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CENTERS OF INFINITE BOUNDED SETS 
IN A NORMED SPACE 

J. R. CALDER, W. P. COLEMAN, AND R. L. HARRIS 

Introduction. Cebysev centers have been studied extensively. In this 
paper an alternate concept of center for infinite bounded point sets is intro
duced. Some of the results in this paper for this new type of center are similar 
to previous results for Cebysev centers. 

Throughout this paper, 5 will denote a normed linear space, and || • || will 
denote the norm on S. N(S) will denote the origin in S, and K will denote a 
point set in S. If x is in 5 and r is a positive number, then B (x, r) will denote 
the open norm ball centered at x with radius r, B will denote the open norm 
ball, B(N(S), 1), and B will denote the closure of B. 

1. Uniqueness of centers. 

Definition 1.1. C\ denotes the collection to which the interval, [x, y], belongs 
if and only if x and y are two points of 5 such that ||x|| S 1 and \\y\\ ^ 1. 
D\ denotes the subcollection of G to which [x, y] belongs if and only if ||x|| = 
||y|| = 1. If [x, y] is in d , then I(x, y) denotes the interval [p, q] of Di such 
that [x, y] C [p, q], and \\p - x\\ < \\p - y\\. 

Definition 1.2. Suppose that C is a subcollection of G. The statement that C 
is uniformly convex means that if h > 0, then there is a number, d, in (0, 1) 
such that if [x, y] is in C, and if \\x — y\\ ^ h, then \\%x + %y\\ ^ 1 — d. 

THEOREM 1.1. Suppose that C is a subcollection of C\. Then the following two 
statements are equivalent: 

(1) C is uniformly convex; 
(2) if h > 0, then there is a number, d, of (0, 1) such that if [x, y] is in C, and 

tf \\x ~ y\\ = »̂ then Ihere is a point, w, of [x, y] such that \\w\\ S 1 — d. 

Proof. Clearly (2) follows from (1). Assume (2) is true and h > 0. Then 
there is a number, d, of (0, 1) such that if [x, y] is in C and ||x — ;y|| ^ h, 
then there is a point, p, of [x, y] such that \\p\\ :§ 1 — d. Hence there is a 
number, t, of [J, 1] such that ^x + \y = tp + (1 — t)z, where 

(x, if \\x - p\\ à i\\x -y\\; 
\y,ii\\x-p\\ <h\\x-y\\. 
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Then 

lli* + i:vll ^ A\P\\ + d - 011*11 
^ 1 - td 
ûl-hd. 

Hence C is uniformly convex. 

THEOREM 1.2. Suppose that C is a subcollection of Ciy that D is the subcollec
tion of Di to which [p, q] belongs if and only if there is an interval, [x,y], of C 
such that [p, q] = I(x, y), and that D is uniformly convex. Then C is uniformly 
convex. 

Proof. Suppose that 0 < h < 2, and suppose that d is a number of (0, 1) 
such that if [u, v] is in D, and if \\u — v\\ ^ h, then \\%u + %v\\ ^ 1 — d. 
Suppose also that [x, y] is in C, \\x — y\\ è h, m = \x + \y, I(x, y) = [/>, q], 
and ikf = j£ + Jg. Then either m is in [p, M] or m is in (Af, g]. 

Suppose that m is in [p, M], \\m\\ > 0, and t > 0 is the number such that 
if z = M + te, then ||s|| = 1. Also, if h = ||w - p\\/\\M - p\\, then w = 
hM + (1 - h)p, and if G = (1 + «i)m, then G is in [>, z]. Thus: 

1 - ||w|| ^ ||G|| - ||m|| 
^ / i | |* - M | | 

^ *i(l - | |M| | ) 

^ W/2. 

Hence ||ra|| ^ 1 — Ad/2. A similar argument holds in case m is in [M, q], and 
thus C is uniformly convex. 

Note that if C has the following property, then D is uniformly convex in 
case C is uniformly convex: if h > 0, then there exists a number, k, in (0, A) 
such that if [p, q] is in D and ||£ — g|| ^ h, then there exists an interval, 
[x, y], of C such that ||x — y\\ ^ & and /(x, y) = [p, q]. 

Definition 1.3. The statement that 5 is uniformly convex in every direction 
of K (u.c.e.d. K) means that if p and q are points in K, and if h > 0, then 
there is a number, d, of (0, 1) such that if x and y are points in B such that 
\\x — y\\ ^ h, and for some number, c, x — y = c(p — g), then ||J# + J^ll < 
1 — d. The statement that 5 is u.c.e.d. means that S is u.c.e.d. S. 

THEOREM 1.3. Suppose that each of f and g is a norm on S, that f is u.c.e.d., 
and that F is a uniformly convex norm on E2 such that if each of (a, b) and (c, d) 
is a point of E2 such that 0 ^ a S c, and 0 ^ b ^ d, then F (a, b) ^ F(c, d). 
Let | • | be the function from S into Ei such that if x is in S, \x\ = F(f(x), g(x)). 
Then | • | is a u.c.e.d. norm on S. 

The concept of u.c.e.d. was used by A. L. Garkavi [3] to characterize the 
normed linear spaces in which no bounded point set has two Cebysev centers. 
V. Zizler [4] has shown that if the conjugate space of S contains a total point 
sequence, then s is isomorphic to a u.c.e.d. space. 
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Definition 1.4. Suppose that M is an infinite bounded point set and that x is 
a point. The statement that the nonnegative number, r(M, x), is the radius of 
M at x means that if r > r(M, x), then M — M P B (x, r) is finite; and if 
0 < r < r(M,x), then M — M P B(x, r) is infinite. The statement that 
r(M, K) is the radius of M relative to K means that r(M, K) = inf {fe| for 
some p in K, k = r(M, p)}. The statement that the point, p, is a K center of 
M means that p is in K and that r(M, p) = r(M, K). The statement that the 
point, p, is a center for M means that p is an 5 center for M. 

Definition 1.5. Suppose that M is a point set and that D is a subset of M. 
The statement that D is a principal subset of M means that M — D is finite. 

Definition 1.6. Suppose that M is an infinite point set and that p is a point. 
The statement that M is almost symmetric about p means that if c > 0, then 
there is a principal subset, R, of M such that if x is in R, then 2£ — x is in i?, 
or R P 5 ( 2 ^ — x, c) is infinite. 

THEOREM 1.4. Suppose that M is an infinite bounded point set which is almost 
symmetric about a point, p. Then p is a center of M. 

Proof. Clearly if r(M, p) = 0, then r(M, S) = 0, and p is a center of M. 
Suppose that r = r(M, p) > 0, and m = r(M, S) < r, and 0 < k < r — m. 

Let a be a point of S, and let R be a principal subset of M such that if x is in R, 
then 2p — x is in R or R P 23(2^ — x, &) is infinite. Since m -\- k < r, K = 
R — R P B(p, m + k) is infinite. 

Let i£i = {x in K\2p — x is in R}, K2 = K — Klf and for each x in K2j 

let i?(x) = B(2p - x, ife) P i?. Also let 

#i(g) = {x ini£2 | | | x - q\\ ^ m + k/2}, 

and let H2(q) = K2 — H\{q). Then one of i£i, Hi(q), and H2(q) is infinite. 
If i£i is infinite, and if x is in i£i, then ||x — q\\ + \\q — (2p — x) | | ^ 

2||x - />|| ^ 2(m + &), and it follows that M - M Pi 5(g, m + k) is infinite; 
thus, r(M, q) ^ m -\- k. 

Now if x isini£2 , and if y is ini?(x), then \\q — x|| + \\y — q\\ ^ \\x — y\\ è 
||x — (2p — x)\\ — \\2p — x — y\\ ^ 2m + k. If Hi(q) is infinite, then 
r(M, q) ^ m + &/2. If x is in H2(q), and if 3/ is in i£(x), then \\y — q\\ ^ 
m + &/2, and since R(x) is infinite, r(M, g) ^ m + fe/2. 

So for each point, g, in 5, r(M, g) ^ w + k/2; thus, r(ikf, 5) ^ m + fe/2. 
r(ikf, S) = m; thus, by contradiction, r(ikf, />) = r(ilf, 5) . Hence £ is a center 
of M. 

THEOREM 1.5. Suppose that K is convex. Then each two of the following seven 
statements are equivalent: 

(1) 5 is u.c.e.d. K; 
(2) no infinite bounded point set in S has two K centers; 
(3) no countably infinite bounded point set in S has two K centers; 
(4) if M is an infinite bounded point set in S which is almost symmetric about 

a point, p, in K, then p is the only K center of M; 
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(5) if p and q are points in K such that \\p — q\\ < 2, then B(p, 1) Pi B(q, 1) 
has only one K center; 

(6) ifP and q are points in K such that \\p — q\\ < 2,thenr(B(p, 1) C\B{q,l)1K) 
< 1; 

(7) no infinite bounded convex point set has two K centers. 

Proof. Assume that M is an infinite bounded point set which has two K 
centers, p and q. Let Q = \p + \q. Clearly Q is also a K center of M, and 
r(M,K) > 0. 

Let h = \\p - q\\/2r(M, K), and let d be a number in (0, 1). Let r = 
r(M, K) + dr(M, K), and let r' = r(M, K)(l - d). There is a point, t, in 
B(p, r) r\ B(q, r) Pi M which is not in B(q, r'). Let x = (p — t)/r, and let 
y = (g — t)/r. x and y are \nB,x — y = 1/f (^ — g), and ||x — y|| = ||p —q\\/r 
> h. 

\\ix + M = ne-/ | i /r 

> 1 - d. 

Hence 5 is not u.c.e.d. K; thus, (1) implies (2). 
Clearly (2) implies (3). 
Assume (3), and assume that M is an infinite bounded point set which is 

almost symmetric about a point, p, in K. By Theorem 1.4, p is a center of M\ 
thus, p is a i£ center of ikf. If /-(ikf, X) = 0, then clearly p is the only K center 
of M. 

Assume that r(M, K) > 0. For each positive integer, n, let Rn be a principal 
subset of M such that if x is in Rn, then 2/? — x is in i?w or Rn P J5 (2̂ > — x, 
r(My K)/n) is infinite. For each positive integer, n, Rn — Rn P B (p, r(M, K) — 
r(M, K)/2n) is infinite; thus, there is a sequence, Xi, X2, . . . , of distinct points 
of M such that for each positive integer, n, xn is in Rn, and \\xn — p\\ ^ 
r(M, K) — r(M, K)/2n. Let yi, y2, . . . be a sequence of points in M such that 
for each positive integer, n, yn = 2p — xn if 2p — xn is in M, and if 2p — xn 

is not in M, then yn is a point of M P 5 (2^ — xn, r(M, K)/n) such that if 
i < n, then yf ^ yn. {yu y2, . . .} is infinite. 

Let L = {xi, yi, X2, y<i, . . .}. L Ç M; thus, r(L, K) S r(M, K). Suppose 
that r < r(M, K). Let N be a positive integer such that if n > N, then 
r(M, K) - r(M, K)/n > r. For n > N, 

\\xn - yn\\ ^ \\xn - (2/> - acn)|| - \\2p - xn - yn\\ 

i2[r( t f,x)_«JO]_^« 

> 2r. 
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So, if / is in K, either xn or yn is not in B (/, r) ; thus, L — L C\ B (/, r) is infinite. 
This implies that r(L, K) ^ r(M, K); thus, r(Ly K) = r(M, K). So if a point, 
x, is a K center for M, then x is a X center for L. L has only one K center; thus, 
M has only one K center. 

Hence (3) implies (4). 
Now assume (4) and assume that p and g are points in K such that 

\\p — q\\ < 2. Let L = 5 (£ , 1) H B(qy 1). L is symmetric about \p + £g, 
and \p + |g is in K; thus, L has only one K center. Hence (4) implies (5). 

Assume (5), and assume that^> and q are points of K such that \\p — q\\ < 2. 
Let M = J3(£, 1) C\B(q, 1). If r(M, X) = 1, then both p and q would be 
i£ centers of M. M has only one K center; thus, r{M, K) < 1. So (5) implies 
(6). 

Now assume (1) is not true. Then there are points, u and v, in K and a 
positive number, h, such that h ^ 1, h ^ \\u — v\\, and if d is a positive 
number, then there are points, x and y, in B such that ||x — y\\ ^ A, for some 
number, c, x — y = c(u — #), and | | |x + |^ | | ^ 1 — d. 

Let £ and q be points in [w, v] such that ||/> — q\\ = h. Let I f = 
B(p, 1) H £(g, 1). p and g are in K; thus, r(M, # ) ^ 1. 

Suppose that d > 0. Let x and 3/ be points of B such that \\x — y\\ ^ h, 
for some positive number, c, p — g = c(x — y), and ||^x + %y\\ ^ 1 — d. 
h = \\P - $11 = e||* - y\\ è c&; thus 1 - c ^ 0. 

s + y _ P — q 
I 2 2 1 

= èll* + y - c(x - rv>11 

^ è| | ( l-6)x| | + è | | ( l + ^ | | 

^ 1. 

Likewise, ||[(x + p) + (y + q)]/2 - q\\ ^ 1; thus, [(x + p) + (y + g)]/2 is 
in M. ||(x + £ + y + q)/2 - (p + g)/2| | = \\%x + %y\\ ^ 1 - d. Since M 
is convex, this implies that r(M, (p + q)/2) ^ 1 - d; thus, r(My(p + q)/2) ^ 
1. M is symmetric about (£ + g)/2; thus, (£ + q)/2 is a X center for M. 
r(M, K) ^ 1, and r(M, (p + q)/2) ^ 1; thus, r(M, K) = 1. This implies 
that (6) is not true; thus, (6) implies (1). 

Clearly (2) implies (7). Assume (7), and assume that p and q are points of 
Xsuch that \\p — q\\ < 2. Let M = B(p, 1) P> B (g, 1). M is symmetric about 
\P + "22î thus, M has a i£ center. ikf is infinite, bounded and convex; thus, 
M does not have two K centers. Hence (7) implies (5). 

THEOREM 1.6. The following two statements are equivalent. 
(1) if M is an infinite bounded point set and L is the closed convex hull of M, 

then M does not have two L centers; 
(2) 5 is u.c.e.d. 

(x + p) + (y + g) 
2 
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Proof. Assume that (2) is not true. Then by Theorem 1.5, there is an infinite 
bounded point set, D, which has two centers, p and q. Let M = D U {p, q], 
and let L be the closed convex hull of M. Then p and q are L centers of M. 
Hence (1) implies (2). 

Now assume (2), and assume that M is an infinite bounded point set. Let L 
be the closed convex hull of M. Clearly 5" is u.c.e.d. L; thus, by Theorem 1.5, 
M does not have two L centers So (2) implies (1). 

Definition 1.7. The statement that S has property H in every direction of 
K(HK) means that if h > 0, and if p and q are two points of K, then there is 
a number, d, in (0, 1) such that if x 9e N(S) is a point such that for some 
number, c, x = c(p — q), and B(x, 1 — d) intersects B, then there is a point, 
/, such that ||l|| < h, and B O B(x, 1 — d) Ç B(t, 1 — d). If t is also required 
to be in the interval, [N(S), hx/\\x\\], then S is said to have linear property H 
in every direction of KÇLHK). If S has HS (LHS), and if for each h > 0, 
there is a number, d, as above which does not depend on the direction, then 5 
is said to have property H (linear property H). 

THEOREM 1.7. Suppose that S is strictly convex and that K is convex. Then each 
two of the following three statements are equivalent: 

(1) S is u.c.e.d. K; 
(2) 5 has LHK; 
(3) 5 has HK. 

Proof. Assume (1), and assume that l i s a point of unit norm such that 5 is 
uniformly convex in the t direction. Suppose that h > 0. Let d be a number in 
(0, 1) such that if x and y are two points in B such that for some number, c, 
x — y = et, and ||x — y\\ ^ h, then | | |x + %y\\ < 1 — d. Let k be a number 
such that B(kt, 1 — d) intersects B, k ^ 0. 

Assume that \k\ < h. Then ||&/|| < h, kt is in [N(S)hkt/\k\], and 
B r\B(kt, 1 - d) ç B(kt, 1 - d). 

Now assume that \k\ è ^- Let q = (hk/2\k\)t. \\q\\ < h and g is in 
[N(5), (ftife/|jfe|)*]. Let x be a point in 5 Pi B(kt, 1 - d), and let y = x - 2q. 
1 - h/\k\ ^ 0; thus, 

hM h^ 
^* + (iîr V' Ml = 

| | | 1 C | | * | 

^ | T I I ^ - X | | + ( I - A ) | | X 1 | 

< 1. 

Hence y xs'mB. x — y = 2q = (hk/\k\)t, and \\x — y\\ = h; thus, \\%x + hy\\ < 
1 - d. \\ix + | y | | = ||x - g||; thus, x is in B(q, 1 - d). So B n B(kt, 1 - d) 
QB(q,l-d). 

This implies that 5 has linear property H in the t direction; thus 5 has LHK. 
So (1) implies (2). 
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Clearly (2) implies (3). Assume (3), and let t be a point of unit norm such 
that 5 has property H in the t direction. Suppose that h > 0. Let d be a number 
in (0, 1) such that if k is a number such that B intersects B(kt, 1 — d), then 
there is a point, q, such that ||g|| < h/2, and B C\ B(kt, 1 - d) C B(q, 1 - d). 

Suppose that x and y are points of B such that ||x — y\\ ^ A, ||Jx + \y\\ = 
1 — d, and for some number, c, x — y = et. \\x — (x — y/2)\\ = \\—y — 
(x — y)/2\\ = \\%x + \y\ | ; thus, x and — y are in the closure of B C\B{(x — y)/2, 
1 - d). 

Let p be a point such that ||/>|| < h/2, and B C\B{{x - y)/2, 1 - d) Q 
B(p, 1 - d). Then ||x - p\\ = \\y + p\\ = 1 - d. 

(x-p) + (y + p) 
2 - \\hx + hy\\ = i 

So 5 is not strictly convex. 
5 is strictly convex; thus, if x and y are points in B such that ||x — y\\ ^ h, 

and for some number, c, x — y = et, then | | |x + ^y\\ 7^ l — d; thus, 
112̂  + èy|| < 1 — ^- So 5 is uniformly convex in the t direction. This implies 
that S is u.c.e.d. K; thus, (3) implies (1). 

THEOREM 1.8. Suppose that gis a norm on E2 such that g(l, 1) = g(l , —1) = 
g (0, 1) = 1. 77£e?z (£2, g) does wo/ have linear property H. 

Proof. Let h = g{\, 0)/2, and let d be a number in (0, ^) . Let L denote the 
line which contains (1, d) and (0, 0). For each number, b, in [0, 1], let Lb 

denote the line which contains (1,1) and (b, 0), and letk(b) = b/(l — d + db). 
Then if 0 S b < 1, L intersects Lb at the point (k(b), dk(b)) and g((k(b), 
dk(b)) - (6,0)) < d. 

Suppose tha tx is in the interval from (0, 0) to (1, d)/g(l, d) such that g (x) < 
h. h < 1; thus, there is a number, b, such that 0 S b < 1, and L C\ Lh = {x\. 
g((b, o) - (i, i ) ) = g(i - b, l ) = i, g(* - (i, 1)) = l - g«k(b), dk(b)) -
(b,0)) > 1 -d,3.ndg((l,d) - (1, 1)) = g(0, 1 - d) = 1 - d. So (1, 1) is a 
limit point of 5 P l 5 ( ( l , d), 1 — J) , and (1, 1) is not a limit point of 
B(x, 1 — d). This implies that B C\ B{(\,d), 1 — d) is not a subset of 
B (x, 1 — J) ; thus, (£2, g) does not have linear property H. 

COROLLARY 1.1. Suppose that S has linear property H. Then S is strictly convex. 

Proof. Assume that 5 is not strictly convex. Let p and q be points such that 
Ibll = \\°\\ = \\\P + 2<zll = 1> a n d let L be the linear span of [p, q). Then 
there is a norm, g, on E2 such that g (I, 1) = g ( l , —1) = g(0, 1) = 1, and 
such that L is congruent to (E2, g). This implies that L does not have linear 
property H; thus, S does not have linear property H. So if S has linear property 
H, then 5 is strictly convex. 

THEOREM 1.9. Each two of the following three statements are equivalent: 
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(1) 5 is uniformly convex; 
(2) S has linear property H; 
( 3 ) 5 has property H and is strictly convex. 

Proof. Assume (1), and assume that h > 0. Let d be a number in (0,1 ) such 
that if x and y are points in Ë such that \\x — y\\ *t h,then\\%x + %y\\ < 1 — d. 
Let p j£ N(S) be a point such that B(p,l — d) intersects B. Then by the proof 
of Theorem 1.7, there is a point, q, in [N(S), hp/\\p\\] such that ||g|| < h, and 
B C\B{p, 1 — d) C B(q, 1 — d). This implies that 5 has linear property H; 
thus, (1) implies (2). 

By Corollary 1.1, if S has linear property H, then S is strictly convex; thus, 
clearly (2) implies (3). 

Assume (3), and assume that h > 0. Let J be a number in (0, 1) such that 
if D is the intersection of a 1 — d norm ball with B, then there is a point, q, 
such that \\q\\ < A/2, and D QB(q, 1 - d). _By the proof of Theorem 1.7, 
this implies that if x and 3/ are two points in B such that \\x — y\\ ^ h, then 
| |i# + è^ll < 1 ~ &\ thus, 5 is uniformly convex. Hence (3) implies (1). 

COROLLARY 1.2. There is a reflexive Banach space which does not have property 
H. 

Proof. M. M. Day [2] has shown that there is a reflexive Banach space, S, 
which is strictly convex, but which is not uniformly convex. By Theorem 1.9, 
5 does not have property H. 

We note that there is a norm, g, on l2 (equivalent to the usual norm) such 
that (h, g) is locally uniformly convex and not u.c.e.d. There is a norm, h, 
on Co such that (c0, h) is u.c.e.d. but not locally uniformly convex. 

THEOREM 1.10. If M is an infinite bounded point set and p is a center of M, 
then p is a center of each principal subset of M. 

2. Existence of centers. 

Definition 2.1. Suppose that M is an infinite bounded point set and that 
r > r(M, K). Then G(M, K, r) is the set to which p belongs if and only if p 
is a point of K, and r(M, p) ^ r. If M has a K center, then G(M, K) is the set 
of all K centers of M. 

The following lemma is stated without proof. 

LEMMA 2.1. Suppose that M is an infinite bounded point set in S and that 
r>r(M,K). Then: 

(1) G(M, K, r) is bounded; 
(2) if K is closed, G(M, K, r) is closed; 
(3) if K is convex, G(M, K, r) is convex; 
(4) if n > r, then G(M, K, r) Q G(M, K, n); 
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(5) if c = r - r(M, r) and if p is in G(M, K, r - c/2), then K f)B(p, 
c/2) QG(M, X, r); 

(6) a point, p, is a K center for M if and only if p is in G(M, r, R) for each 
R > r(M,K). 

Definition 2.2. The statement that 5 is K center point complete means that 
each infinite bounded point set in S has a K center. 

THEOREM 2.1. Suppose that K is closed and compact. Then S is K center point 
complete. 

Proof. Suppose that M is an infinite bounded point set in 5 and that rn = 
r(M, K) + \/n for each positive integer, n. If for some positive integer, n, 
G(M, K, rn) is finite, then clearly M has a K center. 

Suppose that G(M, K, rn) is infinite for each positive integer, n. Then there 
is a sequence, Xi, x2, . . . of distinct points such that xn is in G(M, K, rn) for 
each positive integer, n. Since K is compact, {x\, x2, . . .} has a limit point, x. 
So x is a limit point of and thus in G(M, K, rn) for each positive integer, n. 
This implies that if r > r(M, K), then x is in G(M, K, r) ; thus, x i s a Z center 
of M. 

THEOREM 2.2. Suppose that S is reflexive and that K is closed and convex. Then 
S is K center point complete. 

Proof. Suppose that M is an infinite bounded point set. For each positive 
integer, n, let Gn = G(M, K, r(M, K) + l/n). Gi, 6*2, . . . is a monotonie 
sequence of closed convex point sets, and S is reflexive; thus, there is a point, 
p, which is in each term of the sequence. This implies that if r > r(M, K), 
then p is in G(M, K, r ) ; thus, p is a K center of M. So S is K center point 
complete. 

THEOREM 2.3. Suppose that K is a linear manifold in S and that A is a H am el 
basis for K. Let {a,i, a2, . . . , aN] be a finite subset of A which does not span K, 
let LQ = K, and let Ln be the linear span of A — {ai, . . . , an) for n = 1 , 2 , . . . , 
N. Suppose that M is an infinite bounded point set in S and that 0 ^ n S N. 
Then there is a point, pny in K such that if r > r(M, K), then G(M, K, r) inter
sects Ln + pn. 

Definition 2.3. Suppose that L is a linear manifold in S. The statement that 
L has property H in S means that if h > 0, there is a number, d, in (0, 1) such 
that if p is in L and if B(p, 1 — d) intersects B, then there is a point, q, in L 
such that ||g|| < h, and B r\B(p, 1 - d) QB(q} 1 - d). 

Definition 2.4. Suppose that K is a linear manifold in S. The statement that 
K almost has property H in S means that there is a linear manifold, L, of K 
and a finite point set, A, of K such that L \J A spans K, and L has property 
HinS. 

THEOREM 2.4. Suppose that K is a complete linear manifold in S and that K 
almost has property H in S. Then S is K center point complete. 
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Proof. Let L be a linear manifold in K such that there is a finite point set, A, 
in X such that LU A spans i£, and L has property if in S. Let ikT be an 
infinite bounded point set in S. If L = {N(S)}9 then clearly there is a point, p, 
in X such that if r > r(M, K), then L + p intersects G(M, K, r). If 
L ?£ {N(S)}, then by Theorem 2.3, there is a point, p, in X such that if 
r > r{M, K), then L + p intersects G (M, K, r). Let hi, h2, . . . be a sequence of 
positive numbers such that IIJLi(l — ht) ^ J, YA=I^Î exists, and ht < 1 for 
i = 1,2,... For each positive integer, n, let dn be a number in (0,1 ) such that if t is 
inL,andi?(7,1 — dn) intersects^, then there is a point, g,inL such that ||g|| < hn, 
and B n B ( U - 4 ) £ 5 f e , l - 4 ) , let rn = r(M, K)/UT=n(l - d<), and 
let pn be a point in L + £ such that r(M, pn) < rn. Clearly, dn ^ hn for each n\ 
thus, 

OO OO 

n a - dt) è n (i - A«). 

rw+i = rn — rnd for each n\ thus ri, r2, . . . converges to r(M, K). 
Since L has property if in 5, there is a sequence of points, qu q2, . . . , in 

L + p such that for each positive integer, w, 

||g„+i — &|| < rnhn, B(qn, rn) C\B(pn+u rn+1) Q B(qn+U rn+1) 

and r(M, qn+1) < rn+1. 
Suppose that c > 0. Let N be a positive integer such that iî m > n ^ N, 

then X ^ ^i < c/ri. Suppose that m > n ^ N. Then 

| |gm — ffnll ^ | k m ~ ffm-l|| + • • • + I |<?n+l ~ qn\\ 

m—1 

^ Z) ̂ * 
m—1 

< ri X) Ai 

< c. 

So ci, ^2, . . . is a Cauchy sequence in K. K is complete; thus, there is a point, 
q, in K such that <?i, #2, . . . converges to g. 

Suppose that r > r(M, K). Then there is an integer, n, such that \rn — 
r(M, K)\< (r- r(M, K))/2, and ||gw - q\\ < (r - r(M, K))/2. This implies 
that B(qn, rn) C 5(g, r ) ; thus, r(M, q) < r. This implies that r(M, q) = 
r(M, K) ; thus, q is a X center of Af. Hence 5 is K center point complete. 

COROLLARY 2.1. Suppose that S is complete and has property H. Then S is 
S center point complete. 

Proof. Since S has property H, S almost has property if in 5; thus, by 
Theorem 2.4, S is S center point complete. 

Definition 2.5. Suppose that I is a set. Then m (I) denotes the set of all 
bounded functions from I into the numbers. 
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Definition 2.6. Suppose t h a t / is a set, t h a t k > 0, and t h a t x = {Xi} is a 
point in m (I). T h e n x(k) is the point of m (I) defined by: if j is in / , then 

!

Xj, if \xj] ^ k; 
k, if k < Xj\ 
— k, if Xj < — k. 

T h e s t a t emen t t h a t the linear manifold, L, of m (I) is a T-manifold means 
t h a t if x is in L and if & > 0, then x(k) is in L. 

T H E O R E M 2.5. Suppose that I is a set and that L is a T-manifold in m (I). 
Then L has property H in m (I). 

Proof. Suppose t h a t h > 0, t h a t 0 < d < k < min {1, h\, and t h a t p is a 
point in L such t h a t B(p, 1 — d) intersects B. Le t q = ^>(&), and let x be a 
point in m (I) which is in B P\ B(p, 1 — d) . Then q is in L, and | |g| | = min 
{\\p\\, k\ < h. Also if j is in / , 

!

\%j - Pil if \Pj\ ^ £; 
|XJ — &|, if k < pj\ 
\Xj + k\, if £ j < — k. 

If g j- = ^-, then \xj — qj\ = \XJ — pj\ ^ \\x — p\\ < 1 — d. If g;- = & and 
if k S Xj, then \XJ — q3\ = Xj — k < 1 — k < 1 — d. If g^ = & and if & > x^, 
then \xj — qj\ = k — Xj < pj — Xj S \\x — p\\ < 1 — d. A similar a rgumen t 
holds in case q^ — — k; thus , \\x — q\\ < 1 — d. So L has proper ty H in m {I). 

COROLLARY 2.2. Each of m, Co, c, and c[0, 1] has property H, and c0 has 
property H in m. 

T H E O R E M 2.6. There is a Banach space, S, which almost has property H in S, 
but which does not have property H. 

Proof. Le t p = (1, §, 1, \, i 1, J, i Î , 1, . . .) = (pi), let 5 be the linear 
span of Co VJ [p], and let || • || be the sup norm on S. Clearly S is complete. 
Co has proper ty H in m, and 5 is a linear manifold of m which contains Co', thus , 
Co has proper ty H in 5 . So S a lmost has proper ty H in S. 

Suppose t h a t h < § and t h a t d is in (0, 1). If d > h, then clearly there is 
a point, x, in 5 such t h a t if q is in B(N(S), h), then 13 (x, 1 — d) Pi 12 is not 
a subset of J3(g, 1 — d). 

Suppose t h a t d ^ h and t h a t g is in B(N(S), h). T h e n there is a number , &, 
and a point x = (xi, x2, . . .) in CQ such t h a t g = kp + x. | |g| | < h; thus , 
|fc| < h. 

Let « be the positive integer such t h a t 1/n > d, and 1/n + 1 ^ d. Le t N 
be a positive integer such t h a t if i ^ N, then |x*| < fe/w, and let m be a 
positive integer such t h a t m ^ N, and >̂m = 1/n. T h e n fe£w < hpm < \n\ 
thus , gm = xm + kpm < h/n + In < In. Hence —qm > —In. 
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Let b be a number such that 1 + \n — \n < b < 1, and let c be a number 
such that nd < c < 1. Then & — c/n < b — d < 1 — d. Let y = (ji, ;y2, . . .) 
be the point such that ym = b — c/m, and 3/* = 0 if i ^ m, and let po = cp + y. 
\\po\\ = sup {c, 6}; thus, \\p0\\ < L \\p — po\\ = sup {1 — c, b — c n) ; thus, 
\\p - poll < 1 - d. So Po is in 5 C\B(p, 1 - d). ||£0 - q\\ ^ cpn + ym -
Çm — ° — qm ^ b — In; thus, \\p0 — q\\ > 1 — \n ^ 1 — d. Hence p0 is not 
in B(q, 1 — d). So 5 does not have property H. 

Definition 2.7. Suppose that i f is a bounded point set in 5 and that x is a 
point in S. The statement that the nonnegative number, R(M, x), is the 
Cebysev radius of M at x means that if r > R(M, x), then M C B(x, r), and 
if 0 < r < R(M, x), then M is not a subset of i?(x, r). The statement that 
R(M,K) is the Cebysev K radius of M means that i?(if, K) = mi[R{M,x)\x 
is in K\. The statement that the point, p, is a Cebysev K center of M means 
that p is in K, and R(M, K) = R(M, p). 

Note that Theorem 1.10 is not true for Cebysev centers. 

THEOREM 2.7. Suppose that M is an infinite bounded convex point set in S and 
that p is a point of S. Then R(M, p) = r(M, p). 

Proof. Suppose that r > R(M, p). Then M C B(p, r); thus, r(M, p) g r. 
Hence r(M, p) ^ R(M, p). 

Suppose that r > r(M, p). Then M - M C\B(p,r) is finite. Since M is 
convex, this implies that if c > 0, then M C B(p, r + c); thus, R(M, p) S 
r + c. So i?(if, p) ^ r(M, p). Hence ^(Af, p) = r(M, p). 

COROLLARY 2.3. Suppose that M is an infinite bounded convex point set in S 
and that p is a point of S. Then r(M, K) = R(M, K), and p is a K center of M 
if and only if p is a Cebysev K center of M. 

THEOREM 2.8. Suppose that S is K center point complete. Then S is Cebysev K 
center point complete. 

Proof. Suppose that x is a point of 5. Let Xi, x2, . . . denote a sequence of 
distinct points which converges to x. Let M = {xly x2, . . .}, and let L = {x\. 
M has a K center, p, and clearly p is also a Cebysev K center of L. So each 
degenerate point set in S has a Cebysev K center. 

Suppose that L is a nondegenerate bounded point set in S. Let M denote 
the convex hull of L. M is infinite and bounded; thus, M has a K center, p. 
Since M is convex, p is also a Cebysev K center of M. A norm ball contains M 
if and only if it contains L; thus, p is a Cebysev K center of L. 

Hence 5 is Cebysev K center point complete. 

THEOREM 2.9. Suppose that S is a conjugate space and that M is an infinite 
bounded convex point set in S. Then M has a center. 

Proof. It is known that 5 is Cebysev 5 center point complete [3]; thus, by 
Corollary 2.3, M has a center. 
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THEOREM 2.10. There is a u.c.e.d. conjugate space isomorphic to m which 
contains an infinite, bounded, closed, and convex point set, M, which contains none 
of its centers. 

Proof. Let || • || denote the usual norm on m, and let g denote the norm on m 
defined by 

g(x) = 
00 v 2 

I2 1 V ^ ILL 

t = l ^ . 
, if x = (Xi) is in m. 

Clearly g is equivalent to || • ||, and by Theorem 1.3, (m, g) is u.c.e.d. Let £0 
denote the norm on c0 such that go(x) = g(x) if x is in c0. Then (m, g) is the 
second conjugate space of (c0, go). 

Let M = {x = (Xi) in c0\Q ^ xt ^ 1 for i = 1, 2, . . .}, and let £ = (pt) 
be a point in Co. Let ^ be an integer such that pn < J, and let $ = (qt) be a 
point of Co such that qn = h and q{ = pt iî i 9^ n. Suppose that # = (xt) is 
in ikT. Let y = (y*) be the point of M such that yn = 1 and y* = #* if i ^ m. 
\\q - x||2 rg \\p - y\\\ and (gn - xnY(\n < (pn - ynY/±n - 2/4»; thus, 
g2(q — x) < g2{p — y) — in. This implies that r(M, p) > r(M, q); thus, 
no point of c0 is a center of M. Hence no point of M is a center of M. 

COROLLARY 2.4. r&ere is a u.c.e.d. space isomorphic to c0 which contains an 
infinite, bounded, closed, and convex point set which does not have a center. 

Proof. Let go denote the norm and M denote the set defined in the proof of 
Theorem 2.10. Clearly go is equivalent to the usual norm on c0, and (c0, go) is 
u.c.e.d. by Theorem 1.3. By the proof of Theorem 2.10, M has no center. 

THEOREM 2.11. There is an infinite, bounded, closed and convex point set, M, 
in Co which does not have an M center. 

Proof. L e t / = (ft) denote a point in the conjugate space of c0 such that 

en 

/ i = U = 1, X ft = 3, and/ , > 0 for i = 1, 2, . . . 

Let M = {x in c0\f(x) = 1 and ||x|| ^ 1}. Clearly M is infinite, bounded, 
closed, and convex. Let c denote the distance from M to the origin. Clearly 
c > 0. 

Suppose that x = (x*) is in M and that e > 0. Let n be a positive integer 
such that \xn\ > \\x\\ — e/2. 

Case 1. Suppose that n ^ 3. Let y = (y*) be the point such that if xw è 0, 
then yi = fn, y2 = 1, yn = — 1, and y* = 0 otherwise, and if xn < 0, then 
3>i = — fn, 3>2 = 1, yn = 1, and 3^ = 0 otherwise. ||;y|| = 1, and f(y) = 1; 
thus, y is in M. \\x — y|| ^ \xn — yw| = 1 + |x„| > 1 + ||x|| — e. 

Case 2. Suppose that n = 1 or w = 2. Let fe = 1 if w = 2, and let fe = 2 
if w = 1. J2T=zfi = 1; thus, there is a positive integer, N, such that Yl?=zfi > 
1 — e/2. Let y = ( j0 be the point such that if xn ^ 0, yk = 1, yn = — X^U/i, 
yt = 1 for i = 3, 4, . . . , N, and 3^ = 0 for i > TV, and if #w < 0, yk = 1, 
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yn = iS-zft, yt = - 1 for i = 3, 4, . . . , N, and yt = 0 for i > N. \\y\\ = 1, 
and f(y) = 1; thus, y is in ikf. ||x — y\\ ^ |xw — yn\ > 1 + ||x|| — e. 

r(M,x) > 1 + ||x|| — e since ||x — y\\ > 1 + ||#|| — e, and ikf is convex ; thus, 
r(M,x) ^ 1 + ||x||.Sincer(M,iV(co)) ^ l,r(ikf,x) ^ 1 + ||x|| ; thus, r (ikT, x) = 
1 + ||#||. Hence x is an M center for M if and only if x is a near point of M 
to N(CQ). Since/ is not regular, M has no near point to N(c0) ; thus, M has no 
M center. 

COROLLARY 2.5. There is an infinite, bounded, closed and convex point set, M, 
in m which has no M center. 

Proof. Clearly the point set, M, defined in the proof of Theorem 2.11 is such 
an example. 
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