated with perfect schemes and with v-sheaves.
More precisely, fix a perfect field k/F,, and let PSchy be the category of perfect schemes over k.
There is a natural functor X +— X° from PSchy to small v-sheaves over Spd k, characterized by
(Spec R)°(A, A*) = Homy (R, A). Said differently, X° sends Spec R to Spa(R, R*)® where R is the
integral closure of k in R. This functor commutes with finite limits. Moreover, if f : X — Y is separated
and perfectly of finite type, then f is representable in locally spatial diamonds and compactifiable
with finite dim.trg. By [Sch17, §27], for any X there is a fully faithful symmetric monoidal functor
cx : Da(X,A) — Dg(X ¢, A) compatible with f* and R f; in the evident senses. Moreover, one has
canonical natural transformations

cxRZ om(-,-) - R# om(cy—,cx—)

and ¢}, Rf' — Rf®c}, for f separated and perfectly of finite type.

Now let PSchit be the full subcategory of schemes separated and perfectly of finite type over k. Fix
X e PSchit with structure map f : X — Speck, and let ¢ : C — X X; X be a correspondence in PSchf(t
such that ¢; and f o ¢’ are perfectly proper. Let F € D¢ (X, A) be an f-ULA object equipped with a
cohomological correspondence u lying over ¢, so we get local terms locg(u, F) € H°(Speck,A) = A
by the schematic version of the recipe recalled above.

On the other hand, applying (—)¢ and using commutation with finite limits, we get a correspondence
c® 1 C® - X® Xgpax X© of v-sheaves over S = Spd k with Fix(c)® = Fix(c?®), satisfying all of our
assumptions from above. Moreover, u naturally induces a cohomological correspondence u° on cy F
lying over ¢, by taking the image of « under the natural map

Hom(c; F, Rey F) — Hom(cic i F, ceRey F) = Hom(c$ ¢y F, ¢ Rey F)
— Hom(c%* ¢y F, ReS' e F).

Proposition 5.3.2. Maintain the previous setup and notation. Then ¢y, F is f O_ULA, and for any open-
closed B C Fix(c), we have an equality

locg (u, F) = locgo (u®, ¢ F)
of local terms.
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Proof. This is formally identical to the proof of Proposition 5.3.1, using the fact that (—)° induces a
symmetric monoidal functor on the appropriate categories of cohomological correspondences. O

5.4. Independence of g

In this section, we prove Proposition 5.2.1. In this section only, we set S = Spd C.

Fix V as in the proposition. Decomposing V into isotypic summands for the action of Z (@)O, we can
assume that Sy is supported on a single connected component of Grg. We can then pick some p such
that Sy is supported on the Schubert cell Grg, <,,. Choose some large m such that the L*G action on
Grg, <, factors over the truncated loop group L}, G. The sheaf Sy is naturally the pullback of a sheaf
again denoted Sy on the quotient stack X = [Grg, <, /L;,G], so we can consider the characteristic class
cex/s(Sy).

To analyze this class, we need to understand the inertia stack of X. For this, we need some notation.
Let L} G be the preimage of the strongly regular semisimple locus G € G under the theta map
L} G — G. Pick any maximal torus T ¢ G with Weyl group W, and set L}, T, = L} T N L} Gy

Proposition 5.4.1. 1. The open substack
Ing([S/L;,Gl)st = [L;, G/ L;,G] € Ing([S/L;,G])

is canonically identified with [ L}, T/ (W < L}, T)] via the natural map.
2. The open substack

Ing (X)sr = Ing(X) Xing([s/2+G)) [LyGsr /L G] € Ing(X)

is canonically identified with X.(T)<, xW [L} Ty ) L, T) such that the natural map Ing(X)s —
Ing([S/L},G))s coincides via the identification in part (1) with the evident projection onto [ L}, Tg [ (W<
Lt T)].

Proof. The idea behind (1) is that any g € L*Gy; is conjugate to an element of L*Ty, which is well-
defined up to the action of the normalizer of this group, which is W =< L*T.

For (2), we observe that an object of Ing (X); is a pair (x, g), where g € L} G fixes x € Grg, <,; the
automorphisms of this object are L}, G. The g can be conjugated to lie in L*Ty;, and then by Proposition
5.1.2, the x can be identified with an element of X, (T)<,,, which is well-defined up to anelementof W. O

Corollary 5.4.2. There is a natural isomorphism
H(Ing (X)se, King (x)/5) = C(Xu(T)<pis AV

which sends ccx;s(Sy) to the function sending A € X, (T)<y to locy, (g, Sy ), where x, € Grg <, is
the T-fixed point corresponding to A, and g € L}, Ty. In particular, locy, (g, Sy) does not depend on the
choice of g € L}, Ty

Proof. Combine Theorem 4.6.1 with the description of Ing (X), from Proposition 5.4.1. O

5.5. Degeneration to characteristic p
In this section, we prove Propositions 5.2.2 and 5.2.3.

Proof of Proposition 5.2.2. The isomorphism Gry = X, (7)g is [SW20, Proposition 21.3.1]. There is
an evident map f : Gry — Gré, and it remains to see that f is an isomorphism. For this, we first note
that f is a closed immersion. This follows from the observation the source and target of f are both closed
subfunctors of Grg. For the source, this follows from [SW20, Proposition 20.3.7], while for the target
this follows from the fact that Grg — S is separated.
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Since f is a closed immersion, it is both qcqs and specializing. By [Sch17, Lemma 12.5], it is enough
to check that f is a bijection on rank one geometric points. This can be checked separately on the generic
and special fibers. Both cases are handled by Proposition 5.1.2. O

Proof of Proposition 5.2.3. By two applications of (the connected case of) Proposition 5.3.1, applied
to the maps n — S and s — §, we get equalities

lOC’g" (g,j*Sv) = IOCIB(g, Sv) = IOC,BS (g,i*Sv),

and the result follows. O

5.6. Local terms on the Witt vector affine Grassmannian

Proof of Proposition 5.2.4. Fix g and V as in the statement, and let 7 C G be the connected centralizer of

g. Forevery v € X,.(7),letS, C Grg/ be the associated semi-infinite orbit, with closure S, = U,/ <, S,.
Let X C GrgW be a finite union of closed Schubert cells containing the support of Sy, so X is

a perfectly projective k-scheme by the results in [BS17]. Write X, = X N §,, X<, = X N S_V and
0X<, = X<, \ X,. Note that all of these spaces are stable under g and in fact under 7. Note also that
each X, contains a unique g-fixed point x,,.

Proposition 5.6.1. The compactly supported Euler characteristic of Sy on X,, is
Xe(Xy, Sy) = (=1) %Y rank V[v].

Proof. This is a consequence of the integral-coefficients version of the geometric Satake equivalence
for the Witt vector affine Grassmannian given in [Yul9]. There it is shown (Proposition 4.2) that
HY(X,,Sy) is zero unless d = (2p, v), and in that degree it corresponds exactly to the v-weight functor
in the Satake category. O

Any t € T must act trivially on H4(X,,Sy), so x.(U,Sy) coincides with the trace of g on
RT.(X,,Sy). The same is true for X, and dX«,. We compute:
(=D rank V[v] = xe(Xy. Sv)
= ¥c(X<y, Sv) = xc(0X<y, Sv)
= tr(g|RT ¢ (X<y, Sv)) — tr(g|RT ¢ (0X <y, Sv))

Dlocy, (8, Svix,) = D locy, (2, Svlax.,)

V' <y V' <v,v'#Y
= Y loce, (&:8v) = D loc,(2,8v)
% V' v,V EY

= locy, (g, Sv).

The penultimate equality is the key technical fact and follows from Proposition 5.6.2 below together
with the assumptions on g. O

Proposition 5.6.2. Let k/F,, be an algebraically closed field, and let X be a perfectly finite type k-
scheme with an automorphism g : X — X of finite prime-to-p order. Let A € D% (X, Z;) be an object
equipped with a morphism u : g*A — A. Then for every isolated g-fixed point x, the true local term
loc, (g, A) equals the naive local term tr(g|Ay).

In particular, if Z C X is a g-stable closed subscheme, then locy (g, A) = locy(g, Alz).

Proof. With the word ‘perfectly’ deleted, this is a recent result of Varshavsky [Var20] (combine Theorem
4.10(b) and Corollary 5.4(b)). We will reduce to Varshavsky’s result by deperfecting.
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Precisely, since locy (g, A) is insensitive to replacing X, A by U, A|U for U c X any g-invariant
open neighborhood of x, we can assume that X is affine, so X = Spec R with R perfectly of finite type.
Let Rp C R be a finite type k-algebra with Rgerf = R, and let Ry C R be the k-algebra generated by

g'Ro forall 1 < i < ord(g). Then R; C R is a finite-type k-algebra stable under g, with er’erf =A,
so X; = SpecR; is a deperfection of X equipped with an automorphism g; deperfecting g; since
X — X; is a homeomorphism, there is a unique g;-fixed point x; under x. Next, g*A — A deperfects
uniquely to a complex A; on X; equipped with a map g7A; — Aj, using the equivalence of categories
D (Xet, A) = D(Xj 4, A). Finally, we compute that

locy (g, A) = locy, (g1, A1) = tr(g1|A1,x,) = tr(g|Ay),

where the first equality is formal nonsense (the six functors on k-varieties and on perfectly finite type
k-schemes are compatible under perfection), the second equality is Varshavsky’s theorem and the third
equality is trivial. O

6. Application to the Hecke stacks

In this final, chapter we prove Theorem 1.0.2 by applying the technology of the Lefschetz—Verdier trace
formula to the Hecke stacks over Bung.

6.1. Bung, the local and global Hecke stacks and their relation to shtuka spaces

Let F/Q,, be a finite extension, and let G/F be a connected reductive group. Let k be an algebraically
closed perfectoid field containing the residue field of F.
For an algebraically closed perfectoid field C/k, there is a bijection [Far20]

b &

between Kottwitz’ set B(G) and isomorphism classes of G-bundles on the Fargues—Fontaine curve Xc.
Therefore, the moduli stack of G-bundles is some geometric version of the set B(G).

Definition 6.1.1 ([FS21, Definition III1.0.1 and Theorem III.0.2]). Let Bung be the v-stack which
assigns to a perfectoid space S/k the groupoid of G-bundles on Xs. Given a class b € B(G), let
ip: Bung — Bung be the locally closed substack classifying G-bundles which are isomorphic to £ at
every geometric point.

Then Bung is a cohomologically smooth Artin v-stack over Spd k [FS21, Theorem 1.4.1(vii)]. Central
to its study are the substacks Bunl(’;. For each b € B(G), we have an isomorphism Bung = [Spdk/Gp],
where

5;, = Aut &,
is a group diamond over Spd k. This fits in an exact sequence of group diamonds over Spd k:
0— éz - Gp — Gp(F)spax — 0

Here, the neutral component 5; cGpisa cohomologically smooth group diamond over Spd k, and
G, is the automorphism group of the isocrystal b. The group G, is an inner form of a Levi subgroup of
the quasisplit inner form of G. If b is basic, then ij, is an open immersion, and G5, = G (F)spa-

We next recall the Hecke correspondence on Bung and its relation to the local shtuka spaces
Shtg p 4. Since our main result on the cohomology of local Shimura varieties does not concern the
action of a Weil group, all objects in this discussion will live over the base S = Spd C, where C is
an algebraically closed perfectoid field containing F, whose residue field contains k. In particular, we
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have Bung,c = Bung Xspa«S. If T is a perfectoid space over C, the Fargues—Fontaine curve X7 comes
equipped with a degree 1 Cartier divisor D, corresponding to the untilt 7' of T°.

We introduce now a diagram of v-stacks over Spd C containing both local and global Hecke corre-
spondences:

h h
Bung ¢ <—— Heckeg.c —— Bung ¢ 6.1.1)

]

loc loc loc
BunG,C <—hk‘C HeckeG’C ?m BunG’C .
2 1

We explain below the objects and morphisms appearing in equation (6.1.1). Let T = Spa(R, R*) be an
affinoid perfectoid space over Spa C.

e The T-points of the stack Heckeg, ¢ classify triples (€1, &2, f), where &€ and &, are G-bundles on
X7, and

fi&lxm\pr = Elxp\pr

is an isomorphism which is meromorphic along Dt .
e The morphism #; sends a triple as above to &; fori =1, 2.
e The T-points of Bunlgcc classify G-bundles on Spec B} (R), this being the completion of X7 along

Dr. Such G-bundles are v-locally trivial on 7 so that we have an isomorphism
Bunlgfc = [SpdC/L*G],

where L*G = G(BJ) is the positive loop group.

e The T-points of Heckelgfc classify triples (€1, &, f), where £ and &, are G-bundles on
Spec Bl (R), and f is an isomorphism between their restrictions to Spec Bqr (R), meromorphic
along Dr. We have an isomorphism

Heckelgfc = [L*G\LG/L*G],

where LG = G (Bgr) is the full loop group. Put another way, we have the Bgr-affine Grassmannian
Grg,c = LG/L*G and then Heckel(‘;fc = [L*G\ Grg c].

e The morphism hl.oc sends such a triple to &; fori =1, 2.

o The vertical maps send an object to its completion along D7 in the evident manner.

The squares in equation (6.1.1) are Cartesian by Beauville-Laszlo gluing.

It is a basic fact that Bung, ¢ is a decent v-stack, and the structure map Bung c — S = SpdC is
fine. With some care, it is possible to ‘truncate’ some of the other objects appearing in equation (6.1.1)
to obtain decent S-v-stacks with fine structure maps to S. In particular, let u be a dominant cocharacter
of G, and let Heckeg, <, c be the substack of Heckeg , consisting of triples (&1, &, f), where the
meromorphy of f is fiberwise bounded by u. Then Heckeg, <, ,c is decent, and the maps to Bung ¢
induced by restricting &; and h, are fine. We may define HeckelGof e analogously; this is isomorphic
to [Grg, <u,c/L*G], where Grg, <, c is the bounded Grassmannian. This is not quite a decent v-stack.
However, if we instead form the quotient [Grg, <u,c/L;,G] for some sufficiently large truncation as
in Theorem 5.1.4, we do obtain a decent S-v-stack with fine structure map. This is sufficient for our
purposes.
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Now let b € B(G, i) be basic. We explain the relation between Hecke stacks and local shtuka spaces.
It will be helpful to refer to the commutative diagram of stacks

b,1
hZ
Hecke?! . —"5 Hecke™!' . > > Bun! 6.1.2)
G,zu,C G,<u,C G,C T

R

b,1
I HeckeG <u.C T> Heckeg,<u,c ? Bung,c
h?*l hli
Bunl(’;’c —— > Bung ¢

22

in which all squares are Cartesian, the morphisms labeled with i are open immersions and the morphisms
hy and h; are proper.
The top row of equation (6.1.2) can be described via the diagram:

(G145, /G —= (G5, .,/ G ()] —= [+/G(F)]

Explanation: GrIGQS” c assigns to T = Spa(R, R*) the set of pairs (&, f), where £ is a G-bundle
on Xg, and f: &! Ixr\Dr = Elxy\py is an isomorphism, which is bounded by u along D7. The

bundle &' can be canonically trivialized over Spa B (R), and in so doing, we obtain an isomorphism
1,adm

Go<p consisting of those pairs (&, y),

GrG <u.c = Gr6,<p,c. Within GrG <> We have the open locus Gr;

where £ is everywhere isomorphic to Sb .
Similarly, the leftmost column of equation (6.1.2) can be described via the diagram:

[Grg*dh /Gy (F)] = Heckeg;'_,

|k

[GrG <, c/Gp(F)] *>HeckeG <

K

[SpdC/Gp(F)] —— Bung,C

,.C

,.C

Explanation: Grg, <u,C Assigns to T = Spa(R, R™) the set of pairs (&, f), where £ is a G-bundle, and
f: 5|XT\DT = gb |x;\py is an isomorphism, which is bounded by y along D7 . We have an isomorphism

GrG <uc = = Grg,<—u,c. Within Gr? we have the open admissible locus Gr: consisting of

G,<u,C?
pairs (&, f), where £ is everywhere isomorphic to &'

G<C
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The moduli space of local shtukas Shtg 5, c appears as the fiber product:

Shtg b, u,c SpdC (6.1.3)
b,1 b 1
HeckeGYSH’C 4>hb"xhb~l BunGvC X BunG’C,
1 2

where the right vertical morphism corresponds to £” x £!. This is evident from the definition of Shtg . u
Its S-points are morphisms f: E;S \Ds = EZS \Ds which are bounded by p on Dg.
We also have the period morphisms:

Shtc,b,ﬂgc (6.1.4)

/ X\
b 1
GrG,S/t,C Gr

G,<u,C.

b,adm

The morphism 7y is a G, (F)s-equivariant G (F)s-torsor over the admissible locus Gr; <u.C"

Similarly,

1,adm

ny is a G (F)s-equivariant G, (F)s-torsor over the admissible locus Gr <u.C"

6.2. The inertia stack of the Hecke stack; admissibility of elliptic fixed points

We continue to put S = Spd C. Here, we investigate the inertia stack Ing(Heckeg <, c), or at least the
part of it lying over the strongly regular locus in Ing ([S/G(F)s]) = [G(F)s J/G(F)s].

It will help to introduce some notation. Suppose € is a G-bundle on X¢ equipped with a trivialization
over the completion at co = D¢. Let T C G be a maximal torus. We have seen in Proposition 5.1.2 that
there is a bijection A +— L, between X, (T) and the set of T-fixed points of Grg. Given A € X, (T), we
let £[A] be the modification of £ corresponding to L.

Lemma 6.2.1 ([CS17, Lemma 3.5.5], see also [CFS21, §2.2], but note that we use the opposite
convention concerning Schubert cells). Let € be a G-bundle on X¢ equipped with a trivialization at o,
let T C G be a maximal torus, let A € X,(T) be a cocharacter and let leXx: (T) be the corresponding
character. In the group X*(Z(G)"), we have

K(E[A]) = k(&) + Ay G-

Proposition 6.2.2. Suppose a pair (g,8") € G(F)g X Gp(F)s fixes a point x € Shtgp, ,(C). Let
T = Cent(g,G) and T' = Cent(g’,Gp). Then ni(x) € Grgém and my(x) € Gr‘é’sﬂ correspond to
cocharacters I’ € X,.(T")<_,, and A € X.(T)<y, respectively.

There exists y € G(F) such that ady is an F-rational isomorphism T — T', which carries g to
g’ and A onto —A’. The invariant inv[b](g,g’) € B(T) = X.(T)r agrees with the image of A under
X.(T) — X.(T)r. Therefore, (g,8’, A) lies in Relp, .

Proof. The point x corresponds to an isomorphism y: E'[A] — &P and also to an isomorphism
y': &' — EP[A’]. Each of these interlaces the action of g with g’ and furthermore y = y’ away
from co. Trivializing ' and £ away from oo, we see that g and g’ become conjugate over the ring
B, = H°(Xc\ {0}, Ox,.), which implies they are conjugate over F and (by Lemma 3.2.1) they are
even conjugate over F. Let y € G(F) be an element such that (ad y)(g) = g’. Then ad y is a F-rational
isomorphism 7" — T’ which carries g onto g’. In fact, since there is only one such isomorphism, we can
conclude that ad y is an F-rational isomorphism T — T". Let 1o = (ad y~") (1) € X.(T).
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Let by = y‘lby . Then (cf. Definition 3.2.2) we have by € T(F). The element y induces isomor-
phisms y: £ — £ and y: £7[19] — EP[A’]. Then the isomorphism y~'y’: & — £%[ 1] descends
to an isomorphism of T-bundles; comparing this with the isomorphism yy~': £'[1] — £ shows that
Ao = —A. In light of the isomorphism of T-bundles £'[A] = £, Lemma 6.2.1 implies that the iden-
tity k(£2°) = A holds in B(T). But also «(£°) is the class of [bg] in B(T), which is inv[b](g,g’) by
definition. |

Proposition 6.2.2 shows that if (g,8") € G(F)s X Gp(F) fixes a point of Shtg ., then g and g’
are related. However the converse may fail: If a pair of related strongly regular elements (g, g’) is given,
it is not necessarlly true that (g, g’) fixes a point of Shtg 5, ,,. Indeed, a necessary condition for this is
that the action of g’ on Gr has a fixed point in the admissible locus, and this is not automatic.

This converse result is always true, however, if g (or equivalently, g’) is an elliptic element.

Theorem 6.2.3. Let g € G(F)ey. Then the fixed points of g acting on Grg < ” lie in the admissible locus

1,adm
GG<#

locus Gr 2

Similarly, if g’ € Gp(F)en, then the fixed points of g’ acting on GrG <u lie in the admissible
b,adm

G,<-u’

Proof. We prove the first statement; the second is similar. Let g € G(F)ey, and let T = Cent(g, G) be
the elliptic maximal torus containing g. Suppose we are given a g-fixed point x € Grg, <, (C). Then x
corresponds to a cocharacter A € X, (T), which in turn corresponds to a modification £' [1] of the trivial
G-bundle £'. We wish to show that £'[A] = &”. First, we will show that it is semistable.

Let b’ € G(F) be an element whose class in B(G) corresponds to the isomorphism class of £'[1].
We wish to show that b’ is basic. We have the algebraic group G/ /F, which is a priori an inner form
of a Levi subgroup M* of G*, where G* is the quasi-split inner form of G. Showing that b’ is basic is
equivalent to showing that M* = G*.

We have an isomorphism y: £'[A] = &£”". The action of g € T(F ) on &' extends to an action on
£'1A], which can be transported via y to obtain an automorphism g’ € Gy (C) = Aut&y . Let g’ be the
image of g’ under the projection Gy (C) = Gp (F).

The G-bundles €' and £ may be trivialized over Spec Bz (C). In doing so, we obtain embeddings
of G(F) = Aut&' and Gb/(C) AutE” into G (B (C)); we denote both of these by 1 - he. We also

have the isomorphism ., between £' and £ over Spec Bgr (C); we may identify y., with an element
of G(Bgr(C)), and then g7, = Yegooy! holds in G(Bgr(C)).

The element g/, is conjugate to g/, so g, is conjugate to g, in G(Bgr). Since g and g’ are both
regular semisimple F-points of G, being conjugate in G(Bgr) is the same as being conjugate in G (F).
Their centralizers, being F-rational tori, are thus isomorphic over F. Thus, G/ contains a maximal torus
that is elliptic for G. Elliptic maximal tori transfer across inner forms [Kot86, §10], which means that
the Levi subgroup M* C G* of which G is an inner form contains a maximal torus that is elliptic for
G*. Therefore, M* = G*.

We have shown that £'[1] = & is semistable, implying that Aut &Y = Gy, (F) and that g € Gy (F).
Lemma 6.2.1 shows that x([b’]) equals the image of A in 71 (G)r; this is the same as the image of p,
which in turn is the same as x([b]) because b € B(G, u). Since b’ is basic, we have [b'] = [b] by
[Kot85, Proposition 5.6]. ad

Recall the locally profinite set Rel,, <, from Definition 3.2.4. This is the set of conjugacy classes of
triples (g, g’, 1), where g € G(F) and g’ € Gp(F) are related strongly regular elements, and A is a
cocharacter of T = Cent(g, G), bounded by u such that x(inv[b](g, g")) agrees with the image of A in
X.(T)r. Let Relp,, <, c1t be the subset, where g (equivalently, g’) is elliptic.

Theorem 6.2.3 has the following corollary. For a v-stack X, we write | X | for the underlying topological
space.
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Corollary 6.2.4. Let Ing (Heckelc’;”* <, gJen be the preimage under Ins(h1) of Ing (Bun’c’;’ Jell. Similarly
let Ins(Hecke*G’}S#’S)e” be the preimage under Ing (h;) of Ing (Buan,S)eu. Then

= Ing (Heckeb’l Dell-

Ing(Heckel:"_ o)en = Ing(Hecke; G.<u.S

1
G.<p.S G.<pskl
. . b1 ~
There is a homeomorphism ‘Ing (HeckeG, b.<p. S)Cll = Relp, 4 ell-

Proof. The first claim is just the statement that fixed points of elliptic elements on Gr}C’; and Grg
are admissible. For the second claim: Since Heckeglgy s = [GrG,<u.s/G(F)s], we can think of

b1
Ing (HeckeG’ b.<p Dell

where T = Cent(g, G). We have an isomorphism £'[1] = &°. The element g € G(F) = Autf!
determines an element g’ € G, (F) = Aut£”, up to conjugacy. By Proposition 6.2.2, the triple (g, g’, 1)
determines an element of Rely, , 1. Conversely, given such a triple (g, g’, 4), the pair (g, A) determines
an element g”’ € G, (F) as we have just argued, but then g’ and g’’ are conjugate by Remark 3.2.5. O

as the set of conjugacy classes of pairs (g, 1), where g € G(F)enand A € X, (T)<,,,

6.3. Transfer of distributions from Gy to G

We continue to let b be a basic element of B(G). Let A be a ring in which p is invertible. Recall the
Hecke transfer map

T, 7C: C(Gy(F)st | G (F), A) = C(G(F)y | G(F), A)

from 3.2.7. As promised, we can now promote this to a transfer of distributions, at least after restriction
to elliptic loci (and assuming, as we have been doing all along, that the A-valued Haar measures on
G (F) and G (F) are chosen compatibly).

Recall the period morphisms:

b 4l o]
GrG’SH’C « Shtg p pu,c — GrG,SH’C,

in which 7} is a G(F)g-torsor over its image, and m; is a G, (F)s-torsor over its image. Consider the
action map on Shtg p_u,c:

asp: G(F)s X Gp(F)s x Shtg p u,c — Shtg b u.c
and also those on the period domains:

) 1 1
a;: G(F)s X Grg <uc = GIg <puc

. b b
ap: Gp(F)s XGrg 0 = GG o c -

For ? € {Sht, 1, b} we can define the elliptic fixed-point locus Fix(a»)e; of the corresponding action
map, consisting of pairs (g,x) with g elliptic and g.x = x; let us think of each Fix(ay) as a locally
profinite set. For instance, Fix(a1)ey is the set of pairs (g, 1), where g € G(F)e, and A € X, (Tg)
(T, = Cent(g, G)) is bounded by p. These fit into a diagram

Fix(ap et <—— Fix (arsh)ell ——> Fix (@ )eli (6.3.1)
q1 i iqZ
Gp(F)ent G (F)en
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of locally profinite sets, in which p; is a G, (F)-equivariant G (F)-torsor, p, is a G (F)-equivariant
G (F)-torsor and g and ¢ are finite étale. (The maps p; are surjective by Theorem 6.2.3.) Furthermore,
let us observe that, for (g,g’,x) € Fix(asy), the image of x in Gr'C;(C)g may be identified with a
cocharacter A € X, (T) of T = Cent(g, G), and then the triple (g, g’, ) lies in Rel, , by Proposition
6.2.2. A key observation is that we have a diagram of stacks in locally profinite sets, in which both
squares are Cartesian:

[Gp(F)en /) Gp(F)] =<—— [Fix(asnt)en/(Gp(F) X G(F))] —— [G(F)en J/ G(F)] (6.3.2)

| | |

Gp(F)en /| Gu(F) Relp ;e G(F)en ) G(F).

Thus, at least over the elliptic locus, we have promoted a correspondence between sets of conjugacy
classes to a correspondence between stacks of conjugacy classes. Formally, this is exactly what is
required to promote our transfer of functions to a transfer of distributions.

Lemma 6.3.1. Let H be a locally pro-p group, and let A be a commutative ring in which p is invertible.
Choose a A-valued Haar measure on H. Let h: T — T be an H-torsor in locally profinite sets. The
integration-along-fibers map C.(T,A) — C.(T, A) induces an isomorphism of C(T, A)-modules

he: Co(T, N — Co(T, A)
and, dually, an isomorphism of C(T, A)-modules
h.: Dist(T, A)! — Dist(T, A).

Proof. The C(T, A)-modules C.(T,A) and C.(T,A) are smooth in the sense of Definition B.2.1.
Therefore, by Lemma B.2.5 the statement is local on 7, so we may assume that the torsor T=TxH
is split. Then Ce(T, ANy = Co(T,A) ® Co(H,N)y. The integration map C.(H,A)y — A is an
isomorphism so that Co(T, N = C.(T, A). O

Recall from §3.4 that we have chosen compatible Haar measures on G (F) and G, (F).

Definition 6.3.2. With notation as in equation (6.3.1), we define a A-linear map
be,:Gbi Co(G(Fett, NG (ry = Ce(Gp(Fents Mgy, (F) (6.3.3)

as the composition

Ce(G(F)e, NG (F) 2t C. (Fix(a1)en, NG (r)
(pzN)I’
— Ce(Fix(ash)elts A (F)xGy, (F)
(P~1)*
— Cc(Fix(ap)en Mg, (r)

'K/l .

—  Cc(Fix(ap e, NG, (F)

q1s

= CelGp(Fen, NG, ()

where g5 means pullback, ¢, means pushforward (i.e., sum over fibers), the isomorphisms (p;). are

induced by our choices of Haar measures as in Lemma 6.3.1, and finally K,, € C(Fix(ay), A)Ge(F) g
the function (g’,4’) - (=1)¢ rank VY [2"], where d = (u,2pG).
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Proposition 6.3.3. Assume that A = Qq. Let ¢ € Co(G(F)en, A), and let ¢ € Co(Gp(F)en, A) be any
lift of Tf :G” @. Then the orbital integrals of ¢ and ¢’ are related by

1 _ G—-Gy
¢Gb - Tb,/t ¢G~

Proof. For g’ € G, (F)ep, with centralizer T’, we have:

¢5, (&)

_ (f)’(h,g/(h,)_]) dh/

'/h/EGb(F)/T'(F)
S0 Y k) [ L0 ) ) dh

X eX (T <y ET(F)

Let T be a transfer of the elliptic torus 7’ to G. Since Fix(asn)en — Fix(ap)en is a G (F)-torsor, we may
choose foreach A" alift yy = (g, g’,xx) of (g’, A’) to Fix(asy) with gy € T(F). Then ¢’Gb (g’) equals

Y kv [ [ 101 (). ah a
XX T e W eGy,(F)/T"(F) JheG(F)
We rewrite the inner integral as a nested integral so that our expression for ¢’Gb (g’) equals:

(1)) rank V,/[V] [(p2)7 a3 (™ ).y ) dt dh i’
7

h’eGl,(F)/T’(F)/heG(F)/T(F) ./zeT(F)

= (1" rank VY ['] [(p2) ' g301 ((h.W't').yx) dt’ dh dh'.
-

h’eGb(F)/T’(F)-/heG(F)/T(F)</t’€T’(F)

Here, we have used Proposition 6.2.2: There is an isomorphism ¢: ¢ +— ¢’ between T(F) and T’ (F)
satisfying (¢,¢").y = y . This induces a bijection A > A" = —¢,4 between X, (T)<, and X, (T")<_,.
Given A € X, (T)<,, we let g, = go. Then by Proposition 6.2.2, the preimage of g’ in Rel, ,, is exactly
{(80:8: D}aex.(1)e,

Noting that rank V), [1] = rank V;\z/ [17], we exchange the order of the first two integrals above to obtain

b6, (&) = (=" S rank V[ / /h/G(F)[(m);lqzm((h,h'ym dn’ dh

AX, (T <p heG(F)/T (F)

= (-1 Z rankVﬂ[/l']/ d(hg h™") dh
A€X. (T)<p heG(F)/T (F)

= (=" > rankV,[Al¢c(g2)
AeX(T)<p

= (1,77 661(2).

Definition 6.3.4. Let

.87 Dist(Gp (Flan, M) = Dist(G (Fen A)°F)
be the A-linear dual of YEG:GI’.
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Proposition 6.3.5. Assume that A = Q;. Then the transfer of distributions 7?’; —G extends the transfer

of functions TbG Z -G from Definition 3.2.7.

Proof. Let f € C(Gp(F)en, A)»F) be a conjugation-invariant function. Let ¢ € C (G (F)e, A), and
let ¢’ € C.(Gp(F)en, A) be alift of T]fu_’c” ¢. Using the Weyl integration formula (3.4.2), Lemma 3.4.1
and Proposition 6.3.3, we compute

[ ewniCurdn=[ e dg
8€G(F)an 8 €Gp (F)en

= (r.96.),,,
= {115 0a),,
—< GbHGf ¢G>

- [ s
g€G(F)en

so that
T,orC(f dg') =T, 70 (f) dg

as desired. O

6.4. Hecke operators on Bung and the cohomology of shtuka spaces

We are finally ready to reap our rewards. For the remainder of this chapter, we fix a prime £ # p and
write A for a Z,-algebra. Let G be the Langlands dual group over Z,.

We begin by quickly reviewing the results of [FS21] on the categories Djs(Bung,A) and
Dlis(Bung, A), and the action of Hecke operators on Dy;s(Bung, A).

The first key fact is that, for any b € B(G), there is a natural equivalence of categories

D(Gp(F),A) = Dys(BunZ,, A) 6.4.1)

[FS21, Theorem 1.5.1]. For a complex p of smooth representations of G, (F), we will slightly abusively
also write p for the corresponding object of Dlis(Bunl&, A).

Next, recall that there is a notion of ULA objects in Dys(Bung, A). These admit the following
concrete characterization.

Theorem 6.4.1 ([FS21, Theorem L1.5.1(v)]). The following are equivalent for an object A €
Dlis (Bung, A)

1. Ais ULA over Spd k.
2. Forall b € B(G), the restriction iy A, considered as an object of D(Gp(F), A) via equation (6.4.1),
is admissible in the sense that (i;;A)K is a perfect complex for all pro-p open subgroups K C G, (F).

Moreover, ULA objects are preserved under Verdier duality D = Dguygspak and satisfy Verdier
biduality.

Corollary 6.4.2. Let b € B(G), and let p be an admissible complex in D(Gp, (F), A). The objects (ip).p
and (ip)1p of Dys(Bung, A) are ULA over Spd k.

Proof. The object (ip)1p is ULA by the criterion in Theorem 6.4.1. Using Verdier duality (P4.) we have
D((ip)ipY) = (ip)«p so that (ip).p is also ULA. m]
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Next, recall that any object V of Repg (A) gives rise to a Hecke operator 7y, which is an endofunctor
of Dys(Bung,c,A). When A is a torsion ring, there is a natural equivalence Dy (Bung.c,A) =
D¢ (Bung ¢, A), and the operator Ty is defined concretely as the operation

Ty : Dg(Bung,c,A) — Dg(Bung,c,A)
F = hy (B F® Sy).

Here, Sy € D¢ (Heckeg,c, A) is pulled back from the object Sy € Dét(Hecke'ng, A) corresponding
to V under the Satake equivalence (Theorem 5.1.1).

Theorem 6.4.3 ([FS21, Theorem IX.0.1]). The Hecke operators preserve the subcategories of ULA and
compact objects in Dys(Bung ¢, A). For any V, Ty has left and right adjoint given by Tyv, where V" is
the dual representation of G. The actions of Hecke operators are compatible with extension of scalars
along any ring map A — A’.

Next, we explain the relation between the Hecke operators Ty and the cohomology of local shtuka
spaces. Let u be a dominant cocharacter of G, and let V,, € Rep(G) be the associated Weyl module.

For any Z,-algebra A, we write V,, o € Rep(@A) for the base change of V),. Let S, = Sy, be the
corresponding object in the Satake category with Z,-coefficients; similarly, if A is a torsion ring, we
write Sy A = Sy, A for the corresponding object with A-coeficients. We will slightly abuse notation by
using the same notations for the pullbacks of S, and S, A to various other v-stacks, including Grg <u.c
and Shtg p . c (along the period morphism 71 from equation (6.1.4)).

Lemma 6.4.4. Let A be a Zs-algebra, let K ¢ G(F) be an open compact subgroup and let Ix p =

CIl’ldi(F)A, where cInd is compactly supported induction. Then there is a natural isomorphism

RT.(ShtG b p.k.cs Spn) = i, Tv, (i Ik A
in D(Gy(F), A).

Proof. When A is a torsion ring, we can give the following direct argument. The global sections of
iy Ty, »(i1)Ik A over Spd C — Bunlé are

RT(Spd C, i} oy (B (i) Ik A ®A Sin)) = RT(Gr™! Ik Al ®a Spn)-

Now use Ix o = (jx 1A along with proper base change to get the result.
The general case follows from the proof of [FS21, Proposition IX.3.2]. )

Recall that, when p is any smooth G, (F)-representation with Q,-coeflicients, we defined an object

RT(G, b, w[p] = lim R Homg,, (r) (RT¢ (Sht(G.p.0).c /K, Sp) © Q. p),
K

in D(G(F), Q;), cf. Definition 2.4.3. The association p — RI'(G, b, ) [p] clearly extends to a functor
D(G,(F),Q¢) — D(G(F), Q). Our next goal is to give an alternative approach to this construction,
which is valid for more general coefficient rings and which makes the finiteness properties of this
construction transparent.

Proposition 6.4.5. Let p be any object of D(Gy,(F), Q¢). Then there is a natural isomorphism

RU(G,b,w)[p] = iiTyv_ (ip)sp
H,Qp

in D(G(F), Qg).
If p is admissible, then so is RU'(G, b, u)[p]. If p is of finite length, then so is RU(G, b, u)[p].
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Proof. Let K ¢ G(F) be a compact open subgroup. Using Lemma 6.4.4, various adjunctions and the
compatibility of Hecke operators with extension of scalars, we have

_ o o _
RHomg, () (RT (St b .k .c» Sv) ® Qz, p) = RHomg, (r) (i3 T, (i1)cInd$ " Z, © Q7. p)
= RHomg, (r) (i, Tv 7(il)!CIndg(F)@, P)
= (] TVV (lh) o)k,

Taking the colimit over K gives the first claim. The claim about preservation of admissibility now follows
from Theorem 6.4.1 combined with Theorem 6.4.3. For the final claim, fix some p of finite length. Note
that i TVv (ip)«p is the smooth dual ofz*TVv (lb)vp so it’s enough to show that z*TVv (zb) oY

of finite length But finite length is equlvalent t0 being both compact and admissible, so We conclude
by observing that the operation i TVv (z »)1(—) preserves compact objects. m]

Definition 6.4.6. For any Z,-algebra A, we write
RU(G,b,p)[-] : D(Gp(F),A) = D(G(F), )
for the functor i{Ty v (ip)«(-).
A

By the previous discussion, this functor is compatible with extension of scalars along any map A — A’
and preserves admissible objects. Moreover, if A is Artinian and p € D(Gp(F), A) is admissible of
finite length, then RT'(G, b, u)[p] is also of finite length by the same argument as in the proof of
Proposition 6.4.5.

We now come to the technical heart of this paper. Choose Z,-valued Haar measures on G (F) and
G (F), compatibly as in §3.4. These induce A-valued Haar measures on the same groups compatibly
with varying A. Then for any A, any admissible representation 7 of G (F) with coefficients in A has
a corresponding A-valued trace distribution tr. dist(sr), and similarly for G (F). Recall also that we
defined a transfer of A-valued distributions 7;7’G:_’G, Definition 6.3.4.

Proposition 6.4.7. Let A be any torsion Z¢-algebra, and let p be any admissible representation of
G, (F) with coefficients in A. Then have an equality

tr. dist RD(G, b, p) [plen = 7;31’_’6 tr. dist(p)er

in Dist(G (F)e, A)C ).

Proof. In the following proof, we set § = Spd C and V =V, A for brevity.
We have an isomorphism

H’(Ing(Bung; (). K, ys) = Dist(G(F), A)CE)

ns (Bun

and similarly for G, (F). With respect those isomorphisms, the left side of the desired equality is the
characteristic class

CCBun]G,C/S (f]kTVv (ip )*P)

restricted to Dist(G (F)en, A)¢F).
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For the remainder of the proof, we introduce the abbreviations B = Bung ¢ and H = Heckeg,<y,c
and In = Ing. Let us also use a subscript ‘ell’ to mean restriction to the appropriate elliptic locus. Taking
inertia stacks in equation (6.1.2), we obtain a commutative diagram

In(h} e

In(H*")ey —— In(BY)ey (6.4.2)
Ji ljl
i In(H*') — > In(B")
In(h}"h
In(#}) lln(il)
In(H”*)ey —— In(H”*) ——— In(H) In(B)
Jn In(i},) In(hy)
Iﬂ(hfj’*)cnl In(hfm)l In(h1)
In(B?)ey — In(B?) , In(B)
Jb In(ip)

in which all squares are Cartesian, and the morphism labeled id is the equality from Corollary 6.2.4.
The characteristic class in question is

Jrecp s(@Tyv(ip)p) 2 (i) cepys ((ha) (B Gip)op ® Syv)
2 e In(i)* In(ha). cep s (' (ip)op ® Syv)
(In(y e (7])* In(i})* cep s ( (ip)ep ® Syv)
(In(h3 en)s () * In(iy))* ceprys (B (ip)op ® Syv)
LT (R Den) (5)* cepne s ((i3)* I (i )op ® Syv)
= (In(hy e (Gp)* cepe s ((B27)p @ Syv).

Noting that H>-* = [Grlé;,s_”,c/Gb(F)S], we have a Cartesian diagram of decent S-v-stacks:

Hb > ploc (6.4.3)

-

b loc
BY —— Bloc,

Here, B” = [S/Gy(F)s], HI® = [Grg,<—u,c/L;,G], and Bl = [§/L} G]; the m here is chosen large
enough so that the action of L*G on Grg,<—, ¢ factors through the quotient L;,G. Through this, we
can identify (hll”*)*p ® Syv with p Bg.e Syv. Itis at this point we apply Theorem 4.5.3, valid because
the base BI°° = [S/L} G] satisfies the hypotheses of Lemma 4.5.2. We get

Jieegis(iiTyv (ip)ep) = (In(hy ). (75)* (CCBb/s P Bin(Blx) CCH};;C/s(SVV))

= (In(h;’l)eu)* (CCBb/S Pell Eln(Bl?f)sr CCH,‘;’C/S (SVV)Sr) .
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Considering the diagram

H(In(B®)ent, Kin(gby/s) - Dist(Gp (F)ent, A) 0 F)
B (5190 Carloe s (Sv v )se a; (9)®&(=1) PG #) rank V'V [-]
HO(In(H"*)ent, Kin(gg6.y5) ————— Dist(Fix(ap)en, A) > F)
= (p0);!
HO(In(H""")en, Kin(gg0.1)/5) ————— Dist(Fix(asn)en, A) ¢ F*» (F)

= (p2)«

HO(In(H*Yent, Kin(grv1)/5) Dist(Fix(ay)en, A)¢F)

In(/2}"). (q2)«

H(In(B")ent, Ko (1y/5) - Dist(G (F)en, A)¢F)

our characteristic class is the image of ccgi /g(p)en under the composite vertical map on the left. The
diagram is commutative; the hardest thing to check is the commutativity of the top square, which follows
from Proposition 6.4.8 below. The composition along the right column is 72’; —G giving us the desired
equality of distributions. O

It remains to justify one step in this computation. Maintain the notation and assumptions of the
previous theorem. The v-stack H?>* can be expressed as a fiber product as in equation (6.4.3); we have
the ULA object p Bz Syv, whose characteristic class can be calculated using Theorem 4.5.3.

Let

ap: Gp(F)s x Grg, <y — Grg,<—u
be the action map so that we have an isomorphism
Ing(H”*) = [Fix(ep)/Gp(F)s].

Let Fix(ap )5 be the open subset lying over G, (F)g: (and use the same convention for other objects);
then Fix(ap )s: is a locally profinite set, which is finite over G, (F) with fibers X, (T)<—,.

Proposition 6.4.8. The characteristic class
ccrr/s(p B Syv)se € HO (Ing(H)s, King (1 /5) = Dist(Fix(ap )or, A) )
equals the image of tr. dist(p) ® (=1)°G=) rank VV [~ under the evident map
Dist(Gp, (F)sr, A) ) © C(X,(T)<—p, A)W — Dist(Fix(ap s, A)» F). (6.4.4)

Proof. Take inertia stacks in equation (6.4.3), and restrict to the strongly regular locus in Ing[S/L},G]
to obtain a Cartesian diagram

[Fix(ap)s/Gp(F)s] —————— [Gp5(F)s ) Gp(F)s]

| |

X* (T)Su XW [L:—nTsr//Tsr] —— [L:;lTsr/(W > L:;—qT)]~
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The Kiinneth map (4.5.2) in this situation reduces to equation (6.4.4) on the level of global sections.
The result now follows from Theorems 4.5.3 and 5.1.4. ]

This formally implies the following theorem.

Theorem 6.4.9. Let p be any finite length admissible G, (F)-representation with @-coeﬁicieits. As-
sume that p admits a Z¢-lattice in the sense of Definition C.2.1. Then for all ¢ € C.(G (F)ent, Q¢), the
equality

(@l Manty i (p)) = | 7,72~ (ur. dist p) | (4)

holds.
Recall that by definition, 7;3’*6(&. dist p)(¢) depends only on (tr. dist p)e);.

Proof. Fix p and ¢ as in the theorem, and fix a Z,-lattice p° C p. After rescaling, we may also assume
¢ is valued in Z,. It is clear from the definitions that tr(¢| Manty, , (p)) = tr(¢|RT'(G, b, u)[p°]) and

T8 . distp) | (0) = | 750 e dist )| (9.

Foralln > 1, set p,, = p° ® Z/¢", and write ¢,, € Co(G(F)en, Z¢ /€") for the obvious reductions of
¢. Applying Proposition 6.4.7 with A = Z,/£", we get equalities

(gal RT(G, b, ) [p5]) = | 1,57 (. dist o) (4)

for all n > 1. The result now follows by taking the inverse limit over 7. O

6.5. Proof of Theorem 1.0.2

We are finally ready to prove the main theorem of the paper, which we restate for the convenience of the
reader.

Theorem 6.5.1. Assume the refined local Langlands correspondence [Kall6a, Conjecture GJ. Let
¢: Wr x SLy — LG be a discrete Langlands parameter with coefficients in Q,, and let p € Iy (Gp)
be a member of its L-packet. After ignoring the action of Wg, we have an equality

Mant,, ,(p) = Z [dimHomS¢ (Or.p rﬂ)] T+ err
nelly (G)

in Groth(G (F)), where err € Groth(G (F)) is a virtual representation whose character vanishes on the
locus of elliptic elements of G (F).

If the packet 114(G) consists entirely of supercuspidal representations and the semisimple L-
parameter @, associated with p as in [FS21, §1.9.6] is supercuspidal, then in fact err = 0.

The main ingredient in the proof is the following extension of Theorem 6.4.9 to its natural level of
generality.

Theorem 6.5.2. Let p be any finite length admissible G, (F)-representation with Qq-coefficients. Then
Jorall p € Co(G(F)ent, Qc), the equality

tr(¢| Manty, , (p)) = | T,20 7 (tr. dist p) | (¢)

holds.
In particular, the virtual character of Manty, , (p) restricted to G (F)ey is equal to TbGZ_)G (©p).
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We will formally deduce this from Theorem 6.4.9 by a continuity argument.
For the proof of this theorem, it will be convenient to use the language of Grothendieck groups. In
particular, by the finiteness results mentioned above, Mant,, ,,(—) can be regarded as a group homomor-

phism Mant;, () : Groth(G, (F)) — Groth(G(F)). Recall that any element ¢ € C.(G(F),Qy) de-

fines a linear form tr(¢|-) : Groth(G (F)) — Q. By definition, a linear form f : Groth(G(F)) — Q¢
is a trace form if it can be written as tr(¢|—) for some ¢ € C.(G(F), Q). The key ingredient in the
proof of Theorem 6.5.2 is the following result, which roughly says that Mant,, ,,(p) is a continuous
function of p.

Theorem 6.5.3. For any ¢ € C..(G(F), Qy), the linear form
tr(¢| Manty, ,(=)) : Groth(Gp, (F)) — Q,

is a trace form.

With future applications in mind, we’ll actually prove the following refined form of this theorem
which also accounts for the Weil group action.

Theorem 6.5.4. For any fixed ¢ € C.(G(F),Qq¢) and w € Wg, the linear form Groth(Gp(F)) — Q,
defined by

p = (¢ Xw|RT(G, b, 1) [p])

is a trace form.

In the classical setting of Rapoport—Zink spaces, this was conjectured by Taylor, cf. [Shil2, Conjecture
8.3]. Taking w = 1, we deduce Theorem 6.5.3.

Proof. For any reductive group H/F, the trace Paley—Wiener theorem of Bernstein—Deligne—Kazhdan,
[BDK86], characterizes trace forms among all linear forms on Groth(H(F)) by the following two
conditions:

1. There is some open compact subgroup K ¢ H(F) such that f(r) # 0 only if 7K # 0.

2. For any parabolic P = MU cC H and any irreducible smooth M (F)-representation o, f (il"",l (oy))
is an algebraic function of ¢, where ¢ varies over the unramified characters of M (F'). Here, iAH/, (=)
denotes normalizes parabolic induction.

We’ll prove the theorem by showing that the linear form tr(¢ X w|RT' (G, b, u)[—]) satisfies the
conditions of the trace Paley—Wiener theorem, applied to the group H = Gp.

Verification of Condition 1. Fix a pro-p open compact subgroup K ¢ G(F) such that ¢ is bi-K-
invariant. If tr(¢ X w|RI'(G, b, u)[p]) # 0, then (iiTvyvgib*p)K # 0. Therefore, it suffices to see that

there is some open compact K’ C Gy, (F) such that (i}Tyv__ip.p)X # 0 only if pX” # 0. For this, write
H»Qg

((5Tyv_ipep)® = RHom(iy cInd$'") Q7 Ty _ipep)
Qe Qe
~ RHom(TV#YQT;il! CIndIG((F) Qy, ipep)

= RHom(iZTVH inly cIndg(F) Q. p).
-Qr

But now i} TV fl'p cIndG(F> Qs compact and hence supported on only finitely many Bernstein
components for G b (F ). This shows that the irreducible p’s with (z*TVv l p+p)X # 0 are supported on

finitely many Bernstein components for G, (F). Quite generally, if @ 1s any finite union of Bernstem
components for G, (F), we can choose an open compact subgroup K’ c G, (F) such that pX" # 0 if p
is supported on ®. This gives the result.
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Verification of Condition 2. Fix P = MU c G, and o as in Condition 2. Let X = SpecR

be the smooth affine algebraic variety over Qg parametrizmg unramified characters of M(F). Let
¥ : M(F) — R* be the universal character and form H = v o (o). This is an admissible smooth

R[Gp (F)]-module interpolating the parabolic inductions i iG o (o) over varying unramified characters

in the evident sense.® Since I1 is admissible, the pushforward i,.IT € Dys(Bung, R) is ULA. Since Hecke

operators preserve ULA complexes, we deduce that i’l‘TVvR ip«I1 € D(G(F), R)BWE is an admissible
M

complex of smooth R[G (F)]-modules with Wg-action, which interpolates the individual complexes
RT(G. b w7 ()] = iy ineiyf (o)

in the evident sense.
Now fix a pro-p open compact subgroup K c G(F) such that ¢ is bi-K-invariant, so ¢ X w defines
an endomorphism of the perfect complex

(i3Tyv ipID)K € Perf(R).
MR

Let f € R be the trace of this endomorphism. Unwinding definitions, we see that, for any unramified
character ¢ : M(F) — @X with associated point x,, € X (Q¢), there is an equality

fxg) =t (@ X WIRT(G. b 57 ()]

This shows that tr(¢ X w|RT'(G, b, u) [iGb (oy)]) is an algebraic function of ¥, as desired. O

Let us say a subset § C Ier (G(F)) is dense if any trace form on Groth(G (F)) which vanishes on
S vanishes identically. For instance, the Langlands classification implies that (for any fixed choice of
isomorphism C =~ Q) tempered representations are dense, cf. [Kaz86, Theorem 0].

Lemma 6.5.5. The subset of irreducible representations n € Irrg, (G(F )) admitting Z¢-lattices is dense.

It seems reasonable to think of this lemma as an ¢-adic analogue of the density of tempered repre-
sentations.

Proof. Letf be atrace form, and assume that f(7) = O forevery 7 € Irrg, (G (F)) admitting a Z,-lattice.

By Proposition C.2.2, it’s enough to show that f(i M(o-z//)) =0 for any parabolic P = MU c G,
any unramified character ¥ of M(F) and any o € Irr (M (F)) admitting a Z,-lattice. Fix P and
o, and consider the function g on unramified characters of M(F) sending ¢ to f (i M(m,lr)). By the
easy direction of the trace Paley—Wiener theorem, g is a regular function on the variety of unramified
characters of M (F).

Let us say an unramified character ¢ is integral if it takes values in Z_[X. If ¥ is integral, then
oy admits a Z-lattice, and hence also ifl(aw) admits a Z-lattice. In particular, if  is integral and
iAG,I (o) is irreducible, then g(¥) = 0 by combining these observations with our assumption on f. Now
integral characters are Zariski-dense in the variety of unramified characters of M (F'), and the subset T
of integral characters such that if/l (oy) is irreducible is also Zariski-dense (use [Dat05, Theorem 5.1]).
Since g(y) = 0 for all y € T, we deduce that g = 0, so in particular

0=gW) = £ (i5 (0w

for all . This gives the result. O

6To see that IT is admissible in our slightly nonstandard sense, observe first that ITX is finitely generated as an R-module for
all pro-p open compact subgroups K ¢ Gy, (F) since P(F)\Gp, (F)/K is finite. But R is a smooth Q-algebra, so any finitely
generated R-module is automatically a perfect complex, giving the desired result.
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Proof of Theorem 6.5.2. Fix ¢ as in the statement of the theorem, and consider the linear form

£(=) = (@l Manty, () = | 7,5 (. dist )| (9)

on Groth(Gp(F)). By Theorem 6.4.9, we know that f(p) = 0 if p admits a lattice. We need to show
that f vanishes identically.
The key observation is that f is a trace form. Indeed, tr(¢| Mant;, ,(-)) is a trace form by Theorem

6.5.3. Moreover, EG:HG (tr. dist —) | (¢) is a trace form since we can rewrite [7;96: -G (tr.dist p) | (&)

as the trace of TGHG” (¢) € Co(Gp(F)en, @)Gb( r) acting on p. Thus, f is a difference of trace forms
and hence a trace form Since f(p) = 0 for any p admitting a lattice, Lemma 6.5.5 now implies the
desired result.

For the final claim about virtual characters, choose compatible @-V_alued Haar measures dg and
dg’ on G(F) and G (F). Fix some p, and let 2 € C(G(F)s )/ G(F), Q) be the virtual character of
Manty, , (p). Pick any ¢ € Co(G(F)en, Q¢). Then

tr( Manty, . (p)) = /G L E0ds

by definition. On the other hand,

[T amp| @)= [ L T @)@t

by compatibility of the Haar measures and Proposition 6.3.5. Combining these observations, we get an
equality

/ T9r=%(6,)()p(s)dg = / =) ()ds
G(F) G(F)

for any ¢ € C.(G(F)en, Q7). The result now follows by varying ¢. O

Proof of Theorem 6.5.1. The claimed equality in Groth(G(F)) is an immediate consequence of Theo-
rem 6.5.2 and Theorem 3.2.9.
For the claim regarding the error term, consider the virtual representation

err = Manty, , (p) — Z dim Homg, (6 7 p, 7y ) 7.
nelly (G)

By the first half of the theorem, we know that err is nonelliptic. By Theorem C.1.1, it thus suffices to
show that err is a virtual sum of supercuspidal representations. Since the packet I1,4 (G) is supercuspidal
by assumption, we’re reduced to showing that Mant;, ,,(p) is a virtual supercuspidal representation. By

definition, this is the Grothendieck class of the complex A = i}T; Vi zb p € D(G(F),Qy), so we need

to see that any irreducible T occurring in the Jordan-Holder serles of H*(A) is supercuspidal. Since
¢+ = ¢, by the commutation of Hecke operators with excursion operators, the claim now follows from
the assumption on ¢, and [FS21, Theorem 1.9.6.viii]. O

6.6. Application to inner forms of GL,

We give an application to the local Langlands correspondence. Recall that, for any G/F, any b € B(G)
and any 7 € Irr(G,(F)), the construction in [FS21, Proposition 1.9.1] (applied to A = ip,7) gives rise
to a semisimple L-parameter ¢, : Wr — G (Q,) associated with 7. This construction is canonical
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and satisfies a long list of desirable properties [FS21, Theorem 1.9.6]. However, it is a highly nontrivial
problem to compare this construction with ‘previously known’ realizations of the local Langlands
correspondence.

Theorem 6.6.1. Let G be any inner form of GL,, [ F, and let t be an irreducible smooth representation of
G (F). Then the L-parameter ¢ . associated with mw as in [FS21, §1.9] agrees with the usual semisimplified
L-parameter attached to .

Proof. By [FS21, Theorem 1.9.6.viii], we can assume 7 is supercuspidal. Pick some basic b with
Gp =GL,/F, and let p € Irr(G (F)) be the Jacquet—Langlands transfer of 7 [DKV84], so the (usual)
semisimple L-parameters of p and & agree. By [FS21, Theorem 1.9.6.viii-ix], we know that ¢, agrees
with the usual semisimple L-parameter of p. To prove the theorem, it thus suffices to show that ¢, = ¢,.

Pick any u suchthatb € B(G, u). By Theorem 6.5.2 and the usual character relation characterizing the
Jacquet-Langlands correspondence, we have an equality Manty, ,(p) = dim V), - 7 + e in Groth(G(F)),
where e is a nonelliptic virtual representation. Since 7 is supercuspidal, this implies that 7 occurs as a
subquotient of some cohomology group of the complex A = ijT; Vviib* p € D(G(F), Q). But Hecke

H,Qp
operators commute with excursion operators, so ¢ = ¢,, for any irreducible T occurring in the Jordan—
Holder series of H*(A). o

A. Endoscopy
A.l. Endoscopic character relations

We recall here the endoscopic character identities, which are part of the refined local Langlands
correspondence, following the formulation of [Kall6b, §5.4], also recalled in [Kall6a, §4.2]. They play
a key role in the proof of Theorem 3.2.9. We recall the notation established before the statement of that
theorem.

e F/Q, is a finite extension, F"'/F a maximal unramified extension.
G is a connected reductive group defined over F.

G* is a quasi-split connected reductive group defined over F.

Y is a G*-conjugacy class of inner twists : G* — G.

Zo =y oY) € Giysothatz € Z'(F,G7).

z€Z(u — W,Z(G*) = G*)is alift of Z.

b € G(F™) is a decent basic element.

G, is the corresponding inner form of G.

& Gpw — Gy por is the identity map.

2w €Z(u - W,Z(G) = G) and g € G(F) satisfy equation (2.3.1).
w is a Whittaker datum for G*.

¢: Wi XSL, — LG is a discrete L-parameter.

S¢ = Cent(¢, G).

S:; is the group defined in Definition 2.3.1.

Az, resp., Az, the image of the class of z, resp., z;, under the isomorphism

H'(u —» W,Z(G*) = G*) = mo(Z(G)*)*.

Recall that Ad(g) : G;, — G} is an F-isomorphism. We will use it to identify the two groups and
drop g from the notation. We will use the letter g for a different purpose below.
Associated to ¢ are the L-packets I14(G) and I14(G, ) and the bijections

Iy (G) — Irr(mo(S§), A2), y(Gz,) — Irr(mo(Sy), Az +4z,)

denoted by 7 = 7, 1,z and p = T,y p.
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We now choose a semisimple element s € S, and an element § € S which lifts s. Let e(G) and
e(G, ) be the Kottwitz signs of the groups G and G, , as defined in [Kot83]. Of course, e(G ;) = e(Gp).
Consider the virtual characters

e(G) Z tr 7w, 2(5) - Op and e(Gg,) Z tr Tz w,0(S) - Op.

nelly (G) pelly(Gz,)

The endoscopic character identities are equations which relate these two virtual characters to virtual
characters on an endoscopic group H;. From the pair (¢, §), one obtains a refined elliptic endoscopic
datum

é=(H, 1,37 (A.1.1)

in the sense of [Kal16b, §5.3] as follows. Let H= Cent(s, 6)". The image of ¢ is contained in Cent(s, 5) ,
which in turns acts by conjugation on its connected component H. This gives a homomorphism Wr —
Aut(ﬁ ). Letting ‘I‘o(ﬁ ) be the based root datum of H [Kot84b, §1.1] and vy (ﬁ ) its dual, we obtain the
homomorphism

Wr — Aut(H) — Out(H) = Aut(¥o(H)) = Aut(¥o(H)").

Since the target is finite, this homomorphism extends to ', and we obtain a based root datum with
Galois action, hence a quasi-split connected reductive group H defined over F. Its dual group is by
construction equal to H.WeletH =H - ¢(Wr), noting that the right factor normalizes the left, so their
product H is a subgroup of LG. Finally, we let n : H — LG be the natural inclusion. Note that by
construction ¢ takes image in H, i.e., it factors through 7.

We can realize the L-group of H as “H = H = W, but we caution the reader that Wy does not act on
H via the map Wr — Aut(ﬁ ) given by ¢ as above. Rather, we have to modify this action to ensure that
it preserves a pinning of H. More precisely, after fixing an arbitrary pinning of H, we ~obtain a splitting
Out(H) - Aut(H ) of the projection Aut(H) — Out(H) and the action of Wy on H we use to form
L H is given by composing the above map Wy — Out(H ) with this splitting.

Both L H and H are thus extensions of W by H, but they need not be isomorphic. If they are, we fix
arbitrarily an isomorphism 77y : H — ©H of extensions. Then ¢* = 11 o ¢ is a discrete parameter for H.

In the general case, we need to introduce a z-pair 3 = (Hi,11) as in [KS99, §2]. It consists of a z-
extension H; — H (recall this means that A has a simply connected derived subgroup and the kernel of
H; — Hisaninduced torus) and n; : H — LH, isan L-embedding that extends the natural embedding
H—H 1. As is shown in [KS99, §2.2], such a z-pair always exists. Again, we set ¢* = 171 o ¢ and obtain
a discrete parameter for H;. In the situation where an isomorphism 7, : H — L H does exist, we will
allows ourselves to take H = H| and so regard 3 = (H, 1) as a z-pair, even though in general H will not
have a simply connected derived subgroup.

The virtual character on H; that the above virtual characters on G and G, are to be related to is

S®¢s = Z dim(7,5)Os.
s €ll gs (Hy)

Here, m° = 7 is a bijection I1gs (H1) — Irr(mo(Cent(¢®, ﬁl)/Z(ﬁl)r)) determined by an arbitrary
choice of Whittaker datum for H;. The argument in the proof of Lemma 2.3.3 shows the independence
of dim(7,s) of the choice of a Whittaker datum for H;.

The relationship between the virtual characters on G, G,, and H; is expressed in terms of the
Langlands—Shelstad transfer factor A’ [€,3, w, (¢, z)] for the pair of groups (H;,G) and the corre-
sponding Langlands—Shelstad transfer factor A’ [¢,3, w, (§ o ¢, v~ (zp) - 2)] for the pair of groups
(Hy,Gy,), both of which are defined by [Kall6b, (5.10)]. We will abbreviate both of them to just A. It
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is a simple consequence of the Weyl integration formula that the character relation [Kall6b, (5.11)] can
be restated in terms of character functions (rather than character distributions) as

e(G) Y, UTwa(Ox()= D, Ah,8)5Ou (k) (A-1.2)

HEH¢(G) hi€eH|(F)/st.

for any strongly regular semisimple element g € G (F). The sum on the right runs over stable conjugacy
classes of strongly regular semisimple elements of H; (F). We also have the analogous identity for G, :

e(Gz) D T8 = DL Alh,g)S0s (h). (A.13)
p€H¢(GZb) hlEHl(F)/St.

For the purposes of this paper, we are only interested in the right-hand sides of these two equations as
a bridge between their left-hand sides. Essential for this bridge is a certain compatibility between the
transfer factors appearing on both right-hand sides:

Lemma A.1.1.

A1, g") = Alhi,g) - (inv[b] (g, g"). 55 ). (A.1.4)

We need to explain the second factor. Given maximal tori Ty € H and T C G, there is a notion
of an admissible isomorphism 7y — T, for which we refer the reader to [Kall6a, §1.3]. Two strongly
regular semisimple elements & € H(Q,) and g € G(Q),) are called related if there exists an admissible
isomorphism 7}, — T, between their centralizers mapping 4 to g. If such an isomorphism exists, it is
unique, and in particular defined over F, and shall be called ¢, ¢. An element 2 € H(F) is called
related to g € G(F) if and only if its image h € H(F) is so. Since g and g’ are stably conjugate, an
element iy € H|(F) is related to g if and only if it is related to g’. If that is not the case, both A(hy, g’)
and A (hy, g) are zero, and equation (A.1.4) is trivially true. Thus, assume that A, is related to both g
and g’. Let 5% € S be the image of § under equation (2.3.2). Note that s e s-Z(G)>T, and hence, the
preimage of s under 7 belongs to Z (ﬁ )I', which in turns embeds naturally into fhr Using the admissible

B

isomorphism ¢, 4, we transport sf into 7’2: and denote it by s,

the isomorphism B(7,) = X* (7/;?) of [Kot85, §2.4].

¢ It is then paired with inv[b](g, g’) via

Proof. For every finite subgroup Z ¢ Z(G) c T, one obtains from ¢,  an isomorphism 7}, / %_zlg (Z2) »

T, /Z. Using the subgroups Z, from §2.3, we form the quotients 7}, ,, = Th/goz’lg (Zp) and Ty, =Tg [/ Zy,.
From ¢y, ¢ we obtain an isomorphism

%'ﬂl)

—

=

between the limits over n of the tori dual to Ty, , and Ty ,,. Let §5, o € [7:‘;;]Jr be the image of § under
this isomorphism. Let inv([z,](g,g") € H'(u —> W, Z(G) — Ty) be the invariant defined in [Kal16b,

§5.1]. If we replace (inv[b](g, g’), si g) by (inv[z5](g, &"), $n,¢) then the lemma follows immediately
from the defining formula [Kal16b, (5.10)] of the transfer factors. The lemma follows from the equality

(inv[b](g,g"), si’g) = (inv[z5](g,8"), $n,¢) proved in [Kall8, §4.2]. O

A.2. The Kottwitz sign

We will give a formula for the Kottwitz sign ¢(G) in terms of the dual group G.Fix a quasi-split inner
form G* and an inner twisting ¢y : G* — G. Let h € H'(T, G, be the class of o - Yo (). Via the

Kottwitz homomorphism [Kot86, Theorem 1.2] the class % corresponds to a character v € X*(Z (5 o)b).
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Choose an arbitrary Borel pair | (Tgc, Bgc) of ch and let 2p € X, (7;0) be the sum of the BqC -positive
coroots. The restriction map X* (EC) - X*(Z (ch)) is surjective and we can lift vto v € X* (EC) and
form (2p,v) € Z. A different lift v would differ by an element of X* (Tad) and since p € X, (Tad) we see
that the image of (2p, v) in Z/2Z is independent of the choice of lift v. We thus write (2p, v) € Z/2Z.
Since any two Borel pairs in Gy are conjugate, (2p, v) does not depend on the choice of (Tye, Bseo).

Lemma A.2.1.
e(G) = (=),

Proof. We fix I'-invariant Borel pairs (Tyq, B,q) in G: i and (fsc, Egc) in GSC. Then we have the identifi-
cation X*(Tyq) = X*(ﬁc). Let (Tyc, Bsc) be the preimage in G, of (Taq, Bag)-
By definition, the Kottwitz sign is the image of 4 under

H'(T,G:)) —= HA(I, Z(G%,)) — = HA(T', {£1}) — {=1},

where p € X*(T) is half the sum of the By.-positive roots and its restriction to Z(G?%,) is independent
of the choice of (Tyg, Bag)- By functoriality of the Tate—Nakayama pairing, this is the same as pairing
5h € HX(T, Z(G?%,)) with p € HO(', X*(Z(G%,))). The canonical pairing X*(Tyq) ® X*(Tee) — Z
induces the perfect pairing X*(Ts.)/ X" (Th) ® X* (ic)/X* (fad) — Q/Z and hence the isomorphism
X*(Z(Gy.)) — HomZ(X*(Z(CA}SC)), Q/Z) = Z(@SC), where the last equality uses the exponential map.
Under this isomorphism, p € X*(Z(G?,))" maps to the element (1) € Z (GSC)F obtained by mapping
(=1) € C* under 2p € X*(Taq) = X- (ic). The lemma now follows from [Kot86, Lemma 1.8]. O

B. Elementary Lemmas
B.1. Homological algebra

Lemma B.1.1. Let R be a discrete valuation ring with maximal ideal m. Let k = R/m be the residue field,
and let A = R/m* for some k > 0. For a A-module M, we have the dual module M* = Hom (M, A)
and the natural morphisms M — M** and (M* @ M) — (M ® M*)*.

The morphism M — M** is an isomorphism if and only if M is finitely generated.

Proof. For the ‘if” direction of the first point, we note that the structure theorem for R-modules implies
that a finitely generated A-module is a direct sum of finitely many cyclic A-modules, and each cyclic
A-module is isomorphic to its own double dual.

Conversely, assume that M — M™* is an isomorphism. We induct on k. If k = 1, then A is a field,
and this is well-known. For general k, we consider N = M /mM. The ring A is an Artinian serial ring,
and hence, it is injective as a module over itself. Thus, the dualization functor is exact, and we get a
commutative diagram

0 mM M N 0 (B.1.1)

which shows that the right-most vertical map is surjective and the left-most vertical map is injective.
We have an isomorphism of A-modules m”~'A — «, from which we obtain

N* = Homa (N, A) = Homy (N, m™ 'A) = Hom, (N, «).
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Thus, N** is also the double dual of N in the category of x-vector spaces, and it is easy to check that the
right-most vertical map in equation (B.1.1) is the canonical map in that category. Thus, this map is an
isomorphism, and N is fintely generated as a «-vector space.

By the Snake lemma, the left-most vertical arrow in equation (B.1.1) is an isomorphism. We can
apply the inductive hypothesis to the (A/m”~!)-module mM and conclude that it is finitely generated.
Thus, so is M. O

Lemma B.1.2. Let A be an arbitrary ring, and let D (A) be the derived category of A-modules. For an
object M of D(A), let DM = RHom(M, A[0]).

1. Assume that A = R/m* for a discrete valuation ring R with maximal ideal m. Then the natural
morphism M — DDM is an isomorphism if and only if each H' (M) is finitely generated.

2. For general A, the following are equivalent:
(a) The natural maps M — DDM and DM @ M — D(M ® DM) are isomorphisms.
(b) The natural map M @ DM — RHom(M, M) is an isomorphism.
(c) M is strongly dualizable; that is, for any object N, N@ DM — RHom(M, N) is an isomorphism.
(d) M is a compact object; that is, the functor N — RHom(M, N) commutes with colimits.
(e) M is a perfect complex; that is, M is isomorphic to a bounded complex of finitely generated

projective A-modules.

(Throughout, the ® means derived tensor product.)

Proof. For the first statement, the self-injectivity of A implies that H'(DM) = H~'(M)* so that
H (DDM) = H'(M)**. Therefore, M — DDM is an isomorphism if and only if each H (M) —
H(M)** is an isomorphism. By Lemma B.1.1, this is equivalent to each H' (M) being finitely generated.

We now turn to the second statement. For (a) = (b), assume that M — DDM and DM @ M —
D(M ® DM) are isomorphisms. Then RHom(M, M) = RHom(M,DDM) = RHom(M ® DM, A) =
DM ®DM) =DM ® M.

For (b) = (c), the identity map on M induces a morphism &: A[0] — RHom(M, M) — M DM
(the coevaluation map). The required inverse to N ® DM — RHom(M, N) is

RHom(M, N) %%’ RHom(M, N) ® M ® DM — N ® DM.

For (c) = (d), we use the fact that ® commutes with colimits.

For (d) = (e), we use the fact that compact objects of D(A) are perfect [Sta2 1, Tag O7LT].

Finally, for (e) implies (a), we can write M as a bounded complex of finitely generated projective
A-modules. Then duals and derived tensor products can be computed on the level of chain complexes.
We are reduced to showing, for finitely generated projective A-modules A and B, that A — A*™ and
A*® B — (A ® B*)* are isomorphisms. After localizing on A, we may assume that A and B are free of
finite rank (since duals commute over direct sums), where these statements are easy to check. O

We thank Bhargav Bhatt for helping us with the above proof.

B.2. Sheaves on locally profinite sets

Let S be a locally profinite set and A a discrete ring. We have the ring C(S, A) of locally constant
functions on S, and the nonunital ring C. (S, A) of locally constant compactly supported functions on
S. For each compact open subset U C S, let 1y denote the characteristic function. Then C(U, A) is a
principal ideal of both C. (S, A) and C(S, A) generated by 1;;. Multiplication by 1y is a homomorphism
C(S,A) — C(U, A) of rings with unity. In this way, every C (U, A)-module becomes a C (S, A)-module.
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Definition B.2.1. We call a C(S, A)-module M

1. smooth if it satisfies the following equivalent conditions

(a) The multiplication map M ®c(s,a) Cc (S, A) — M is an isomorphism.

(b) The natural map 1i_r>n(1U - M) — M is an isomorphism, where the colimit runs over the open
compact subsets U C S and the transition map 1y - M — 1y - M for U C V is given by the
natural inclusion.

2. complete if the natural map M — liLnU (1y - M) is an isomorphism, where again U runs over the open

compact subsets of S and the transition map 1yy - M — 1y - M for V c U is multiplication by 1y .

Lemma B.2.2. Let V C S be compact open, and let M be any C(S, A)-module. Then

1. 1y - M is a submodule 0fli_r>nU(1U - M) and equals 1y -h'_I)n(IU -M).
2. 1y - M is a submodule ofl(iLnU(IU - M) and equals 1y 'yﬂl(lU -M).

Lemma B.2.3. 1. The functor M — M*® = li_r>n(1 U - M) is a projector onto the category of smooth
modules.

2. The functor M — M€ := liLn(l U - M) is a projector onto the category of complete modules.

3. The two functors give mutually inverse equivalences of categories between the categories of smooth
and complete modules.

Let /5 the set of open compact subsets of S. Then B is a basis for the topology of S and is closed under
taking finite intersections and finite unions. Restriction gives an equivalence between the category of
sheaves on S and the category of sheaves on B. Define R(U) = C(U, A). This is a sheaf of rings on S.

Let F be an R-module sheaf on S. For U € B we extend the R(U)-module structure on F(U) to
a C(S, A)-module structure as remarked above. Then the restriction map F(S) — F(U) becomes a
morphism of C(S, A)-modules.

Lemma B.2.4. 1. For any U € B the restriction map F(S) — F(U) is surjective and its restriction to
1y - F(S) is an isomorphism 1y - F(S) — F(U).
2. We have F(S) = liLnU F(U), where the transition maps are the restriction maps.

Let M be an C(S, A)-module. Let Fy, (U) = R(U)M = 1y M. This is a C(S, A)-submodule of M.
Given V,U € B with V c U we have the map Fas (U) — Far (V) defined by multiplication by 1y . In
this way, F»; becomes an R-module sheaf.

Let f : M — N be a morphism of C(S, A)-modules. We define for each U the morphism fy :
Fu (U) — Fn (U) simply by restricting f to Fps (U). One checks immediately that ( fi7 )y is a morphism
of sheaves of R-modules. Therefore, we obtain a functor from the category of C(S, A)-modules to the
category of sheaves of R-modules.

Given a sheaf F on S, we can define the smooth module M- and the complete module M by

M5 =lim F(U)  M$=lim F(U),
U U

where the limit is taken over the restriction maps, and the colimit is taken over their sections given by
Lemma B.2.4, and in both cases U runs over B. Conversely, given any C(S, A)-module M, we have the
sheaf Fj,.

Lemma B.2.5. These functors give mutually inverse equivalences of categories from the category of
smooth (resp., complete) C(S, N)-modules to the category of R-module sheaves. These equivalences
commute with the equivalence between the categories of smooth and complete modules. Furthermore,

Fum(S) = Mc.
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C. Some representation theory

Let G be a reductive group over a finite extension F'/Q,,. For a parabolic subgroup P of G, we write ig
for the functor of normalized parabolic induction and rg for the normalized Jacquet module functor.

Fix a minimal parabolic Py = MyUj. A parabolic subgroup P is called standard if it contains Py.
There is a unique Levi factor M of P that contains My, and conversely M determines P. In that situation,
we may write iAG/I and ré’l in place of ig and rg.

C.1. Nonelliptic representations

Recall that a finite-length (virtual) G (F)-representation is nonelliptic if its Harish-Chandra character
vanishes on all elliptic elements. Our goal in this section is the following result.

Theorem C.1.1. Let 1 € Groth(G(F)) be any finite-length virtual G(F)-representation with C-
coefficients, or with Q¢-coefficients. Then r is nonelliptic if and only if it can be expressed as a Q-linear
virtual combination of representations induced from proper parabolic subgroups of G.

When G (F) has compact center, this is (a weaker version of) a classical result of Kazhdan [Kaz86].
The general statement seems to be well-known to experts, but we were unable to find an explicit
formulation in the literature.

Proof. 1t suffices to treat the case of complex coefficients. Parabolic inductions are nonelliptic by van
Dijk’s formula [vD72], so the ‘if” direction is clear. We will deduce the ‘only if” direction from [Dat00];
in what follows, we freely use various notations from loc. cit., in particular writing Z(G) for the
Grothendieck group of finite length smooth C-representations of G (F).

—d(G
Suppose that 7 € #(G) is nonelliptic. Following the notation of [Dat00], pick any f € # ( )(G).
Then all regular semisimple nonelliptic orbital integrals of f vanish by [DatO0, Theorem 3.2.iii], so

tr(f|m) = 0 by our assumption on 7 and the Weyl integration formula. Therefore, 7 € %d(c) (G)*,
80 T € Ry, (G) by [Dat00, Theorem 3.2.ii]. Now applying [Dat00, Proposition 2.5.i] to the Hopf
system & (—) = RZ(—-) ® Q with d = d(G), we see that 1 € Z(G) ® Q is annihilated by the operator
1= X am)>acc) ca(M)i§r¥ for some rational numbers ¢ 4(M). Therefore,

= Z cd(M)if,IrgI (m),
d(M)>d(G)

and the right-hand side is a Q-linear virtual combination of proper parabolic inductions, giving the
result. O

C.2. Integral representations and parabolic inductions

Fix a prime ¢ # p. As usual, let Groth(G (F)) be the Grothendieck group of finite-length smooth Q-
representations of G (F).

Definition C.2.1. Let 7 be an admissible smooth @-represen_tation of G(F). We say m admits a
Z,-lattice if there exists an admissible smooth ¢-torsion-free Z,[G (F)]-module L together with an
isomorphism L[1/{] ~ x.

Recall that our convention on the meaning of admissible is slightly nonstandard, so in particular
any such L has the property that LX is a finite free Z,-module for all open compact pro-p subgroups
K c G(F), and whence L is a free Z_g-module. The existence of a Z_g-lattice in our sense implies, but is
strictly stronger than, the existence of a ‘Z;G(F)-réseau’ in the sense of [Vig96]. Note also that if 7 is a
finite-length admissible representation admitting a Z-lattice, then any such lattice is finitely generated
as a Z¢[G(F)]-module by [Vig04].

The goal of this section is to prove the following result.
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Proposition C.2.2. The group Groth(G (F)) is generated by representations of the form iAG,[ (c®vy),
where if/l (—) is the normalized parabolic induction functor associated with a standard Levi subgroup

M, ¢ is an unramified character of M(F), and o is an irreducible admissible Qq-representation of
M (F) admitting a Z¢-lattice.

We will deduce this from Dat’s theory of v-tempered representations [Dat05]. In particular, we will
apply the theory from [Dat05] with K = Q, or with K = E C Q; a finite extension of Q;, equipped
with the usual norms, so v is a positive multiple of the usual ¢-adic valuation.

Lemma C.2.3. Let 7 be any irreducible smooth @-representation of G(F). If rt is v-tempered, then nt
admits a Zg-lattice.

Proof. Suppose given r as in the lemma. By [Vig96, I1.4.7], we may choose some E and some admissible
E-representation 7z together with an isomorphism 7z ®¢ Q = 7. By definition, 7 is v-tempered if
and only if 7g is v-tempered, [Dat05, Lemma 3.3]. Since g is v-tempered, it admits an Og-lattice L
by [Dat05, Proposition 6.3]. Then L ®¢,, Z_g is the desired Z_g-lattice in 7. m|

We will now freely use all the notation and results of [Dat05, §2-3], with IC = @ A triple (M, o, )
consisting of a standard Levi subgroup M C G, a v-tempered irreducible representation o~ of M (F)
and an unramified character 1,// of M(F) with —v(y) € (ap)™* is called a Langlands triple. The
correspondlng representation 7 G (o ® ¥) has a unique irreducible quotient, which we will denote by

(0' ® ). Every irreducible smooth representation 7 of G(F) is isomorphic to jp C(o®y) for a
(essentlally) unique Langlands triple, cf. [Dat05, Theorem 3.11]. The uniqueness of the trlple (M, o,¥)
with a given irreducible quotient 7 allows us to index the representation iIG, (o ®y) by 7. We shall write
I(r) for this representation and refer to it as the standard representation associated with 7. Note that
there is a natural surjection /(7) — 7.

On the other hand, by [Dat05, Theorem 3.11.ii], 1, := —v(¥) € ajwo is also a well-defined invariant
of 7. Note that 7 is v-tempered if and only if 1, = 0 and that M can be read off from A . The following
key lemma is the analogue of [BW00, Lemma XI.2.13] in our setting.

Lemma C.2.4. Let it be any irreducible representation. Write t = j G (o ®y), and let 1’ be any nonzero
irreducible subquotient of 1(n) = zM (0 ® ). Then A < Ay in the usual partial ordering on aMO, and
A < A if ' is a subquotient of ker(I(mw) — n).

Proof. After twisting, we may assume 7 and 7’ have integral central characters. Write n’ = jg(o“ ®
y’) for some Langlands triple (L,c”’,y’). By the proof of [Dat05, Theorem 3.11.i], A5+ occurs in
—v(E(AL, rg (7”))), so the result now follows from the subsequent proposition. O

Proposition C.2.5. Let MU = P and LN = Q be standard parabolic subgroups of G. Let o be a v-
tempered irreducible representation of M(F), and & : M(F) — @X an unramified character with
u=-v(y) e (ag)**. Let 1’ be a subquotient Ofig(O' ), and let u’ € —v(E(AL, rg (7"))). Then

Loy <p
2. If ’ is a subquotient ofker(lG(O' Y) — jp G(o®y)), then ' < .

Proof. The exponents of 7’ are a subset of the exponents of rQ(lG(a' ® ¥)). These were analyzed in

the proof of [Dat05, Lemma 3.7], where it was shown that if " is such an exponent and u’ = —v(y’) is
such an exponent, then

p=p = = L+ = = ()

for some w € Wy \ W/W,. It was moreover shown that p — [u]¢ and [ —w™' ] belong to *(a$; ),
which shows u — ¢’ > 0, hence (1).
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For (2), we may replace 7’ with ker(ig(a' ®Y) = jp G (o ® y)) since the exponents of the former
are again a subset of the exponents of the latter. We assume by way of contradiction that y = u’. We
have u € (a P)* “+and u’ € (a )*, so u’ = p implies that the intersection (a ) N (a )* is nonempty.
Since (aP)* -+ is an open subset of (aM)* we see that (aM)* C (aL) hence Q C P. According to the
formula rQ(ﬂ’) = erM (rG (")), u’ € v(é'(AM, P(ﬂ"))

By construction of the Langlands quotient j 5 G (o ® ¥), we have the exact sequence

0—-n' —>1P(0'®zﬁ)—>zf(0'®Lﬁ)

where the map between the two parabolic inductions is the intertwining operator Jz , of [Dat05, Lemma
3.7]. We recall that this intertwining operator was obtained via Frobenius reciprocity from the unique

(up to scalar) element of Homj, (rg(i g(cr ® ¥)), o @ ). This element is the unique retraction of the

natural embedding of o ® ¥ into rg(ig((r ®Y)).
We can describe this element in a slightly different way that is more suitable for our purposes. The

representation rg (ig (o ®y)) has a filtration indexed by elements of Wy, \ W /W), (strictly speaking,
one has to choose a total order that refines the Bruhat order), and the natural embedding of o ® ¥
into rg (ig (o ® ¥)) identifies o ® Y with the beginning part of this filtration, indexed by w = 1. It is
shown in equation (3.9) of the proof of [Dat05, Lemma 3.7] that, for any exponent "’ of a subqoutient
corresponding tow # 1, u” = —v (") satisfies u”’ < u. On the other hand, all exponents of o ® y have

image p under —v. Therefore, the retraction rg(ilc, (o ®y)) — o ®y is simply the projection onto the
p-direct summand of the the exponent decomposition of rg @iy Goey)).

Applying r to the above displayed exact sequence, we obtain the exact sequence
0= r(x") = rbG(e @y) = re(iS(o e v)).

Therefore, rg(n’), being the kernel of rg(ig(a' Y)) — rG(z,(O' ® ¥)), is contained in the kernel
of the composition of this map with the evaluation-at-1 map rG(zﬁ(O' ®Y)) — o ® . But that
composition is, by construction of Jp_p via Frobenius reciprocity, equal to the projection rg (ig (c®
W) — (rg(ig (o ®y))),. Thus, the exponents of the kernel of that projection are those exponents of

rg(i g (0 ®y)) whose image u”” under —v is not equal to u. By what was said in the previous paragraph,
these satisfy pu”’ < p. o

Proof of Proposition C.2.2. Fix a point 6 in the Bernstein variety for G(F), and let Irr(G(F))g C
Irr(G (F)) be the finite set of irreducible representations with cuspidal support 6. Let

Groth(G(F))g C Groth(G(F))
be the subgroup generated by Irr(G (F))g, so
Groth(G(F)) = ®¢ Groth(G(F))g.

By Lemma C.2.3, it suffices to prove that Groth(G(F))e is generated by representations if/l (o ®y)
for Langlands triples (M, o, ¥), i.e., by standard representations. Note that 7 € Irr(G(F))g implies
I(r) € Groth(G(F))g, cf. [BDK86, Proposition 2.4]. We will prove the finer result that the standard
representations I(xr), © € Irr(G(F))g give a basis for Groth(G (F))g.

Set

S={z,m € Irr(G(F))g} C ay,.
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Note that S is a finite set and inherits a natural partial order from the partial order on a}"wo. Pick any
€ Irr(G(F))g. If A, is minimal in S, then the natural map /(x) — x is an isomorphism by Lemma
C.2.4. In general, if A, is not minimal in S, then by Lemma C.2.4 and induction on S, we may assume
that ker(/ () — ) is a Z-linear combination of standard representations I (n”), 7’ € Irr(G (F))g. Then
alsom = I(n) —ker(I(m) — =) is a Z-linear combination of standard representations, giving the desired
result. O
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